
The 
omputation of an unstable invariant set inside a
ylinder 
ontaining a knotted 
owMi
hael Dellnitz� and Oliver JungeDepartment of Mathemati
sUniversity of PaderbornD-33095 Paderborn, Germany Martin Rumpf and Robert StrzodkaInstitute for Applied Mathemati
sUniversity of BonnD-53115 Bonn, GermanyAbstra
tWe perform a numeri
al study of a knotted 
ow through a 
ylinder. In thisexample { whi
h is due to Conley [1℄ { based on 
ertain assumptions on the 
owWazewski's Theorem guarantees the existen
e of an unstable invariant set inside the
ylinder. We expli
itly 
onstru
t a 
ow with the desired properties and approximatethe 
orresponding invariant set using set oriented multilevel subdivision te
hniques.1 Introdu
tionIt is now well known that index theory yields a powerful methodology for proving theexisten
e of invariant sets of dynami
al systems inside 
ertain regions of state spa
e. Seee.g. [6, 7℄ and referen
es therein. However, the underlying te
hniques are based on resultsfrom algebrai
 topology, and these methods are typi
ally not 
onstru
tive in the sense thatthey do not give insight into the pre
ise stru
ture and lo
ation of the invariant sets. Thus,one has to rely on numeri
al methods if one is interested in more detailed information onthe geometri
 stru
ture of these obje
ts.In this arti
le we review a prominent example in this area and des
ribe a numeri-
al approa
h whi
h allows to reliably approximate the 
orresponding unstable invariantset. Con
retely we 
onsider the following s
enario and 
on
lusion { the latter one is anappli
ation of the Wazewski Theorem (see Se
tion 2) { whi
h goes ba
k to Conley [1℄:Let 't denote a 
ow of an ordinary di�erential equation on R3 with the follow-ing properties: there is a 
ylinder of �nite length su
h that outside the 
ylindertraje
tories run verti
ally downward with respe
t to the 
ylinder. Assume fur-ther that there is some solution running through the 
ylinder whi
h makes aknot as it goes from top to bottom. Then there must be a nontrivial invariantset inside the 
ylinder.�Resear
h of MD and OJ is partly supported by the Deuts
he Fors
hungsgemeins
haft under GrantDe 448/5-4.



A more detailed outline of the paper is as follows. In Se
tion 2 we des
ribe thetheoreti
al ba
kground taken from [1℄. In Se
tion 3 we expli
itly 
onstru
t a 
ow withthe properties des
ribed above. The underlying numeri
al methods for the approximationof this obje
t are developed in Se
tion 4. Finally we present the spe
i�
 numeri
al examplewhi
h has been used to produ
e the 
over image of these pro
eedings (Se
tion 5).2 Theoreti
al Ba
kgroundWe now des
ribe the theoreti
al ba
kground showing the existen
e of an invariant setinside the 
ylinder for the 
ow des
ribed in the introdu
tion. In what follows we essentiallyfollow the exposition in [1℄.We begin with the de�nition of a so-
alled Wazewski set for a 
ow �t : Rn ! Rn .Definition 2.1 Let W � Rn be a subset of phase spa
e and let W Æ be the set of pointsx 2 W su
h that �t(x) 62 W for some positive t. Moreover, let W� be the set of pointsx 2 W su
h that �t(x) 62 W for all t > 0. Then W� � W Æ is 
alled the exit set of W .Moreover, W is 
alled a Wazewski set if the following 
onditions are satis�ed:(a) If x 2 W and �s(x) 2 
l(W ) for all s 2 [0; t℄ with t � 0, then �s(x) � W for alls 2 [0; t℄;(b) W� is 
losed relative to W Æ.With this de�nition we have the following result. The proof of this theorem 
an befound in e.g. [1℄.Theorem 2.2 (Wazewski) If W � Rn is a Wazewski set then the exit set W� is astrong deformation retra
t of W Æ and W Æ is open relative to W .Remark 2.3 As an immediate 
onsequen
e of this theorem we have:If W is a Wazewski set and the exit set W� is not a strong deformation retra
tof W then W nW Æ 6= ;, that is, there exist solutions whi
h stay inside W forall positive time.Using this observation we obtain the following 
orollary.Corollary 2.4 Consider the 
ow 't through the 
ylinder as des
ribed in the introdu
-tion. Then there is a nonempty invariant set inside the 
ylinder.Proof: Let W be the 
ylinder minus the knotted traje
tory. Then the exit set W� ofW is the bottom of the 
ylinder minus a point. Obviously W is a Wazewski set. Sin
ethe fundamental group of W is not the same as that of the pun
tured disk W� it followsthat W� 
annot be a strong deformation retra
t of W . Thus, W nW Æ 6= ;, and thereexist solutions whi
h stay inside W for all positive time.



3 Creation of the Ve
tor FieldIn this se
tion we expli
itly 
onstru
t a ve
tor �eld v su
h that the 
orresponding 
ow 'thas the desired properties.We 
onsider a 
ylinder C = C(r; h) = f(x; y; z) 2 R3 : x2 + y2 � r2; jzj � hg and apath (the knot) 
 : [0; T ℄! C, with
(0) 2 C \ fz = hg and 
(T ) 2 C \ fz = �hg:The aim is to de�ne 
 and a 
ontinuous ve
tor �eld v : C ! S2 su
h that the following
onditions are satis�ed:(1) the knot 
 des
ribes a traje
tory of v,(2) v(
) = (0; 0;�1) for all 
 2M = f(x; y; z) 2 C : x2 + y2 = r2g.Re
all that the stereographi
 proje
tion � : S2 ! R 2 (R = R [ f1g) is given by�(x; y; z) = � x1� z ; y1� z� :The inverse of � is given by��1(�; �) = � 2�1 + �2 + �2 ; 2�1 + �2 + �2 ; 1� 21 + �2 + �2� :The idea is to 
onstru
t the ve
tor �eld v by de�ning a suitable map w : C ! R2 and bysetting v = ��1 Æ w.We de�ne w(
) = Z T0 k
0(t)k d(
; 
(t)) �� 
0(t)k
0(t)k� dtZ T0 k
0(t)k d(
; 
(t)) dt+ d(
;M) (3.1)with a 
ontinuous weight fun
tion d : C � C ! R where d�1(1) = f(
; 
) j 
 2 Cg. The�rst term in the denominator simply normalizes the weight fun
tion, whereas the se
ondleads to the desired values on the mantle M of the 
ylinder. Observe that the use of thestereographi
 proje
tion in the de�nition of w requires that 
0(t)=k
0(t)k 6= (0; 0; 1) for allt. We now verify the fa
t that the knot 
 des
ribes a traje
tory (i.e. 
ondition (1))and that v is indeed 
ontinuous. Away from im(
) and M the fun
tion w is obviously
ontinuous and so is v. If we 
onsider a sequen
e 
i ! 
(t0), 
i 62 im(
), i = 0; 1; : : : , forsome �xed t0 2 [0; T ℄, thenw(
i) = Z T0 k
0(t)k d(
i; 
(t))R T0 k
0(s)k d(
i; 
(s)) ds+ d(
i;M) �� 
0(t)k
0(t)k� dt! Æ��� 
0(�+ t0)k
0(�+ t0)k�� = �� 
0(t0)k
0(t0)k� as i!1;



where Æ is the Dira
 distribution. Hen
e we obtainv(
i) ! 
0(t0)k
0(t0)k as i!1as desired.Condition (2) is satis�ed be
ause 
i !M impliesd(
i;M)!1 ) w(
i) ! 0 ) v(
i)! (0; 0;�1) as i!1:Hen
e we have satis�ed the 
onditions (1) and (2).4 Computation of the Invariant SetThe ve
tor �eld v as de�ned in the previous se
tion does not possess an equilibrium insideC. However topologi
al 
onsiderations (
f. Se
tion 2) show that there must be an unstableinvariant set 
ontained in C. In this se
tion we des
ribe how to 
ompute approximationsto su
h a set. In fa
t we show how to 
ompute approximations to the 
hain re
urrent setof some time-� -map f = '� in C.Definition 4.1 A point 
 2 C belongs to the 
hain re
urrent set of f in C if for ev-ery � > 0 there is an �-pseudoperiodi
 orbit 
ontaining 
, that is, there exists f
 =
0; 
1; : : : ; 
`�1g � C su
h thatkf(
i)� 
i+1 mod `k � � for i = 0; : : : ; `� 1:The 
hain re
urrent set is 
losed and invariant.In [2℄ multilevel subdivision te
hniques have been developed for the approximation ofglobal attra
tors relative to some 
ompa
t subset Q of state spa
e. Roughly speakingthis set should be viewed as the union of all the invariant sets within Q together withtheir unstable manifolds. We now present a modi�
ation of this algorithm whi
h allowsto approximate 
hain re
urrent sets.Let Q be a 
ompa
t subset of the underlying state spa
e, say, Q is part of the 
ylinderC. Then we 
onstru
t a sequen
e B0;B1; : : : of 
olle
tions of 
ompa
t subsets of Q asfollows. First set B0 = fQg. Then for k � 1 the 
olle
tion Bk is obtained from Bk�1 intwo steps:(i) Subdivision: 
onstru
t a 
olle
tion B̂k, su
h that[B2B̂k B = [B2Bk�1 B and diam B̂k � � diamBk�1for some 0 < � < 1.(ii) Sele
tion: 
onstru
t a dire
ted graph G = (V;E), where the verti
es V and theedges E are given byV = B̂k and E = f(B;B0) 2 B̂k � B̂k : f(B) \B0 6= ;g:



Compute the strongly 
onne
ted 
omponents S1; : : : ; Sr of G and setBk = fB 2 B̂k : B 2 Si for some i 2 f1 : : : ; rgg:Remark 4.2 Re
all that a subset W � V of the nodes of a dire
ted graph G = (V;E)is 
alled a strongly 
onne
ted 
omponent of G, if for all w; ~w 2 W there is a path from wto ~w (i.e. if there is a sequen
e (wi; wi+1) 2 E, i = 0; : : : ; m � 1, su
h that w = w0 and~w = wm). The set of all strongly 
onne
ted 
omponents of a given dire
ted graph 
an be
omputed in linear time [5℄.Intuitively it is plausible that the sequen
es of box 
overings Bk 
onverge to the 
hainre
urrent set of f . Indeed, under mild assumptions on the box 
overings one 
an prove
onvergen
e, see [4, 8℄.5 Numeri
al ExampleIn this se
tion we apply the algorithm des
ribed above to a spe
i�
 knotted 
ow. We
onsider a 
ylinder C(r; h) with radius r = 2 and height 2h = 4. Then one way to obtainparameterized knots is to take an epi
y
loid in the (x; y)-planex(t) = 
os(t)� LAA+B � 
os�A+BA � t�y(t) = sin(t)� LAA +B � sin�A +BA � t� ;and to modulate the third 
oordinate z(t) appropriatelyz(t) = � sin�BA � t� + h�1� 2tT �p :In the 
omputations we have setL = 0:9; h = 2 and p = 3:For 0 � t � T = 2�A we obtain various knots by varying the integers A and B. We have
hosen A = 2 and B = 1:Finally the fun
tion d in (3.1) is de�ned byd(x; y) =  3Xi=1 jxi � yijq!�1 ;where we have 
hosen q = 4.



The numeri
al integration for the 
onstru
tion of w is done by an adaptive Gaussianquadrature. It turned out to be 
omputationally too demanding to 
ompute these inte-grals for every evaluation of the ve
tor �eld. We thus de
ided to pre
ompute the ve
tor�eld on an equidistant mesh, to store the resulting data and to use a linear interpolationbetween mesh points for the evaluation of v. Certainly the original knot is not a traje
toryof this dis
retized ve
tor �eld any more, but the a
tual traje
tories are very similar andstill knotted in the same way.In the 
omputation of the time-� -map f = '� we have 
hosen � = 1:5, and for thenumeri
al integration of the ordinary di�erential equation we have used a fourth orderRunge-Kutta s
heme with 
onstant step size h = 0:1. For the 
onstru
tion of the dire
tedgraph we use a grid P of test points in ea
h box B 2 B̂k with 10 points per 
oordinatedire
tion (i.e. 1000 points per box) and 
omputeE = f(B;B0) 2 B̂k � B̂k : f(P ) \ B0 6= ;g:Now we apply 30 steps of the algorithm des
ribed in Se
tion 4 beginning with B0 = fQg =fCg and ending up with a 
olle
tion of 175476 boxes 
overing the 
hain re
urrent set. Onthe front 
over of this volume we show a visualization of the resulting box 
olle
tion (blue)together with the knot (red). Moreover, in Figure 1 we present a 
ouple of alternativeillustrations of the obje
t.The 
omputation has been done using the software pa
kage GAIO1 and for the visual-ization on the 
over image we have used the software platform GRAPE [9, 3℄.

Figure 1: Chain re
urrent set for the knotted 
ow.A
knowledgments We are grateful to Bernold Fiedler both for bringing this exampleto our attention and for dis
ussions on the spe
i�
 
onstru
tion of the desired 
ow. Wealso thank Konstantin Mis
haikow for pointing out the referen
e to Conley's book [1℄.1See http://math-www.uni-paderborn.de/~agdellnitz/gaio/



Referen
es[1℄ C. Conley. Isolated invariant sets and the Morse index. Ameri
an Mathemati
alSo
iety, 1978.[2℄ M. Dellnitz and A. Hohmann. A subdivision algorithm for the 
omputation of unstablemanifolds and global attra
tors. Numeris
he Mathematik, 75:293{317, 1997.[3℄ M. Dellnitz, A. Hohmann, O. Junge, and M. Rumpf. Exploring invariant sets andinvariant measures. CHAOS: An Interdis
iplinary Journal of Nonlinear S
ien
e,7(2):221, 1997.[4℄ M. Eidens
hink. Exploring global dynami
s: A numeri
al algorithm based on theConley index theory. PhD thesis, Georgia Institute of Te
hnology, 1995.[5℄ K. Mehlhorn. Data Stru
tures and Algorithms. Springer, 1984.[6℄ K. Mis
haikow and M. Mrozek. Isolating neighborhoods and 
haos. Jap. Jour. Ind.Appl. Math., 12(2):205{236, 1995.[7℄ K. Mis
haikow, M. Mrozek, and P. Zgli
zynski (eds.). Conley Index Theory. Bana
hCenter Publi
ations 47, 1999.[8℄ G. Osipenko. Constru
tion of attra
tors aqnd �ltrations. In K. Mis
haikow, M.Mrozek, and P. Zgli
zynski, editors, Conley Index Theory, pages 173{191. Bana
hCenter Publi
ations 47, 1999.[9℄ M. Rumpf and A. Wierse. GRAPE, eine objektorientierte Visualisierungs{ und Nu-merikplattform. Informatik, Fors
hung und Entwi
klung, 7:145{151, 1992.


