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Abstract

The temporal evolution of real world systems can matheraiyic
be described by dynamical systems. Global, topologicakiné-
tion on their long term behavior is given by correspondingitant
sets, which typically have a very complex structure. Thelegimg

of a single, long trajectory - the standard visualizatioprapch

- only very partially shows the rich structure with the freqtly
chaotic dynamical behavior. We describe a new, set oriesued
hierarchical approach for the computation and visualizedif in-
variant sets and accompanying probability measures, wdjiieh
further information on the dynamical system.

Our approach comes along with a stable, dimension indepénde
approximation scheme, with tailored data structures offnessed y s
pyramidal type, and an efficient volume rendering methodt- Fu

thermore a dense coverage of the invariant sets with mam s
transparent streamlines arranged randomly allows a cadbin
sualization of the global structure and the underlyinglldgaam-
ics.

lbiﬁ)gure 1: Approximation of an invariant set of Chua'’s citdoy
direct simulation.

and in discrete time — the purpose of a numerical study of yhe d
namical system is to extract valuable information on itglearm
1 Introduction dynamical behavior.
Topological information on the long term behavior of (3) igem
The temporal evolution of a real world system can mathemidyic by invariant sets: a sét C R"is invariantif
be described by dynamical systemlf time is assumed to go on
continuously then this system is frequently given by an roady F(A) =A.

differential equation of the form For instanceA could simply consist of a point, i.e.faed point

dx but it could also have a complicated structure. In the latése

gt V=9, (1) the underlying dynamical behavior is typicatigaotic Up to now

the standard method to approximate “chaotic” invariarg seto

whereg : R"— RN, As an interesting first example let us consideompute a single solution of the underlying dynamical syster

Chua’s circuit along period of time and then to display this solution inestgace.
) 1 In Figure 1 we show such a result for Chua’s circuit (2). Heee w
X = a(y—mox— 3m) get a first glance on the complex dynamical behavior. However
y = XEW' z (2) several important questions cannot be answered by exagrfiga
z = —bY, ure 1:

which is a mathematical model describing the dynamicaltieha - Will a typical trajectory eventually enter some of the bisi

of a certain electrical circuit (see [14]) (Heme 3, mp andmy are “holes” ?

real parameters related to the different components ofitheit).

On the other hand, if we consider the evolution process t@ge r

ular but look at it just at single instances of time, then trethma-

matical model is a discrete dynamical system of the form - Are there any regions where a typical trajectory will stay f
a longer period of time before entering other regions?

- How likely is it to observe a typical trajectory in a certain
subset in state space?

Xj+1= f(XJ)a j:Oala"'a (3)

Fig. 2 gives an impression of a new approach which could be use
wheref : R" — R". Observe that this type of dynamical systeitw close this gap. It allows an intuitive perception of thenpbete,
naturally arises when an ordinary differential equatianisgrated rich geometry of the same invariant set and is build up by aeen
by an explicit numerical scheme. In both cases — in contisuaoverage with short streamlines. They are shaded with cespe



the measure which provides the statistics for typical $ohstof
the underlying system. The notion of almostinvariant set will
be further explained in Section 2.

In what follows our main objective is to explain the robustian
efficient algorithms for the computation and visualizatihin-
variant sets. To ensure efficiency the set covering is coctstd
as a binary, hierarchical tree of boxes. Thereby, espgoially
fine approximations of the complicated set with millions okes
can be handled in compressed pyramidal data structureseasial
proposed by Gargantini [10] or Tamminen and Samet [25]. & th
numerical algorithm the searching for images of boxes uttuer
mappingf can be implementation in a multilevel fashion [20]. Fur-
thermore, these pyramidal data structures support efficiezrac-
tive postprocessing techniques related to approachesghiéene
presented by Ghavamnia and Yang [11].

Besides these general data handling considerations ajgtep
concrete visualizations methods are required to ensurtudive
understandable visual impression of the considered dyszsys-

Figure 2: A dense coverage of Chua’s circuit with transpard@m. At first, volume rendering techniques as outlined by Max

shaded streamlines.

the surface characteristics, and color represents thepildly to
meet a particle on a “typical” trajectory. Furthermore cemgpthe
shaded volume rendering in Fig. 10, where color represewis
allmost invariant sets.

The purpose of this article is to present in detail such neiel
sualization techniques based on recent numerical appediim

[18], based on transparent box projections, introducedHigley
and Tuchman [22] and in a hierarchical context by Laur and-Han
rahan [16], allow a graphical representation of the appnaxé in-
variant sets. Appropriate shading of the volumetric boxecimg

is an important issue to improve the three dimensional péiae

bf the considered sets, which typically approximate Igcsthooth
manifolds. Approximate normal spaces can be defined sirdlar
Nielson’s approach [3] in scattered data interpolatiorerTshad-
ing with respect to these normal spaces is possible, acuptdi

methods. Theset oriented hierarchical numerical algorithms argne considerations by Banks [1]. A very first version of thig-v

presented in Section 2. With the help of these algorithmstreei-
ant set is approximated by a&xterior box coveringather than by
interior testing with single trajectoriesThus “holes
cannot occur. Moreover, the desired information on the dyoal
behavior can be determined efficiently. The numerical élyors
are similar to the well knoweell mapping techniqugd 3]. How-
ever, there is a crucial difference between the two: the mizale
effort essentially depends on the complexity of the undegiyy-
namics and not on the dimension of state space.

The objects that we are going to compute and visualizésdmsost)
invariant sets invariant manifoldsand invariant measures The
invariant manifolds of an invariant set consist of thosenpoin
state space which approach the set asymptotically in falvesp.
backward time: for an invariant sétdefine

WE(A)
WE(A)

{xeR": fl(x) = A for j — +oo}, @)
{xeR": fl(x) > A forj— —oo}.

Then, under certain additional hypotheses on the invagati
(see [12, 8]) these objects are indeed manifolds and aredctile

ume rendering, without splatting and shading is presemt@4i i

" as in Figure 1 Secondly, our intention is once more to encorporate thd hea

namics on the invariant set in the visualization. It can b re
resented by local trajectories of the underlying ODE. In 2D v
Wijk [27] applies texture spots to generate trajectory radig) pat-
terns. Cabral and Leedom [2] propose the line integral cloriam
method to enhance the dense visualization of trajectofibgse
techniques have been exploited for dynamical systems im2&n
slices in 3D by Wegenkittel et al. [29]. Here we will directickle
the full 3D problem.

Our approach is related to the method of illuminated strewesl
introduced by Stalling et al. [23]. Here, a coverage of thee fr
quently lower dimensional invariant manifolds is attairsiahilar
to the line art illustration method by Elber [9]. Other soroeh
related approaches to visualize 3D flow fields by enhancingl lo
trajectories are due to van Wijk [28] and Max et al. [19].

stableresp. thainstable manifol@df A. Obviously these manifolds

are invariant sets.
The statistical information on the dynamical behavior orramari-

ant set is given by a corresponding invariant measure: aapibb

2 The Set Oriented Algorithms

ity measurauis invariantif u(B) = p(f~1(B)) for all (measurable) In the following paragraphs we will briefly describe the nuiva

subset8 C R". For instance, ifA is a fixed pointp then the Dirac

algorithms used for the computation of the topological aatis

measured is an invariant measure. We will present visualizatidical information on the underlying dynamical behavior géi&m

techniques for the “physically relevant” invariant measuhat is,

3).



A Subdivision Algorithm

The central object which is approximated by the subdivisigo-
rithm developed in [6] is the so-calledlative global attractor

A= (11(Q), (5)
j>0
whereQ C R" is a compact subset. Roughly speaking, thefggt @) (b)

should be viewed as the union of invariant sets in§)dmgether
with their unstable manifolds. In particula&g may contain sub-
sets ofQ which cannot be approximated by direct simulation.
The subdivision algorithm for the approximation/&$ generates
a sequencesg, B1, By, ... Of finite collections of boxes with the
property that for all integenrsthe set

A= UB

Beay

© (d)

is a covering of the relative global attractor under consitien.
Moreover, the sequence of coverings is constructed in sueya

that the diameter of the boxes, Figure 3: Covering of a two-dimensional unstable manifdicho
steady state solutiop in the Lorenz system. (a) Covering of
diam(By) = !rgnegi(diarr(B) We(p); (b),(c) two steps in the globalization @ij.(p); (d) the

whole manifold.

converges to zero fde— .

Given an initial collectionsg, one inductively obtainsy from

By_1 fork=1,2,...in two steps. of these manifolds by the subdivision procedure and therdio-g

alize this covering by repeated application of the dynahsigstem

f. A detailed discussion of this method can be found in [5].
We will now illustrate this procedure by an example. In FigGr

U B= U B the growth process leading to a covering of a two-dimensioma

(i) Subdivision:‘Construct a new collectiony such that

Besk BeBk-1 stable manifold of a steady state solution in tloeenz system
and . _ X = o(y—x)
diam(8y) < 6diam(By_1) y = pX—y—xz (6)
for some O< 8 < 1. z = —Pz+xy
(i) Selection:Define the new collectiom by is shown. For the computations we have set

B = {Be%kméeékf—l(s)mé;éo}_ 0=10, p=28 and B=0.4,

and the steady state solution fis~ (3.29,3.29,27). It is well
The following proposition establishes a general converggmop- known that p possesses a two-dimensional unstable manifold
erty of this algorithm. WH4(p).

PROPOSITIONZ2.1 ([6]) Let Aq be the global attractor relative to |_ocally Flat Attractors
the compact set Q, and Igp be a finite collection of closed subsets

with Qo = Q. Then Our set oriented algorithm is not restricted to approxiovagiof
attracting sets which are smooth submanifold& &f The attractor
lim h (AQ,A'é) =0, under consideration may have a Hausdorff dimension whiobtis
k—+0o0

an integer (cf. the Lorenz attractor in Fig. 8, which is of Hdorff
where we denote by(B,C) the usual Hausdorff distance betweeflimension between two and three). Nevertheless, frequettac-
two compact subsets 8 C 2" tors are cqntalne_d in the closure_ of unstable manifolds !whre

locally m dimensional surfaces withik". Unfortunately, this sur-
In our concrete implementation the boxes are generalizedme face structure is hidden in our discrete box approach. mgef a
gles (cf. Section 3). surface interpretation the fundamental question is howefind a
Based on the subdivision algorithm there also exists a nicaiertangent space, or, equivalently, how to give a suitable ifiefimof
globalization technique producing coverings of invariaainifolds normals. Here we apply a method related to Nielson’s apjpriac
of invariant sets (see (4)). The idea is to compute a locatriog the interpolation of scattered data [3].



For givene we consider the neighbourhotl(cg) of the center
point cg of every boxB € By (The distance is measured in the
maximum norm). Then we define the local center of graxly
and the first momentum matrBg by

iB:][ dx, 98:3][ (x— %) (x—%g) T dx.

82
Ue(ca)nAg Ue(ca)nAg

The scaling ofs obviously guarantees th&t = Id, if the invariant
set completely coverd(cg). Concerning the implementation we
can avoid the exact evaluation of the integrals by approtiona ) _ S
with a counting measure over box centers. We thereby take ifitdure 4: A coarse box coverings of two almost invariant sets
account values af which are multiples of the length of box edges;hua’s circuit (red, respectively green).

e. g. in the applications we consider a factor of 10.

The momentum matri€s is symmetric. Thus, there exists an Oty ra| invariant measugeprovides the information where, on av-
thonormal system of eigenvectoss - -, vn and corresponding realg 4 g6 typical trajectories will be observed in the givestay.

eigenvalueds < A2 <--- < An. By construction the approximat€ o ever, there is additional statistical information oa tderly-

SetA_Ié is locally more extended in directions of eigenvectors Wify gynamical behavior which cannot be described by theiama
relatively large eigenvalues; and vice versa. If the actual invariqnaasure itself. For instance. it may be of interest to knaath
ant setAq is locally anmdimensional surface, then it is reasonab

" X i age time for which a typical trajectory remains inside daie
to assume thak reflects this property in the sense that there aigyionR in phase space. This period of time is related to the num-

(n—m) small eigenvalues, i. e. ber

uf(RNR

uR
We make use of this fact and require in the algorithm gz < sinced(R) can be viewed as the probability that pointsRrare
& for a small constan®. in our case (. Then thgmé;gen- mapped intdR underf. In particular, ifRis an invariant set, that is

' ' -1(p) — _

vectorsvy, - --,Vh—m are interpreted as approximate normals arld (R) =R thend(R) = 1. _ .
Vn_mi1,- -,V @S approximate tangent vectors. Concerning the {p.[7] it has been shown tha‘t(R)_ is strqngly rel_ated to a certain
sualization, especially far = 3 andm = 2 the definition of a nor- part of the spectrum @, and again solving an eigenvalue problem
mal allows an appropriate shading and thereby supportsishaly We Use this information in our algorithms for the identifioatof
reception of complicated invariant manifolds (cf. Fig. Bjis can almost invariant setsThese are sets where typical trajectories stay

easily be generalized in the sense of Banks [1]. In the thraert for a long period of time. As an example we show in Figure 4 two

sional caseSs is a 3x 3-matrix and therefore its eigenvalues caf0X coverings of almost invariant sets for Chua’s circujt (@ the

be computed by a direct approach. computations we have set

A< < Aem < Anemet < -0 < An. O(R) =

a=18 =33 nmp=-0.2, my = 0.0L
The Computation of Invariant Measures

Once a box coveringg of the attractorAc has been computed,

we can approximate the statistics of the dynamicsAerby the )

computation of a corresponding natural invariant meadtkenow 3 | mplementational aspects

briefly describe how this measure can be approximated. For th _ )

precise statements on the convergence of this method sg@%.g SO far, we have introduced a new robust set oriented appttoach
7]. handle complicated invariant sets from discrete dynansigstems.
LetBi € ,i=1,...,N, denote the boxes in the covering obtainethe efficiency of the subdivision algorithm and the visuetian
after a certain number of steps in the subdivision algoritithe Methods significantly depends on suitable hierarchica efitic-
globalization technique for invariant manifolds. Then weenpute tures to handle the corresponding box hierarchies. We areltly

the transition probabilities able to ensure sparse storage requirements in particulaefg

large box collections which give a suitable fine approxiomibf

m(f-1(B)NB;) . . 1N the considered invariant sets. Let us now discuss the denicre
pij:— L=41...,N,

plementation of such a hierarchical data structure and dhe-c
sponding subdivision algorithm.

wherem denotes Lebesgue measure. Bet (pjj) be the cor- We assume the boxdsc 3 to be generalized rectangles it
responding transition matrix. Thdnis a stochastic matrix andwhich are tensor products of intervals in the coordinateations.

a fixed pointu = Pu of P gives the desired approximation to aifhe subdivision algorithm is startet with a single rectaiy = Q,
invariant measure of f. This fix point can be identified by com-i.e. 380 = {Q}. Atfirst we have to choose an appropriate box refine-
puting the eigenvector for the eigenvalue 1 (cf. SectionT)is ment rule. In two and three dimensions a quadtree, respécan

mBj)
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Figure 5: The box collectionsy, k=0,---,7.

this is a difficult task, therefore we furthermore discretilzis
step. A set of test points is selected on each Bokor each
test pointx we compute the imagé(x) and search for a box
in B containingf (x). If such a box is found it is marked.

e All unmarked boxes irizk are deleted. This finally results in
the new, refined coveringy of the invariant set.

The search for a box containing a distinct point can easilimbe
plemented recursively on the box hierarchy starting atdlog lbox

Bo, where the cost for this fundamental routine increasestlye
ink.

Invoking the test points forces us to ask for the robustniteeal-

octree, would be a possible choice. But in higher dimensjohs gorithm. Itis no longer ruled out that we might skip boxe&aiigh
the applications in Section 5) this turns out not to be venydia they intersect the invariant set. Nevertheless for a safftty large
some. To keep the algorithm dimension independent we censiskt of test points the number of “lost” boxes can be kept small
a binary tree of boxes instead. It comes along with the succAgernatively, if f is Lipschitz continuous the choice of test points

sive bisection of boxes cycling over the coordinate dietdi(cf.
Fig. 5. Let us denote mdimensional box by = [, u] = [lo, Ug] x
.-+ X [In=1,Un—1]. Such a boxB = [l,u] € B is subdivided in the
coordinate directios= kmodn into two child boxe$8°, B, where

(7)

respectively

we obtain

. _k
hk = dlan‘(BkmoerZ n,

B:=[I',u]

withli =1:, Ul = uj for j # s, andI? = I, uQ = 'stls
J IL J s S

12 = !stt ul = us. By evaluating the box diametéy:=diam(B)

2

Note that eachsy and the corresponding coveri

are com-
pletely determined by the tree structure and the initial Qoxin
any depth first traversal of the tree complete informatiorttoan
boxes can be generated at runtime according to equation 7.

and the marking of boxes can be made rigorous in the sense that
the computed covering really covers the considered set.

All the set oriented algorithms which are based on the sugidiv
strategy use the same data structure and essentially tieeteam
nigue of mapping test points and marking (and inserting)elox

in the hierarchy. For the solution of the eigenvalue prolsieme

use the software package ARPACK ([24, 17]), which implersent
an Arnoldi method for the computation of a few eigenvalues of
sparse matrix. Hence, we obtain eigenvectors, the comp®én
which correspond to boxes.

Besides an efficient hierarchical implementation of theoatgm

the hierarchical data structures also allow an efficiena daim-
pression. If we solely consider the geometry of an approtéema
invariant setA'{g the complete tree can be stored as a sequence of
bits. Here a value 1 indicates an existing box, whereas 0greark
nonexisting child. These bits have to be ordered correspgrid

In case of a smootim dimensional invariant sétq the correspond- g prefix traversal of the binary tree.

ing box coveringA, is typically of uniformly bounded thickness,For the storage of the computed statistical informatiory sa
measured in terms of boxes for increasing levelThis leads t0 gn jnvariant measurqs, we use one byte per box, con-
O(h, ™ [loghy|) boxes in & level box hierarchy with fine grid gran-siger a logarithmical scale, and map (py from the interval
ularity hy and clearly indicates the benefits of the hierarchical d%ﬁinseq;k log((B)), MaXge 5, l0g(K(B))] onto some integev! from
structure in handling these objects compared to an apptm#s®t the integer intervall, 255. The value 0 may indicate a skipped
on full grids with the same grid size. The following tablestdithe oy

true number of boxes for the Lorenz system, respectivelyaGhusspecially in three dimensions and in the case of a localtyrfta
circuit and different level&.

k 21 24 27 30
Lorenz 3 =0.4) | 31074 | 124084 497740| 1998566
Chua’s circuit 62288 | 293992 | 1465152 -

Here, for instancé& = 30 corresponds to full grids of size 1624
Based on these binary tree structures the abstract suiodiirigro-

duced in Section 2 can now easily be implemented:

e Starting with the initial coveringgo which consists of the sin-
gle boxBp = Q, we add in stefk a finer layersy to the hi-
erarchy: For each boR € By_1 the child boxes®, B! are
generated as candidate cells for the refined approximate
This can be done in one depth first traversal of the curreatt

structure.

variant manifold we have introduced normals which can beluse
for shading purposes. We decided to code normals in 3 bytes
N1, N2, N3, where each byte is interpreted asigned charwith

six significant bits and the actual normalcan be retrieved by
the relationn; = 0.02N;. For a shading calculation this resolution
proved to be sufficient. Two of the remaining unused 8jt$, 3

in these bytes can be used as flags indicating the existertbe of
child boxes. So far at most 4 byte are required to store aestyap

on disk. The visualization algorithms to be presented irstifese-
guent sections require a back to front sorting of boxes ifthary
tree. We can support this with an expansion of the data sirest
inmemory. For each boR € ; with j < kand two existing chil-
éében we add a reference to the second child Bbxwhereas the
irst child box is stored directly next to the current box (€ig. 6).
We are thus able to select any sorted ordering of the chilé$¥ox

e Then for each boBin B We computef (B) and check which during a depth first traversal in the visualization. If we sider a
boxes inBy are intersected by this box image. For gendral4 byte integer reference to the second child we end up wittoat m
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Figure 6: A sketch of the storage scheme for a single box in:

and its two child boxes

e

Figure 7: A ray intersecting a box in 3D (left) and a resultspiat
(right).

8 byte for an existing box in the box hierarchy up to secondsfint

box level, where on the finest box level 4 byte are still suffiti

4 Visualization approach

In what follows we will present two different visualizationeth-

Figure 8: Three members of the Lorenz family are visualized u

ods. At first, a volume rendering enlightens the geometryhef ting volume rendering for parametdis= 0.4, 1.2, 2.6 (left to right,

invariant set under consideration. Furthermore, a demsarstine
coverage method shows in addition the local dynamics (eftitb-
tivating image already in Section 1). We here restrict duese
to the three dimensional case. This can be straightforyand
panded to projections of higher dimensional invariant sephase
space to 3 dimensional state space (cf. Section 5).

Volume Rendering

One appropriate way to visualize the complicated struabiitbe
invariant sets is to render them as transparent volumdtjéct In
the typical case of relatively thin approximateégtour pyramidal
data structures are well suited for fast volume renderingiyéng
appropriate splatting techniques [22] on the boxes in tasanchi-
cal tree. Color is used to represent the invariant meastirecaise
of almost invariant sets to seperate the distinct regioresréatrict
ourselves to orthogonal projection and proceed as follows:

At first, for given normalized viewing directio and box level

top to bottom). In the lower right corner different levelsdstail
(15, 18, 21, and 24) are considered. Bet 0.4 trajectories rapidly
approach a double periodic orbit, here indicated by theramao-
centration. The invariant set f@r= 2.6 is a closed approximation
of the famous Lorenz attractor, with an invariant measureaby
spread all over the set. This spreading is a clear indicatidhe
underlying chaotic behaviour. Through out the whole seqeeve
realize a geometric change, but even more dominant thigssiee
spreading of the measure.

which is frequently supported by hardware, for instancegisihe
splat as a transparent texture. The c@@u(B)) is chosen accord-
ing to the measure valygB) on the boxB. Because the measure
typically varies over many orders of magnitude we use a itdgar
mic scale for the invariant measure, i. e. retrieve the diremm-
pressed logarithmic measure values from the data basetwscr
in Section 3 (cf. Fig. 9 for a corresponding color ramp on ttier:

val [0,1]). Always taking into account the same coarse reference

k we generate a single splat at a sufficiently fine resolutiorafobox leads to atransparencyAE which is approximately constant
reference boB on levelkmod 3. This splat will represent the boxXor varying levelk. In fact for interesting applications the thick-

opacityag with respect to a constant predefined denpityn the
box. I. e. for a ray which intersect in the directionV with an

ness measured in boxes is of the same size. Mathematicaly th
is related to the hyperbolicity of these dynamical systemshe

entry pointt,, and an exit point,,, (cf. Fig. 7). we obtain an opacityconsidered invariant sets.

Valueaé = 1 — e_p(tout_tin) .

In a back to front traversal of the hierarchical tree of boxes
we use this splat to generate a transparent volume prajeofio
A'(‘Q(cf. Fig. 8). Thereby, for each bd& e By the old image inten-
sity |~ is updated to a new intensity” according to the standard
convex combination formula [18]

Figure 9: The color ramp corresponding to the visualizatibtie
measure.
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Figure 12: A 2D box collection with streamlines is sketch&te
required ghost cells are drawn in blue.

the viewing direction and the bisection direction. For thédi-
vision directions = kmodn the sign of thesth component of the
viewing vectorV decides in advance which child to process first
(cf. Fig. 11). Defining

Figure 10: Volume rendering of Chuas circuit with differeol- ! 0:Vs>0 1;Vs>0
oring for two almost invariant subsets. The red, respelgtivkie first(V, s) = { 1;else secondV,s) = { 0;else
coloring indicates subsets in which trajectories stay fegrg long
time until they turn over to the other subset. we can sketch the pure recursive sorting procedure in theniwig
pseudo code acting on boxB®on levelk:
BackToFrontB, k) {
es s=kmodn;
v /B B’ f =first(V, s); s= SecondV, s);
/ if (Bf exists) BackToFrong', k+ 1);

if (BS exists) BackToFronE®, k+ 1);
Figure 11: Depending on the viewing directigrchild boxes are ~ }
sorted in the back to front tree traversal

Dense Covering with Streamlines

The rendering approach can be generalized, if we Consid®i-0pryq \o1ume rendering approach described so far enableswis to
ties which depend on the invariant measuand take into accountg -ii-e the complete geometry together with the invariasure,

approximate box normalss for shading purposes. Thus, we 0bzaghectively the splitting into almost invariant subséts.impres-
tain a modified update formula

sion of the local dynamics on the invariant &4, i. e. the di-
1" = (1—-ag(k(B)))I” +0a(H(B)) C(K(B),Ng) .

rection and velocity of the continuous flow according to time u
Hereag(l(B)) is any suitable monotopdependent scaling afg

derlying ODE are still missing in this graphical represéota
Streamlines are suitable tools to visualize such inforomatiWWe
(boxes with smaller measure value are more transparenttibaa
with larger measure value) and the color

will now describe an algorithm which generates a coverag%of
with streamlines at a prescribed density in a preprocesstieg
Then, for the lateron interactive rendering we use traresgal-
C(u(B), ng) = C(u(B)) +C(ng) luminated streamlines similgr to those_desqribed by Stakit al.
[23] and color them according to the invariant measure. fixce
contains an additional compone®tng) due to a Goraud shadingfor our case we make use of the approximate surface normdls an
with respect to the normak and given light sources illuminatingtherefore shade the individual streamlines with respetttese nor-
the invariant manifold. Concerning the implementation waken mals. Hence, we interprete them as thin strips attachecetsuth
use of the logarithmic 8 bit quantization of the measure. giat face similar to van Wijk’s oriented surface particle apmtog28],
is copied 256 times and the alpha values of each copy aredsc#lbereas in [23] the streamlines appear as thin tubes. Weethus
according to the discrete measure value. Furthermore, dié¢hed sure the graphical representation of fflebal geometryand the
appropriate constant color Compon@@p(B))_ Fina”yinthe back local dynamicsof the dynamical system at the same time while
to front traversal of the hierarchical tree, we straighsfardly Still retaining thesurface type appearance
render Goraud shaded texture splats (cf. Fig.8). Our coverage will be of equal density all OVAE in the sense
that the ratioy(B):=L(B)/vol(B) of the sumL(B) of the length of
To conclude, we will now exp|ain the Sorting (Bﬁ( with respect streamline Segments in the boxgsf the binary tree and the local
to the viewing direction. This sorting obviously dependielyoon  volumevol(B) = fg.xc dx is balanced. We achieve this by an in-

7



terative insertion process of streamlines of fixed length/¥e suc-
cessively select starting positioxas compute streamline segments
X: [-6,0] — R"as numerical solutions of the ODE problems

x=g(x);  x(0)=x

and distribute the local segments onto the correspondixe&i-
multaneously we update the current densiyi@ on the involved
boxes.

A more detailed description of how new starting positigasre
selected is given by the following recursive procedure ebihary
tree, which in the first instance allocates a box to relegseith

respect to the currentdistribution.

SelectBoxB) {
if both child boxesB?, B! exist {
0= V(Bo) .
¥(BY)+y(BY)’
compute a random numbek [0, 1];
if (r < 8) SelectBoxB?);
else SelectBoxRO);

}
else if the child box8° exists
SelectBoxBY);
else if the child boxB! exists
SelectBoxBY);

1

Here we assum% = 0in case of still empty boxes. Let us emphe
size that this recursive call may be repeated on failureifisebox
without child boxes is reached. Subsequently, in each teeldmx
B € By a random starting positio is chosen.

We apply a 4th order adaptive Runge Kutta method for the iateg
tion of the ODE, polygonalize the resulting curves, and itigm at
box boundaries (cf. Fig. 12). Then the resulting local segsare
stored in lists linked to the boxes. During the traversal wdaie
the densitiey(B) for all boxes in the binary tree.

Afterwards, an interactive rendering will refer to the lismgment
lists in depth first traversal of the tree while drawing a cage
of illuminated transparent streamlines. Again a procegdiiom
back to front on the box hierarchy supports a sorting necg$sa
the correct handling of the transparency. Thereby, we dabet
tain a strict sorting of all streamline segments. In a sighe the
corresponding lines are still unsorted. Neverthelessn foor ex-
perience, errors resulting from these restrictions arevisile on
the final images. We thus avoid a time consuming additional |
cal sorting and the possibly necessary cutting operatiomsder
to ensure an interactive performance of the rendering. diitiad,
the local dynamics on the invariant set can be animatedoajti
shifting highlights over the streamlines as it has been @seg by
Zockler et al. [23] for whose illuminated streamlines. Fig and Figure 13: Invariant sets in the Lorenz family are visualizes-

2 show results for Lorenz system, and Chuas circuit. Thegeeorfind a coverage with shaded streamlines. On the right stieaml
spond to the volume rendering in Fig. 8, respectively Fig. 10 ~ coverings of different density are depicted.

Let us finally discuss a peculiar difficulty. The streamlimeay

leave the box covering, because they are not released ordbe e

invariant set. In this case ghost boxes are added to thertigra

and portions of the streamlines outside the original borestared

in them (cf. Fig. 12). These ghost cells are not considerdtien

subsequent selection steps.




The implementation of the covering algorithm requires iddal We use an adapted version of the globalization techniquritesl
memory, especially for the list of streamline segmentssTiem- in Section 2 to cover part of the unstable manifold of thisdHal
ory requirement grows exponentially for increasing ldueln the orbit. One might think of this object as the set of all possibvhays
application it turned out that a sorting of the streamlingnsents back to earth. Figure 15 shows a dense coverage of part of the
is not required on the finest grid level. Therefore, we oeoata manifold with transit trajectories.

coarser grid level with respect to the storing of streamlines. This

also reduces the number of required ghost boxes signifjcarat

instance we operate on levek 21, wherek = 27 in case of Chua’s

circuit and the Lorenz system.

5 A Further Application

In order to show how the presented techniques perform inla re

world application we apply them to a problem which arisesia t

design of trajectories for spacecrafts.

In 2001 theJet Propulsion Laboratoryplans to eject a craft into

space which is supposed to stay on a periodic orbit between !

and earth for two years in order to collect solar matter (ioiss
Genesis One of the many challenges connected to this mission

to find the optimal trajectories for the transit betweenteartd the

Halo orbit (and back). The central idea of the current appoach is to

look for them on th€un)stable manifolaf the periodic orbit, see Figure 15: A part of the unstable manifold of the Halo-orbit,

Figure 14. It is therefore indispensable to compute andalimer densely covered with possible trajectory paths of the spatte
reliable approximations to these objects. starting on the orbit. Color again indicates the invariantsure.

6 Conclusionsand Future Work

We have presented a new approach to compute and efficieatly vi
alize reliable approximations of invariant sets, whichrelterize
dynamical systems topologically. The method is based oprahi
chy of successively refined box coverings. Fundamentalgiibb

ity measures can be approximated on the box hierarchy. We hav
explained how to make use of this approach to perceive dynami
cal systems in a novel, considerably expanded way. It pesvh
easy and intuitively understandable visual impressiortoofplex
dynamical phenomena. Furthermore, we are able to combé@e th
smoothly shaded representation of the invariant mangadome-

try with a coloring according to a probability measure ancas#
coverage by streamlines, which also enlightens the loazduaycs.
Interesting future research directions are

Figure 14: The unstable manifold of the periodic orbits vatdon- - the incooperation of adaptive multiresolutional algamits
tains the transit paths of the spacecraft from earth to the bthit [21] in the computation as well as the visualization,

and back. We have clipped the complete object at a suitatde in ) ] ) )

section plane. Color indicates the invariant measure, epelfow - if Possible, a triangular surface reconstruction from bioe
represents high probability measure and blue small meagile covering making use of the approximate normal calculus,
ues.

- the appropriate animation of the long time behaviour of the

. dynamical system.
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