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1 Introduction

Over the past years so-callegdet oriented numerical methods have been de-
veloped for the study of complicated temporal behavior of shamical sys-
tems. These numerical tools can be used to approximate dient types of
invariant sets or invariant manifolds but they also allow toextract statisti-
cal information on the dynamical behavior via the computabn of natural
invariant measures or almost invariant sets. In contrast tawther numerical
techniques these methods do not rely on the computation single long term
trajectories but rather use the information obtained fromseveralshort term
trajectories.

All the methods which are described in this chapter are basesh mul-
tilevel subdivision procedures for the computation of ceain invariant sets.
This multilevel approach allows to cover the object of integst { e.g. an in-
variant manifold or the support of an invariant measure { by sveral small
subsets of state space. Since outer approximations are puodd and long
term simulations are avoided these methods are typically da robust. Re-
cently also adaptive subdivision strategies have been déayged and moreover
concrete realizations have been proposed which allow to neathe computa-
tions rigorous.

The numerical methods presented here are similar in spiritotthe so-
called cell mapping approachsee e.g. Kreuzer (1987); Hsu (1992). However,
a signi cant di erence lies in the fact that in the cell mapping case the
numerical e ort depends crucially on the dimension of statspace whereas
for the multilevel subdivision procedures the e ciency esmtially depends
on the complexity of the underlying dynamics.

We would also like to mention that by now there exist severalelevant
extensions and adaptations of the set oriented approach asstribed here.
For instance, in Schatte (1999); Deu hard et al. (2000) theauthors develop
and analyze set oriented algorithms which can be used for tidenti cation
of so-calledconformations for molecules. Roughly speaking, these are almost
invariant sets for a speci ¢ type of Hamiltonian systems. Aather direction
has been considered in Keller and Ochs (1999). There the seieated ap-
proach has been succesfully adapted to the context of randodynamical
systems.

In this chapter we give an overview about the developments ithe area
of set oriented methods for general deterministic dynamitaystems. We



report on both theoretical properties of the numerical metbds and details
concerning the implementation.

2 The Computation of Invariant Sets

In this section we present set oriented multilevel algoritms for the approx-
imation of two di erent types of invariant sets, namely attracting sets and
chain recurrent sets. We demonstrate the usefulness of tmsultilevel ap-
proach by several numerical examples.

2.1 Brief Review on Invariant Sets

We consider discrete dynamical systems
Xj+1 = F(x); ]=0;1,2:::; (2.1)

wheref : R" ! R" is a di eomorphism and begin by recalling some types
of invariant sets of such dynamical systems.

Attracting Sets

A subsetA R" is calledinvariant if
f(A)= A:

Moreover, an invariant setA is an attracting set with fundamental neighbor-
hood U if for every open setV A there is anN 2 N such thatfi(U) V
forallj N. Observe that ifA is invariant then the closure ofA is invariant
as well. Hence we restrict our attention to closed invariansets A, and in
this case we obtain \
A= f1(U):

j2N
By de nition all the points in the fundamental neighborhoodU are attracted
by A. For this reason the open selt;onf ' (U) is called thebasin of attraction
of A. If the basin of attraction of A is the entire R" then A is called the
global attractor.

Remarks 2.1  (a) Although the global attractor may not be compact, it
typically happens in applications that all the orbits of theunderlying
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dynamical system eventually lie inside a bounded domain, dnn that
case the compactness @& immediately follows.

(b) The global attractor contains all the invariant sets of he dynamical
system. This can easily be veri ed using the de nitions.
Chain Recurrent Sets

Sometimes it is of interest to analyze the ne-structure oftie dynamics on the
global attractor. This is e.g. accomplished by extractingecurrent subsets.
A notion of recurrence which proved to be particularly usetus that of chain
recurrence (see Conley (1978)):

Definition 2.2 A point x 2 U R" belongs to thechain recurrent set of
f in U if for every > 0 there is an -pseudoperiodic orbitin U containing

Kf (Xi)  Xi+1 mog K fori=0;:::;" 1

It is easy to see that the chain recurrent set is closed and gvant.

2.2 The Computation of Relative Global Attractors

We now present an algorithm for the computation of parts of tb global
attractor of a dynamical system.

Relative Global Attractors

Definition 2.3 Let Q R" be a compact set. We de ne theylobal attrac-
tor relative to Q by

Vo
Ag= fI(Q): (2.2)
i 0

In the following remark we summarize some basic propertie$ Aqg.

Remarks 2.4  (a) The de nition of Aq in (2.2) implies that A Q and
that f (Ag) Ag, but not necessarily thatf (Ag) Ag.

(b) Aq is compact sinceQ is compact.
(c) Ag is a subset of the global attractorA. In fact,

Ag=fx2A : f J(x)2Qforallj Og:
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(d) Denote by A the global attractor of f . Then in general

Ao 6 A\ Q:

Subdivision Algorithm

The following algorithm provides a method for the approxim&éon of relative
global attractors. It generates a sequencBy; By;::: of nite collections of
compact subsets oR" such that the diameter

diam(By) = rg%xk diam(B)

converges to zero fok ! 1 . Given an initial collection By, we inductively
obtain B¢ from By, ; for k =1;2;:::in two steps:

(i) Subdivision: Construct a new collectionBy such that

[ [
B = B (2.3)

B 2By B2By 1

and
diam(By)  «diam(Bx 1); (2.4)

(i) Selection: De ne the new collectionBy by

n 0
Bc= B 2B:98 2 By such thatf ‘(B)\ B6; : (2.5)

By construction
diam(By) K, diam(By)! 0 fork!1
Example 2.5 We considerf : R! R,
f(X)= x;

where 2 (0;3%) is a constant. Then the global attractorA = fOg of f is a
stable xed point. We begin the subdivision procedure withBy = f[ 1;1]g
and construct By by bisection. In the rst subdivision step we obtain

B, = By = f[ 1,0}[0; 1]g:
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No interval is removed in the selection step, since each ofetm is mapped
into itself. Now subdivision leads to

1
2

BL 2010 315 1)

B.= [ L
Applying the selection rule (2.5), the two boundary intervés are removed,
le.
1 1
BZ - [ él O], [O, é]

Proceeding this way, we obtain aftek subdivision steps

1 1

Be= [ ok 51 0F [0 ok 1

1l

.S . .
We see that the union 5,5 B is indeed approaching the global attractor
A =f0gfork!1 . The speed of convergence obviously depends on the
contraction rate of the global attractor. We will come back o this observation
in Subsection 2.3.

Convergence Result

The abstract subdivision algorithm does converge to the agive global at-
tractor Aqg. In fact for the nested sequence of sets

Qk=[ B; k=0;12:::; (2.6)

B2B

one can show the following result (see Dellnitz and Hohmand497)).

Proposition 2.6  Let Aqg be a global attractor relative to t,ge compact set
Q, and letB, be a nite collection of closed subsets witQy = 5,5, B = Q.
Then

lim h(Aq; Qi) =0

where h(B; C) denotes the usual Hausdor distance between two compact
subsetsB;C R".

2.3 Convergence Behavior and Error Estimate

We begin by recalling the de nition of a hyperbolic set (see.g@. Shub (1987)).



Definition 2.7 Let be an invariant set for the di eomorphism f. We
say that is a hyperbolic setfor f if there is a continuous invariant splitting
TR"=E®S EY,

Df (EJ) = Efy and Df (EY) = Ef(y:
for which there are constantsc > 0 and 2 (0;1), such that
a) if v2 ES, then kDf / (x)vk ¢ Tkvk for all j 2 N;
b) if v2 EY, then kDf J(x)vk c Jkvk forallj 2 N.

Since the estimates in De nition 2.7 are formulated in term®f the Ja-
cobians, they are just valid in nitesimally for f. A consideration of the
asymptotic behavior with respect to the di eomorphismf itself leads to the
de nition of stableand unstable manifolds

Definition 2.8 For x 2 R" and > 0 we de ne thelocal stable (unstable)
manifold by

WS(x) = fy2 R":d(fi(x);fi(y))! Oforj!1
and d(f 1 (x); f1(y)) forallj 0Og;
WU(x) = fy2 R":d(fi(x);fi(y))! Oforj! 1

and d(f’ (x);f1(y)) forallj 0Og:

We now state part of the results which are known as th8table Manifold
Theorem for hyperbolic sets. A proof can be found in e.g. Shub (1987).

Theorem 2.9 Let be a closed hyperbolic set fér. Then there is a positive
such that for every pointx 2, WS(x) and WY(x) are embedded disks of
dimension equal to those oE; and E;' respectively. The tangent space of
WsS(x) (WY(x)) at x is E (E}).
Moreover, W*(x) and WY(x) satisfy the following properties:

(i) There is a constantC > 0 such that

d(f ! (x); 1 (y)) C ld(x;y) forally2 Ws(x) andj O,
dif T (x):f '(y)) C ld(x;y) forally2 WY(x) andj O,

where is chosen according to De nition 2.7.
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(i) The local stable and unstable manifolds are given by
WS(x) fy2 R d(fI(x);f1(y)) forallj 0Og;
WY (x) fy2 R d(fi1(x);fl(y)) forallj 0Og:

We may use Theorem 2.9 to obtain a result on the convergencehbgior
of the subdivision algorithm in the case where the relativelgpal attractor
is part of an attracting compact hyperbolic setA. De ne for > 0

UA)=Tfy2R":ify2 WS(x), x2 A, thend(x;y) < g:

Obviously, A is a subset ofU (A). In the following result we assume for
simplicity that B, = fQg. A proof can be found in Dellnitz and Hohmann
(1997).

Proposition 2.10 Let Ag be a global attractor of the di eomorphisnf 9
relative to the closed seQ, and suppose thafAqg is an attracting compact
hyperbolic set off . Let 1 be a constant such that for each compact
neighborhood® of Aq we have

h(Ag:®) =) @ U (Ag): (2.7)
Then the coveringQy obtained by the subdivision algorithm fofr 9 satisfy
h(Ag:Qc) diamB)(1+ + 2+ + X); (2.8)

where = C 9= ., andC; are the characteristic constants of the under-
lying hyperbolic set (see Theorem 2.9).

Remarks 2.11  (a) Geometrically it is evident that close toAq both con-
stants C and are of order one.

(b) Recently the estimate onh(Aq; Q) in Proposition 2.10 has been used
to develop an e cient global zero nding procedure (see Detilitz et al.
(2000c)). There the underlying idea is to view iteration sa@mes such
as Newton's method as speci ¢ dynamical systems.

Corollary 2.12 If the powerq is chosen such that

q
= c < ]_,
min

then we have for alk
1

h(Aq; Q) diam(By):



2.4 Numerical Examples

Example 2.13 We begin by considering a two dimensional dynamical sys-
tem, the (scaled) Henon map

1 ax?+ x,=5

f (X) - 5bX1

(2.9)
The computations are performed withb = 0:2 and a = 1:2. Starting with
the square [ 2; 2%, we display in Figure 1 the coverings obtained by the
algorithm after k = 6, 8; 10, 12 subdivision steps. For details concerning the
implementation of the algorithm see Section 8. In Figure 2jave show the
rectangles covering the relative global attractor after 1&ubdivision steps.
After this number of steps the diameter of the boxes is alregd:011.

We remark that a direct simulation would not yield the same rsult. In
Figure 2(b) we illustrate this fact by showing the attractor that appears if
the transient behavior has been neglected. The reason forethkli erence lies
in the fact that the subdivision algorithm covers all invarant sets in [ 2; 2]

{ together with their unstable manifolds. In particular, the one-dimensional
unstable manifolds of the two xed points (marked with circes in Figure 2(b))
are approximated { but those cannot be computed by direct siaiation.

Example 2.14 In this example we consider the following system of rst
order ordinary di erential equations known asChua's circuit,

= (Y moX }m1x3)

X
= 3
y = X y+z
zZ = y:

In the computations we have chosen =18, =33, mg= 02 andm; =

0:01. We consider the di eomorphisnt given by the corresponding time-one-
map, and approximate the relative global attractor insideQ =[ 12 12]

[ 25;2:5] [ 20,20]. The results of the subdivision algorithm fork =
8;11; 20 steps are displayed in Figure 3. In this gure we also showna
approximation of the attractor obtained by direct simulation. With each
of the set oriented computations we have covered the union tife global
unstable manifolds of the three steady state solutions caihed in Q. Again
we refer to Section 8 for the details concerning the implemiation of the
subdivision algorithm.



(c) k=10 (d) k=12
Figure 1: Successively ner coverings of the global Henortteactor.

2.5 The Computation of Chain Recurrent Sets

The subdivision algorithm can easily be modi ed in such a wathat one can
approximate the chain recurrent set within a given compactes Q R".
Again we construct a sequencdg; B;;::: of nite collections of compact
subsets ofQ creating successively tighter coverings of the desired ebj.

SetBy = fQg. For k = 1;2;::: the collection By is obtained fromBy ;
in two steps:

() Subdivision: Subdivide each set in the current collectio, ; into sets
of smaller diameter;
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(a) Subdivision (b) Simulation

Figure 2: (a) Approximation of the relative global attractar for the Henon
mapping after 18 subdivision steps; (b) attractor of the Haon mapping
computed by direct simulation. The two xed points are markel with

(i) Selection: Construct a directed graph whose vertices are the sets in the
re ned collection and by de ning an edge from vertex8 to vertex B

if
f(B)\ B%6 ;: (2.10)

Compute the strongly connected components of this graph ardiscard
all sets of the re ned collection which are not contained inme of these
components.

Remark 2.15 Recall that a subsetW of the nodes of a directed graph is
called astrongly connected componentf the graph, if for allw;w 2 W there
is a path fromw to w. The set of all strongly connected components of a
given directed graph can be computed in linear time (Mehlhar(1984)).

Intuitively it is plausible that the sequence of box coverigs By converges
to the chain recurrent set off. Indeed, under mild assumptions on the
box coverings one can prove convergence, see Eidenschird9§); Osipenko
(1999).
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(b) k=11

(c) k=20 (d) Simulation

Figure 3: (a)-(c) Successively ner coverings of a relativglobal attractor for
Chua'’s circuit; (d) approximation obtained by direct simuhtion.

2.6 Numerical Example

We consider the following scenario and conclusion { the lat one is an
application of the Wazewski Theorem { which goes back to Cogy (1978):

Let ' t denote a ow of an ordinary di erential equation on R®
with the following properties: there is a cylinder of nite length
such that outside the cylinder trajectories run verticallydown-
ward with respect to the cylinder. Assume further that thereis
some solution running through the cylinder which makes a kmho
as it goes from top to bottom. Then there must be a nontrivial
invariant set inside the cylinder.
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Using the subdivision algorithm described above one can cpute a cov-
ering of the chain recurrent set in the cylinder { see Dellni et al. (2000b)
for details on how to explicitly construct the vector eld with the desired
properties.

Figure 4, which has been produced together with Martin Rumpénd
Robert Strzodka (both University of Bonn), shows the knottd trajectory
and a covering of the chain recurrent set in blue after 30 sulvision steps.

Figure 4: Invariant set in a knotted ow. The covering of the d&ain recurrent
set is shown in blue. The knotted trajectory that de nes the ow is colored
red.

3 The Computation of Invariant Manifolds

We now present a set oriented method for the computation of variant ma-
nifolds. Although the method can in principle be applied to ranifolds of
arbitrary hyperbolic invariant sets we will restrict, for amplicity, to the case
where the underlying invariant set of (2.1) is a hyperbolic xed point.

12



3.1 Description of the Method

The continuation starts at a hyperbolic xed point p with the unstable mani-
fold WY(p). We x once and for all a (large) compact sefQ R" containing
p, in which we want to approximate part ofW"(p). To combine the subdivi-
sion process with a continuation method, we realize the suivision using a
family of partitions of Q. A partition P of Q consists of nitely many subsets
of Q such that

[
B=Q and B\ B%=; forall B;B°2P with B 6 B®
B 2P

Let P, © 2 N, be a nested sequence of successively ner partitions Qf

i Bi and diam(B;) diam(B) for some 0< < 1. AsetB 2 P- is said
to be oflevel ".
Let C 2 P- be a neighborhood of the hyperbolic xed poing such that
the global attractor relative to C satis es

Ac = Wig(p)\ C:

Applying the subdivision algorithm with k subdivision steps toB, = fCg,
we obtain a coveringBy P -, of the local unstable manifoldwWg.(p)\ C,
that is, [
Ac = W (p)\ C B: (3.1)

B2B

By Proposition 2.6, this covering converges taVJ.(p)\ C fork!1

Continuation Method

We are now in the position to describe a continuation algottm for the
approximation of unstable manifolds. For a xedk we de ne a sequence
Cf)k);dlk);:::of subsetsC¥ P -, by

() Initialization:
K =B,
= By:

(i) Continuation: Forj =0;1;2;::: de ne

n 0
= B2P. : B\ f(BY6; for someB°2 CJ('Q

13



Observe that the sets [

form nested sequences ik, i.e.,

Cj(o) Cj(l) ciiforj =0;1,2000

3.2 Convergence Behavior and Error Estimate
Convergence Result

SetWp = W.(p)\ C and de ne inductively forj =0;1;2;:::
Wi =f(W)\ Q:

Then it is not too dicult to prove the following convergence result (see
Dellnitz and Hohmann (1996)).

Proposition 3.1 The setsC*) are coverings ofw; for all jk = 0;1;:::.
Moreover, for xed j, Cj(k) converges tdV,; in Hausdor distance if the num-
ber k of subdivision steps in the initialization goes to in nity.

It can in general not be guaranteed that the continuation métod leads
to an approximation of the entire setW"(p) \ Q. The reason is that the
unstable manifold of the hyperbolic xed pointp may \leave" Q but may as
well \wind back" into it. If this is the case then it can indeed happen that
the continuation method, as described above, will not coveall of WY (p)\ Q.

Error Estimate

Observe that the convergence result in Proposition 3.1 doest require the
existence of a hyperbolic structure along the unstable mdold. However,
if we additionally assume its existence then we can estalblisesults on the
convergence behavior of the continuation method in a compddy analogous
way as in Dellnitz and Hohmann (1997).

To this end assume thatp is an element of an attractive hyperbolic set
A. Then the unstable manifold ofp is contained inA. Choose

-
Q= Ws(x)

X2A
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for some su ciently small > 0. Note that A = Ag. Asin (2.7) let 1 be
a constant such that for every compact neighborhoo® Q of Ag we have

h(Aq: @) ) @ U (Ag): (3.2)
A proof of the following result can be found in Junge (1999).
Proposition 3.2  Assume that in the initialization step of the continuation

method we have
h(Wo; C8)  diamQ

for some constant > 0. If C* Ws(W;) for j =0;1;2;:::;J, then
hw;;c)  diamG¥max ;1+ + 2+ + | (3.3)

forj =1;2;:::;J. Here = C and C and are the characteristic
constants of the hyperbolic seA (see Theorem 2.9).

The estimate (3.3) points up the fact that for a given initiallevel k and

near 1 { corresponding to a weak contraction transversal tohe unsta-
ble manifold { the approximation error may increase dramatally with an
increasing number of continuations steps (increasirjg.

3.3 Numerical Examples

Example 3.3 As the rst example we compute an approximation of a two-
dimensional stable manifold of the origin in the Lorenz systn

= (y x)
= X Yy Xz

IN <X

= zZ + Xy:

In this computation we have chosen the \standard" set of paraeter val-
ues, thatis =10; =28 and = 8=3. With this choice a direct numerical
simulation would lead to an approximation of the celebrated.orenz attrac-
tor. (For illustrations as well as a discussion of topologat properties of the
Lorenz attractor the reader is referred to Guckenheimer andolmes (1983).)

Since we want to compute the two-dimensional stable manitblof the
origin, we proceed backwards in time and apply the continuetn method
to the di eomorphism given by the time-( T)-map. Starting in a neighbor-
hood of (Q0;0) we approximate the stable manifold insid& = [ 25; 25F.
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3 subdivision steps. In Figure 5 we
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tinuation steps. We remark that in this case the stable eigemlues are both

To demonstrate the continuation process, we begin with a rgi approxima-
display the coverings obtained by the algorithm aftef = 0;1;3 and 5 con-

tion using the initial level

20
10
0

Figure 5: Continuation steps for the stable manifold of the rigin in the

Lorenz system foj =0;1;3;5.
real but the ratio of strong and weak contraction is relativly large. This is

(3.4)

Its equations fomotion in a
D+ c(x+ );

[ 120120] [ 120120] [ 160 160])
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0, 10 steps,Q

Example 3.4 As the second example let us consider a Hamiltonian system,

also re ected by the way the covering is growing (see Figure.5A ner res-

olution (" = 21;k
the Circular Restricted Three Body Problem.

is shown in Figure 6.
rotating frame are given by



Figure 6: Covering of the two-dimensional stable manifoldfdhe origin in
the Lorenz system.

where

. C 1
X + 12 + y2 + 72)3’ ? X+ )2+ y2+ 72)3
(( Yty ) (( )2ty )

CL =

and = m;=(m;+ m,) is the normalized mass of one of the primary bodies.
We use the value = 3:04042339844417610 © for the sun/earth system
here.

We aim for the computation of the unstable manifold of a certa unstable
periodic orbit. As it was pointed out in the error estimatesm Section 3.2 a
naive application of the continuation method would { due to he Hamiltonian
nature of the system { not lead to satisfactory results in tts case. We
therefore apply a modi ed version of this method, see Jung&999). Roughly
speaking the idea is not to continue the current covering byonsideringone
application of the map ateachcontinuation step, but instead to perform only
one continuation step while computingseveraliterates of the map.

More formally, we replace the second step in the continuatiomethod by:

17



(i) Continuation: For someJ > 0 de ne

n 0
Y= B2P,, :90 | J:B\{fI(BY6; forsomeB°2C

The convergence statement in Proposition 3.1 is adapted tdis method
in a straightforward manner. One can also show that { as intefed { the
Hausdor -distance between compact parts of the unstable méold and the
computed covering is of the order of the diameter of the patibn, see Junge
(1999) for details. However, and this is the price one has t@ay one no longer
considers short term trajectories here and therefore accutates methodolog-
ical and round-o errors when computing the iteratesf /.

A second advantage of the modi ed continuation method is thavhenever
the given dynamical system stems from a ow ! one can get rid of the
necessity to consider a tim@--map and instead replace the continuation step

by

(i) Continuation: For someT > 0 de ne

n 0
cW= B2P,,:90 t T:B\ 'BY6; forsomeB°2C{ :

This facilitates the usage of integrators with adaptive ste-size control and
nally made the computations for the Restricted Three Body Poblem fea-
sible. Figure 7 shows the result of the computation, where weet T = 7
and used an embedded Runge-Kutta scheme of order 8(7) (seerand and
Prince (1981)) with error tolerances set to 1. See again Junge (1999) for
more details on this computation.

4 The Computation of SRB-Measures

An important statistical characterization of the behaviorof a dynamical sys-
tem is given by so-calledSRB (Sinai-Ruelle-Bowen)measures. The impor-
tant property of these invariant measures is, roughly spealg, that they lend
weight to a region in phase space according to the probabyliby which \typ-
ical" trajectories visit this region. In this section we preent a set oriented
numerical method for the approximation of SRB-measures.

The main idea of the approach is to de ne an operator (théPerron-
Frobenius operatol) on the space of probability measures whose xed points

18



Figure 7: Covering of part of the global unstable manifold ofn unstable
periodic orbit in the Circular Restricted Three Body Problen. The blue
body depicts the earth, the black trajectory is a sample orbiwhich leaves
the periodic orbit in the direction of the earth.

are invariant measures, then to discretize this operator aia Galerkin method
and nally to compute xed points of the resulting matrix as an approxima-
tion to an invariant measure. Using spaces of piecewise ctamd functions on
a partition of the underlying phase space this approach is gononly known
as \Ulam's method", see Ulam (1960). There exist various staments about
the convergence properties of Ulam's method, see e.g. Li 169, G. Keller
(1982); Ding et al. (1993); Ding and Zhou (1996); Froyland @96). In the
following sections we are going to establish a convergenesult for uniformly
hyperbolic systems by combining a theorem of Kifer (1986) ahe stochas-
tic stability of SRB-measures with results on the spectral @proximation of
compact operators.
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4.1 Brief Review on SRB-Measures and Small Ran-
dom Perturbations

Our aim is to obtain information about the statistical behavor of (determin-
istic) discrete dynamical systems of the form (2.1) where : X ! X is a
di eomorphism on a compact subseX R".

SRB-Measures

We denote byB the Borel {Algebra on X and by m the Lebesgue measure
on B. Moreover, letM be the space of probability measures oB. Recall
that a measure 2 M is invariant if

(B)= (f %B)) forall B 2B.
An invariant measure is ergodic if
(C) 21f0;1g for all invariant setsC 2 B.

Now we recall the notion of an SRB-measure. There exist seakequiv-
alent de nitions in the situation where the underlying dynamical behavior is
Axiom A, and we state one of them.

Definition 4.1  An ergodic measure is an SRB-measureif there exists a
subsetU X with m(U) > 0 and such that for each continuous function

Xt z
lim — fFlx)= d (4.1)

N1
N

for all x 2 U.

Remarks 4.2  (a) Recall that (4.1) always holds for -a.e.x 2 X by the
Birkho Ergodic Theorem. The crucial di erence for an SRB-neasure
is that the temporal average equals the spatial average fosat of initial
points x 2 X which has positive Lebesgue-measure. This is the reason
why this measure is also referred to as theatural or the physically
relevant invariant measure.

(b) The concept of SRB-measures in the context of Anosov sgshs has
been introduced by Y.G. Sinai in the 1960's (e.g. Sinai (19%)2 Later
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the existence of SRB-measures has been shown for Axiom A syss$ by
R. Bowen and D. Ruelle (see Ruelle (1976); Bowen and Ruell©75)).

It should be mentioned as well that also Lasota and Yorke hayaoved
the existence of these measures for a particular class ofeintal maps
already in 1973, Lasota and Yorke (1973). M. Benedicks and-B.
Young have shown that the Henon map has an SRB-measure for a
\large" set of parameter values, Benedicks and Young (1993More
recently, Tucker proved the existence of an SRB-measure tbe Lorenz
system, Tucker (1999).

Stochastic Transition Functions

Although our aim is to consider deterministic systems it tuns out to be more
convenient to consider the stochastic context rst.

Definition 4.3 A function p: X B! [0; 1] is a stochastic transition
function, if

() p(x; ) is a probability measure for everyx 2 X,

(i) p(;A) is Lebesgue-measurable for evedy 2 B.

Let , denote the Dirac measure supported on the poirg 2 X. Then
pP(x; A) = nhx(A) is a stochastic transition function for everym-measurable
function h. We will see below that the specic choicén = f represents the
deterministic situation in this more general set-up.

We now de ne the notion of an invariant measure in the stochdis setting.

Definition 4.4  Let p be a stochastic transition function. If 2 M satis es
z

(A)= p(x;A)d (x)

for all A 2 B, then is aninvariant measure ofp.

The following example illustrates the previous remark thatve recover the
deterministic situation in the case wherg(x; ) = ¢ ().

Example 4.5 Suppose thatp(x; ) = ) andlet be an invariant measure

of p. Then we compute forA 2 B
Z Z Z

(A)= pOGAYd ()= A)d ()= A(f())d ()= (f *(A));
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where we denote by 5 the characteristic function of A. Thus, s an
invariant measure for the di eomorphismf .

Small Random Perturbations

Now we assume that for everyx 2 X the probability measure p(x; ) is
absolutely continuous with respect to the Lebesgue measume Hence we
may write p(x; ) as
Z
p(x;A) = k(x;y) dm(y) forall A 2B,
A

with an appropriate transition density function k : X X ! R. Obviously,
k(x; )2 LY(X;m) and k(x;y) O

In this case we also call the stochastic transition functiop absolutely con-
tinuous. Note tzhat

kK(x;y) dm(y) = p(x;X)=1 forall x2 X.

We now specify concretely the stochastic transition funatin p which is the
theoretical tool for the derivation of a convergence resuto SRB-measures.
Recall that the purpose is to approximate the SRB-measure afdeterministic
dynamical system represented by a di eomorphismi. Hence thestochastic
system that we consider should be a small perturbation of thioriginal de-
terministic system.

For " > 0 we set

C(GY) = s b

m(B) ° Ty X ;o xy2X (4.2)

Here B = By(1) denotes the open ball inR" of radius one and g is the
characteristic function of B. Obviously k-(f (x);y) is a transition density

function and we may de ne a stochastic transition functiornp- by
Z

p(xA)= k(f(x)y) dm(y): (4.3)

A
Remark 4.6 Notethat p(x; )! ¢ for™! Ouniformlyin x in a weak*{
sense. Hence the Markov process de ned by any initial probidity measure
and the transition function p- is asmall random perturbationof the deter-
ministic systemf in the sense of Kifer (1986).
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4.2 Spectral Approximation for the Perron-Frobenius
Operator

The main purpose of this section is to describe an appropratGalerkin
method for the approximation of a speci c type of transfer oprator, namely
the Perron-Frobenius operator This operator is used for translating the
problem of nding an invariant measure into a xed point problem.

The Perron-Frobenius Operator

Definition 4.7  Let p be a stochastic transition function. Then thePerron-
Frobenius operatorP : M ¢ ! M ( is de ned by
z
P (A= p(xA)d (x);

where M ¢ is the space of bounded complex valued measuresBn If p is
absolutely continuous with density functionk then we may de ne the Perron-
Frobenius operatorP on L* by
Z
Paly)= k(x;y)g(x) dm(x) forall g2 L.

Remarks 4.8 (a) By de nition a measure 2 M is invariant if and only
ifitis a xed point of P. In other words, invariant measures correspond
to eigenmeasures d? for the eigenvalue one.

Moreover, let 2 C be an eigenvalue oP with corresponding eigen-
measure , thatis, P = . Then in particular
z
X)=P (X)=  pxX)d (x)= (X)

sincep(x; X ) =1 forall x 2 X. It follows that (X)=0if 6 1.

(b) Observe that in the deterministic situation wherep(x; ) = ) we
obtain Z

P (A)= p(xA)Yd ()= (f Y(A)

(cf. Example 4.5). This is indeed the standard de nition of he Perron-
Frobenius operator in the deterministic setting (see e.g.dsota and
Mackey (1994)).
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Spectral information for the Perron-Frobenius operator aanot just be
used for the approximation of SRB-measures but also for thdanti cation
of cyclic dynamical behavior, that is, there exist nitely many di erent com-
pact subsets in state space which are cyclically permuted Ibge underlying
dynamical system. In the stochastic setting this correspais to the situation
where there are disjoint compact subset§; X,j =0;:::;r 1, such that

l[l

j=0

X Xj;

and for which the stochastic transition functionp satis es

1 ifx 2 X;

P X1 modr) = 0 otherwise.

(4.4)

We now relate the cyclic dynamical behavior described by @).to spectral
properties of the corresponding Perron-Frobenius operat® .

Proposition 4.9  If the stochastic transition function p satis es (4.4) then
the following statements hold:

(@) The r-th power P" of the Perron-Frobenius operatorP has an eigen-
value one of multiplicity at leastr. Moreover, there arer corresponding
invariant measures 2 M , k =0;1;:::;r 1, with support on Xy,
that is, supp( x) Xk. These measures can be chosen to satisfy

«=PK o k=0;1:r L

(b) The r-th roots of unity ! X, k =0;1;:::;r 1, where! , = &€, are
eigenvalues oP.

A proof of this result can be found in Dellnitz and Junge (1999

The Galerkin Method

We begin with the following observation which immediately dllows from
standard results on integral operators (see e.g. Yosida @9, p. 277).

Lemma 4.10 Suppose that the transition density functiok satis es
zZ
jk(x; y)i? dm(x)dm(y) < 1 : (4.5)
Then the Perron-Frobenius operatoP : L2 ! L? is compact.
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From now on we consider the case wheRe is given by a dynamical process
with a transition density function k satisfying the condition (4.5). The aim is
to use a Galerkin method for the approximation of such a PermeFrobenius
operator together with its spectrum. More precisely, lelg, d 1, be a
sequence ofl{dimensional subspaces df? and let Qq : L2! V4 be a pro-
jection such that Q4 converges point wise to the identity orl_?. If we de ne
the approximating operators byPy = Q4P then we have

kP4 Pkp,! 0 asd!1l

SinceP is compact one can use standard results from operator theary
order to approximate the eigenvalues d® which are lying on the unit circle
by a Galerkin method. For this we construct a Galerkin projeton which
preserves cyclic behavior in the approximation. Suppose éh (4.4) holds
and letf'!ig, j =0;%:::5;r 1,i =1;2:::;d;, be a basis ofvy with the
following properties:

(i) supp( {) Xi (G=0;L::5r 1 i=1;2:00d);
p
(ii) "!x)=1 forall x2 X;,j =0;1;::55r 1.
i=1
Remark 4.11 In Section 8 we will show how to generate a basis satisfying
(4.6) in practice. In that case,Vy will consist of functions which are locally
constant.

(4.6)

The Galerkin projection Qqg of g 2 L? is de ned by
(Qug:' D) =(g;']) forallij,

where (; ) is the usual inner product inL?. The following result is a gener-
alization of Lemma 8 in Ding et al. (1993), where just the xedooint of P is
considered. Its proof can be found in Dellnitz and Junge (199 Recall that
! r = ezi:r .

Proposition 4.12  Suppose that the Galerkin projection satis es (4.6). Then
the approximating operatorsPy = Q4P also possess the eigenvaluég,
k=0;%:::5;r 1

A combination of standard results on the approximation of sgpctra of
compact operators (see e.g. Osborn (1975)) with Propositict.12 yields a
convergence result for eigenvectors corresponding to elgaues ofP of mod-
ulus one.
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Corollary 4.13 Suppose thatP and its approximation P4 satisfy the hy-
potheses stated above. Then each simple eigenvaflé™ of P on the unit

circle is an eigenvalue oPy and there are corresponding eigenvectogy of

P4 converging to an eigenfunctiom of P. More precisely, there is a constant
C > Osuch that for alld 1

kh gdkz Cde sz:

4.3 Convergence Result for SRB-Measures

Suppose that the di eomorphismf possesses a hyperbolic attractor with
an SRB-measure srg, and let p- be a small random perturbation off .
Then, under certain hypotheses om-, it is shown in Kifer (1986) that the
invariant measures ofp- converge in a weak*{sense tosgg as” ! 0. On
the other hand one can approximate the relevant eigenmeassr of P- by
Corollary 4.13 and this leads to the desired result.

Theorem 4.14 Suppose that the di eomorphisnf has a hyperbolic attrac-
tor , and that there exists an open sef such that

ke(x;y)=0 ifx2f(U)andy62 :

Then the transition function p- in (4.3) has a unique invariant measure -
with support on and the approximating measures

Z
a(A)= ggdm
A
converge in a weak*{sense to the SRB{measuresgg of f as” ! 0 and
dal'l
||‘|!n’}) d|!I1m d= SRB: (4.7)

4.4 Numerical Examples

We present two examples for the set oriented numerical comyation of in-
variant measures. Although the convergence result Theorefl4 is stated in
the randomly perturbed context these numerical computatias are performed
using the unperturbed dynamical systems.
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Example 4.15 Let us begin with a one-dimensional example, the Logistic
Map f :[0;1]! [O;1],

f(xX)= x(1 x)
for = 4. The unique absolutely continuous invariant measure of f has
the density
1
h(X) = p——
X(1 Xx)

(see e.g. Lasota and Mackey (1994)). Discretizing the Perrdrobenius op-
erator on the space of simple functions on a uniform partitio of [C; 1] we
obtain an approximation ofh in terms of a piecewise constant function. Fig-
ure 8 shows approximations tdn using two di erent partitions with intervals
of size 24 and 2 8 respectively.

(a) partition with 16 sets (b) partition with 256 sets

Figure 8: Approximations of the absolutely continuous invaant density of
the Logistic Map (black) using piecewise constant functian(gray).

Example 4.16 As a more challenging task we consider the approximation
of an invariant measure in the Lorenz system (see Section 3.8Ve will tackle
this by rst computing a covering of the underlying invariart set. More con-
cretely the continuation method is used to compute a tight aering of the
unstable manifolds of the two nontrivial steady state solubns. Using the
space of simple functions on the resulting collection of setve then com-
pute the stationary vector of the discretized Perron-Frob@&us operator as an
approximation to an invariant measure.
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In Figure 9 we show the result of this computation for the timed:2-map
on subdivision level 30 ( =1:2,Q=[ 30;30] [ 30,30] [ 1367]). A
color coding has been used to indicate the values of the iniawt density on
the covering.

Figure 9: Approximation of an invariant measure in the Loren system. The
color depicts the density of the (discrete) invariant mease and ranges from
blue (lowest density) over pink, green and red to yellow (higest density).

5 The ldenti cation of Cyclic Behavior

Suppose that the stochastic transition function of the randmly perturbed
dynamical system satis es the cycle condition (4.4). Thenhte purpose is to
identify the componentsX;.

5.1 Extraction of Cyclic Behavior

By Proposition 4.12 we know that the approximating operatoP; has the
eigenvalues X, k = 0;1;:::;r 1. The cyclic components can be approxi-
mated by certain linear combinations of the correspondinggenvectors.
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Two Cyclic Components

In the simplest casey = 2, there are two componentsX, and X ; which are
cyclically permuted by the underlying stochastic processthe idea is to nd
approximations of eigenmeasures, and ; = P.  of P2 with support on
Xo and X, respectively, see Proposition 4.9. By the same propositiame
know that ' ® =1 and ! * = 1 are eigenvalues oP-. Let o and ; be
corresponding (real) eigenmeasures. Then there arg, ; 2 R such that

0= ol o+ P o) and 1= 1( o P o)

Rescaling o and ; so that o(Xo) = 1(Xo) =1 we can compute o and ;
by 1 1

ozé(o"' 1) and 125(0 1)
The same procedure can be applied in order to nd appropriatapproxima-
tions of the probability measures o and ; for the Galerkin approximation.

General Case

For > =0;1:::;r 1we denote by - = P. 4 the invariant measure ofP.
with support on X- (see Proposition 4.9).

Lemma 5.1 Fors2f0;1;:::;r 1glet

Xt
S= 1 Wpl g (5.1)
j=0

be a speci c choice for the eigenmeasures Bf corresponding to the eigen-
values! X, k=0;1;:::;r 1. Then

Xt

- | 'k s — .

r r kT ~+smodr-

k=0
By this lemma we have to nd eigenvectorssg;:::;v? ; of the discretized
Perron-Frobenius operator which are approximations of theigenmeasures
cin(5.1)forans2f0;1;:::;r 1g. Then we can compute
1X*
U,smodr = r e VE
k=0



for =0;1,:::;r 1, and the positive components ofi; provide the desired
information about the support of ; onX; (j =0;1;:::;r  1).

are found as follows. Suppose that we have a set of eigenmeasuy corre-
sponding to the eigenvalues X, k =0;1;:::;r 1. Since the eigenvalues are
simple we know that for eacts 2f 0;1;:::;r 1gthere is a constant { 2 C
such that  can be written as
—_ S S.

kK~ k k-
Hence the task is to rescaley so that { =1 for all k and this is done by
rescaling the 's by (complex) factors so that for a particulars

k(Xs)=1 forall k=0;1;:::;r 1.

With this choice it follows that , = §.

5.2 Numerical Examples

Example 5.2 We reconsider Example 2.13 and sdi = 0:2 anda = 1:2.
Then the Henon map possesses a 2-cycle, and we can use theraxjmation
procedure described above to identify the two componeni, and X;. In
Figure 10 we show the approximations, and v, of the two eigenmeasures of
the Perron-Frobenius operator corresponding to the eigesives o = 1 and
1= 1.
By Lemma 5.1

1 1
Up = E(Vo"' vi) and u; = E(VO V1)

are approximations of probability measures o and ; which have support
on X, and X, respectively. These are shown in Figure 11.

In the computation the box-covering was obtained by the comuation
algorithm described in Section 3. The boxes were of size2¥ in each co-
ordinate direction and the continuation was restricted to he squareQ =
[ 2,2F R2 This way we have produced a covering of the closure of the
one-dimensional unstable manifold of the hyperbolic xed @nt in the rst
guadrant by 2525 boxes.
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(a) Vo (b) v

Figure 10: Eigenvectors of the approximation of the PerroRrobenius oper-
ator for the Henon map (a=1:2, b=0:2).

x10° ©10°

no = ~ w IS 2l o

(a) uo (b) uy

Figure 11: Approximations of probability measures with suport on the two
components of the 2-cycleg=1:2, b=0:2).

Example 5.3 As the second example we slightly modify a mapping taken
from Chossat and Golubitsky (1988) and consider the dynanatsystemf :
C! C,

I 1
f@=e™ (Z°+ )z+ 357 ;
for the parameter value = 1.7. For the computation of the box-covering
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we have used the subdivision algorithm as described in Secti2. Starting
with the squareQ =[ 1:5;1:5F we have subdividedQ seven times by bisec-
tion in each coordinate direction which leads to a box-covieig by 3606 boxes.
In Figure 12 we show the approximation of the invariant measa, that is,
the eigenvectorvy corresponding to the eigenvaluey = 1 of the discretized
Perron-Frobenius operator. In this case this operator adibnally has the

Figure 13.

Figure 12: Approximation of the invariant measure for = 1.7.

6 The Computation of Almost Invariant Sets

In the previous sections we have seen that we can approximatee physi-
cally relevant invariant measure or even cyclic behavior moerically by an
appropriate Galerkin approximation. In practice { in particular in the area
of molecular dynamics, Deu hard et al. (1998); Schatte (199) { also the
approximation of so-calledalmost invariant setsis of relevance. Roughly
speaking, these are sets in state space in which typical temfories stay on
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Figure 13: Approximation of the cyclic componentXy;:::;Xsfor = 1.7.

average for quite a long time before leaving again. The copteof almost
invariant sets can naturally be extended to the notion o&dlmost cyclic behav-
ior. For simplicity we will restrict to almost invariance but we will illustrate
the existence of almost cyclic behavior by a numerical exarep

6.1 Almost Invariant Sets

The scenario we have in mind is the following: suppose that aymamical
system possesses two di erent invariant sets. Correspondly the Perron-
Frobenius operator has a double eigenvalue 1. Then these dnant sets
merge while a system parameter is varied. Simultaneously eof the eigen-
values in one moves away from one. The aim is to relate the velwf this
eigenvalue to the magnitude o&lmost invariancewhich is still present in the
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dynamical system.

Example 6.1 (Dellnitz et al. (2000a)) Consider the following param-
eter dependent family ofFourLegs mapsTs : [0;1]! [O; 1]:
8
2x; 0 x< 14
Tox = s(x 1=4); 1=4 x< 1=2

T3 s(x 3H4)+1; 1=2 x< 34
2(x  1)+1; 34 x 1

The graph of a typical T is shown in Figure 14. Obviously, fors = 2 the

1

34

1/2

4 .00

I |
o T a 12 314 1

Figure 14: Graph ofTs fors=4 1=8.

Perron-Frobenius operator for this map has a double eigenua one since
both the intervals [0; 0:5] and [Q5; 1] are invariant sets. One can show that
the Perron-Frobenius operator has isolated eigenvalues 6 1 for values ofs
which are arbitrarily close to 2. Moreover these eigenvals@pproach 1 while
s tends to 2; see Dellnitz et al. (2000a).

As in the case of SRB-measures we work in the following in thergext
of small random perturbations (see Section 4.1).

Definition 6.2 A subsetA X is -almost invariant with respect to 2
M if (A)60and 7

X p(xA)d ()= (A):
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Remark 6.3  (a) Using the de nition of the stochastic transition function
p- we compute for a subseA X

Cay = MAN Brxy(")
PR ey
Hence 7
1 M(A\ Bt (")) d (x):
(A) a m(Bo(")) '
(b) Recall that p-(x; ) ! ¢ for™ ! 0. Thus, we obtain in the deter-
ministiciimit Z

A|Do(X;A) d (x) = . ro(A)d ()= (f YA\ A):

Therefore in this case is the relative -measure of the subset of points
in A which are mapped intoA.

From now on we assume that 6 1 is an eigenvalue ofP. with corre-
sponding real valued eigenmeasure2 M ¢, that is,

P. =

In this case (X) = 0 (see Remark 4.8 (a)). In the following result, see
Dellnitz and Junge (1999), the value of the eigenvalue is related to the
number in De nition 6.2.

Proposition 6.4  Suppose that is scaled so thaj j2M , and letA X
be a set with (A) = 1. Then

+ = +1; (6.1)
if Ais -almost invariant and X { A is -almost invariant with respect to
i
Remarks 6.5 (a) Observe that in the case where is close to one we

may assume that the probability measurg | is close to the invariant
measure of the system.

(b) Inthe numerical computations we work with the unperturked equations
rather than introducing noise arti cially. Thus, it would b e important
to know whether the eigenvalues oP, and P. are close to each other
for small ". First results concerning the stochastic stability of the
spectrum of the Perron-Frobenius operator are obtained inl&k and
Keller (1998).
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6.2 Numerical Examples

We illustrate the results by two numerical examples: rst wadentify numer-
ically two almost invariant sets for Chua's circuit and thenwe present an
almost invariant two cycle for the Henon map.

Example 6.6 Considering the time-01-map of Example 2.14 we cover {
using the continuation method described in Section 3 { the wgtable manifold

of the origin by 10372 boxes. In addition to the eigenvalue erthe discretized

Perron-Frobenius operator does also possess the eigerwalu= 0:9272. We

may conclude from this observation that there are two almoshvariant sets.

Indeed, a coarse numerical approximation of the correspadng regions in

phase space leads to the result shown in Figure 15. The resafta more

accurate computation is shown in Figure 16. A detailed numieal study of

this particular example can be found in Dellnitz and Junge @97).

(a) uz (b) uz (c) us

Figure 15: lllustration of the existence of two almost invaant sets in the
Chua circuit. (a) Boxes corresponding to components of thepproximating
densities with value bigger than 10%; (b) boxes corresponding to components
of the approximating densities with value less than 10 #; (c) superposition
of the two almost invariant sets.

Example 6.7 We reconsider the Henon map in Example 5.2 and set =
1:272. For this parameter value the two cycle has disappearedoit in sim-
ulations the cycling behavior can still be observed for mosterates. Corre-
spondingly we nd that ;= 0:9944 is an eigenvalue of the approximation
of the Perron-Frobenius operator. Using the same notationsan Section 5
we show in Figure 17 the approximations of the eigenmeasurds this case
the box-covering consists of 3101 elements.
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Figure 16: Two almost invariant sets for Chua's circuit.

7 Adaptive Subdivision Strategies

The standard subdivision algorithm may approximate a part bthe global
attractor which is dynamically irrelevant in the sense thatno invariant mea-
sure has support on this subset. The reason is thaachbox is subdivided
in a step of the subdivision algorithm regardless of any infimation on the
dynamical behavior. In particular, also those subsets of éhrelative global
attractor corresponding to unstable or transient dynamickhbehavior are ap-
proximated by the standard procedure.

On the other hand, if one is mainly interested in the approximtion of
the support of the (natural) invariant measure rather than n the precise
geometric structure of the global attractor then this straegy may lead to
unnecessary high storage and computation requirements. the following
we present a modi ed subdivision strategy (see Dellnitz andunge (1998))
which avoids this drawback: roughly speaking,

{ in the subdivision step we use the information on the actuaapproxi-
mation of the invariant measure to decide whether or not a boghould
be subdivided;

{ in the selection step we keep only those boxes which have anempty
intersection with the support of the invariant measure.
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(a) vo (b) v1

(©) Uo (d) ug

Figure 17: Eigenvectorsyy; v, of the approximation of the Perron-Frobenius
operator and approximationsug; u; of probability measures which correspond
to the two components of the almost 2-cycle for the Henon mafa = 1:272,
b=0:2).

7.1 Adaptive Subdivision Algorithm

Let ( ) be a sequence of positive real numbers such that! Ofork!1
The algorithm generates a sequence of pairs

(Bo; Ug); (B1; u1); (B up); it

where theBy's are nite collections of compact subsets dR" and the discrete
measuresuy : By ! [0; 1] can be interpreted as approximations to an SRB-
measure sgg:

ux(B) sre (B) forall B 2 By:

38



Given an initial pair (Bg; Ug), one inductively obtains By; ux) from (Bx 1; Uk 1)
fork =1;2;:::in three steps:

(i) Subdivision: De ne
B;l:fBZBk 1 - Uk 1(B) k 10:
Construct a new (sub-)collectionlﬁlﬁ such that

[ [
B = B and diam@;) diam(B; ,)
B28} B2B,

for some < < 1.

(i) Selection: SetBy = By 1nB; , [ By . Using the space of simple func-
tions on the collection By compute a xed point & of the discretized
Perron-Frobenius operator. Set

By=fB 2B :0(B)>0g and uy = g, :

A result on the convergence of this method has been proven metcontext
of su ciently regular stochastic transition functions, see Junge (2000) for
details.

Remarks 7.1  (a) In principle there is some freedom in choosing the se-
guence (k) of positive numbers used in the subdivision step. Note that
this sequence determines the number of boxes which will bebslivided
and hence it has a signi cant in uence on the storage requimeent. In
the computations we used

1 X
“7 Nk

B2B

1
u(B) = N_k;

where Ny is the number of boxes irBy.

(b) One can think of more sophisticated ways of choosing thetscollection
which is going to be re ned in the subdivision step. In fact, ne can
show that one should aim for an estimate of théocal error (between
the true and the approximate invariant density) and subdivile only
those boxes for which this estimate exceeds its average. S&ader
and Kreuzer (1999) and Junge (1999) for details on these attative
approaches.
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7.2 Numerical Examples

In this section we illustrate the adaptive scheme by two nunmeal examples.
First we consider the Logistic Map again. We will see that, asxpected,
the adaptive technique is particularly useful if the undesting invariant den-
sity has singularities. Additionally we consider the Hena map as a two-
dimensional example and show the box re nement produced bie adaptive
subdivision algorithm at a certain step. Again, we refer to &tion 8 for
details on the numerical realization.

Example 7.2 We have approximated the densityh of the unique absolutely
continuous invariant measure of the Logistic Map using

(a) piecewise constant functions on a uniform partition and
(b) the adaptive subdivision algorithm.

Figure 18 shows thd.-error betweenh and the approximate densities versus
the cardinality of the partitions.

100 5 T T
[ O uniform partition ]
A Adaptive Subdivision algorithm |]

107 F

L* error

10°F

107 F

10' " Ll " Ll " Ll " Ll " Ll i
10° 10 10 10° 10 10 10°
number of boxes

Figure 18: L*-error betweenh and the approximate invariant densities versus
the cardinality of the underlying partitions
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A more detailed analysis of this example using the adaptivelgorithm
can be found in Murray (1998).

Example 7.3 We apply the adaptive subdivision algorithm to the Henon
map, see Example 2.13. In the computations we have chosen ffegameters
a=1:2,b=0:2, and considered the outer boB, = f[ 2;2]g.

In Figure 19 we present a tiling of the square [2; 2] obtained by the
adaptive subdivision algorithm after several subdivisiosteps. The resulting
box-collection B consists of the grey boxes shown in part (a) of this gure.
We expect that due to the numerical approximation some boxdsave posi-
tive discrete measure although they do not intersect the support of thesal
natural invariant measure. Having this in mind we neglect thse boxes with
very small discrete measure and show in Figure 19(b) a sublegtion B B
with the property that X

uB) 0:99 (7.2)
B2B
(see also Remark 7.1(b)). An approximation of a (natural) ivariant measure
obtained by the adaptive subdivision algorithm is shown in igure 20.

Remark 7.4 For the choice of the parameter values we cannot explicitly
write down a natural invariant measure. Hence it is impossib to compare
the numerical results using analytical ones. Moreover, isinot even known for
an arbitrary choice of parameter values whether or not the #éhon map pos-
sesses an SRB-measure. However, as already mentioned leefdr Benedicks
and L.-S. Young proved that the Henon map indeed has an SRB-@asure for
a \large" set of parameter values, see Benedicks and Youngd@B).

8 Implementational Details

In this Section we are describing the details of the implem&tion of the

set oriented algorithms. All of the algorithms described ihis chapter have
been implemented in the software packag@AlOwhich can be obtained from
the authors.
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Figure 19: (a) A tiling of the square [ 2; 2F obtained by the adaptive subdi-
vision algorithm; and (b) the subcollectionB of boxes with discrete density
bigger than Q35 (see also (7.1)).

200

Figure 20: lllustration of a (natural) invariant measure fo the Henon map.
The picture shows the density of the discrete measure @ see (7.1).

8.1 Realization of the Collections and the Subdivision
Step

We realize the closed subsets constituting the collectionssing generalized
rectangles (\boxes") of the form

B(c;r)=fy2R":jy; ¢j rifori=1;:::;ng;
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wherec;r 2 R", r; > 0 fori = 1;:::;n, are the center and the radius
respectively. In thek-th subdivision step we subdivide each rectang®(c;r)
of the current collection by bisection with respect to the -th coordinate,
wherej is varied cyclically, thatis,j = ((k 1) modn)+ 1. This division
leads to two rectangleB (c ;f) and B, (c"; ), where

ri foriéj | G fori 6 |

fi = ri=2 fori=j G = ¢ ri=2 fori=|

Starting with a single initial rectangle we perform the subilision until a
prescribed size of the diameter relative to the initial rectangle is reached
The collections constructed in this way can easily be storad a binary
tree. In Figure 21 we show the representation of three subdkion steps
in three dimensions ( = 3) together with the corresponding setsQy, k =
0;1;2; 3, see (2.6). Note that each collection and the correspondircovering
Qx are completely determined by the tree structure and the inial rectangle

B (c;r).
JoilN < v

...@
@ D@ @ @ Yo

Figure 21: Storage scheme for the collections and the copeading coverings
Qw, k=0;1,23.

8.2 Realization of the Intersection Test

In the subdivision algorithms as well as in the continuatioomethod we have
to decide whether for a given collectiolB, the image of a seB 2 By has a
nonzero intersection with another seB°2 B,, i.e. whether

f(B)\ B°= ;: (8.1)

In simple model problems such as our trivial Example 2.5 thidecision can
be made analytically. For more complex problems we have toaisome kind

43



of discretization. Motivated by similar approaches in the antext of cell-
mapping techniques (see Hsu (1992)), we choose a nite sette$t points in
each setB 2 By and replace the condition (8.1) by

f (x) 62B° for all test points x 2 B : (8.2)

Obviously, it may still occur that f (B)\ B®is nonempty although (8.2) is
valid.

Distribution of Test Points

It remains to discuss how the test points are distributed inde each rectan-
gle. To de ne the test points, observe thatR(c;r) is the a ne image of the
standard cube [ 1;1]" scaled byr and translated by c. Using this transfor-
mation it is su cient to de ne the test points for the standar d cube. Simple
geometric considerations make it clear that one should obtethe best results
for the test in (8.2) if most of the test points are lying on theboundary of the
rectangle. An e cient choice for problems of dimension up tdhree turned
out to be N test points on each edge distributed according to

t() = ZTl 1 for =1;:;N (8.3)
on [ 1;1]. As an additional test point we choose the center= 0. Since an
n-dimensional rectangle has2" ! edges, we end up witlp = Nn2" 1 +1
test points per box.

Rigorous Choice of Test Points

The numerical realization of the intersection test can be na# rigorous in
the sense that no boxes are lost due to the discretization. daed, to accom-
plish this it is su cient to have estimates for the Lipschitz constants of the
dynamical systemf on Q.

To be more precise leB be a collection of boxe8B = B(c;r) = fx:
X ¢ rg(where we writejxj = (jXqj;:::;jXpj) and x  y for x;y 2 R", if
X; yfori=1;:::;n). We need to compute theset-wise image

F(B)= fB°2Bjf(B)\ B°6 ;g;
for everyB 2 B. Our goal here is to construct a seE (B) of boxes for which

F(B) F(B);
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so that we get a rigorous covering df(B). To this end we will need to know
local Lipschitz constants forf , that is, we require that for every boxB in
the current collection there is a nonnegative matrix. = L(B) 2 R" " such
that

ifly) £ Liy x (8.4)
for x;y 2 B. If f is continuously di erentiable then Lj = max ,g j@fi( )j.
Now let h = h(B) 2 R" be a positive vector such that

Lh  2r
Using the mesh widthsh we now de ne a mesh
T=TB)=fx:(x ¢)2hzZi=1;:::;ng:

It is easy to see that for everyy 2 B there is a meshpointx 2 T(B), such
that jy xj h=2. On the other hand we are interested in a nite set of
test points and indeed the only pointsx 2 T(B) we really need are those for
which there is actually ay 2 B with jy X} h=2. So let

T(B)= T(B)\f xjB\ int B(x;h=2) 6 ;g

be the set of test points. Note that an additional constrainton h will be
necessary in order to ensure that the test points are contad in B, which is
necessary, since the local Lipschitz-estimate (8.4) énis only valid for points
in B. Finally we construct the collectionF (B) by setting

F(B)=fB2BjB\ B(f (x);r) 6 ; for somex 2 T(B)g: (8.5)
(B)
ol
B(f(x).r) : : :

Figure 22: On the construction ofF (B).

The idea of this construction is to look at the boxesB (f (x);r) 62 B
corresponding to the images of the test points and to collect in F'(B) all
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boxes which have nonempty intersection with those boxes,es€igure 22. It

is important to note that the construction of F'(B) is a nite task: since the
boxesB (f (x);r), x 2 T, have the same radius as the boxes in the collections
B, it su ces to consider the vertices of B (f (x);r).

Adaptive Choice of Test Points

In order to reduce the numerical e ort of the set oriented algrithms one has
to reduce the number of test points per box as far as possibM/e now show
how to do that by considering local expansion rates of the maip. To this
end we consider the singular value decomposition

Df (x) = U(X)S(X)VT(x)

real orthogonal @ n)-matrices andS(x) 2 R" " is a diagonal matrix having
the singular values 1(x) n(x) of Df (x) on the diagonal.
The idea for an improved choice of the test points is to constct a mesh

i(c). Let us suppose for the moment that for a boB the derivative Df (x) =
Df (c) = Df = USVT is constant on a su ciently large neighborhood (B)
of B. Then

f(x) f(y)=DF (x y)=USV(x )

so that
OO Wi UiSivi(x y)j
wherejUj = (ju; j). We choose mesh width& 2 R", h > 0, such that

juiSsh  2r (8.6)
and de ne the mesh
T=1TB)=fx:(VT(x ©o)i2hZi=1;:::;ng: (8.7)

Again it is easy to see that for every 2 B there is a mesh poink 2 T(B),
such thatjVT(y x)j h=2. We have to restrict ourselves to a nite set of
test points again which can be written down as

T=T(B)= T(B)\f x:B\ int(VB(0;h=2) + x) 6 ;g : (8.8)
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We construct F(B) as in (8.5) and get thatF (B)  F(B). Finally let us
consider the general case whef#® (x) is not constant on a box. Let

M(X) = (mMj (X)) i =10 = DF (X)V(Q)

and set

M = (m )i;j s1pn M= XT?‘)é)jmij (x)J;
where ( B) is a su ciently large neighborhood of B which we suppose to
be convex in this case. We choose mesh widths> 0 such that

Mh 2 (8.9)

and use the mesh as de ned by (8.7) as well as the constructi¢8.5) for
F(B).

It can easily be shown that the union of boxes iff (B) coversf (B), i.e.
F(B) F(B);

see Junge (1999) for details.

8.3 Implementation of the Measure Computation

The feasibility of the computation of invariant measures ean for higher di-
mensional systems relies on the fact that we rst compute anuter covering
B of the underlying invariant set by one of the set oriented mébds presented
in this chapter.

As the ansatz spaced/y for the discretization of the Perron-Frobenius
operator we use the spaces of simple functions on the giverdlexdion B. It
is easy to see that the discretized Perron-Frobenius opeaoatis then given by
a stochastic matrixP = ( p; ) with entries

o _ m(f *(Bi)\ By).
i — m(B,-) )

Bi;Bj 2 B:

For the computation of the p; 's we either use a Monte-Carlo approach (see
Hunt (1994)) or an exhaustion technique as described in Gudet al. (1997).
The latter method is particularly useful when local Lipschi constants are
available for the underlying dynamical system.

For the computation of certain eigenvectors of the resultmp (sparse) ma-
trix P an Arnoldi method is used (see Lehoucq et al. (1998)).
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