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ation of T tothe phase spa
e produ
es a topologi
al Markov 
hain whi
h 
ontains all orbits of T ,plus some additional spurious orbits. By 
onsidering the Markov 
hain as a dire
tedgraph, and labelling the ar
s a

ording to the �xed partition, one 
onstru
ts aso�
 shift with topologi
al entropy greater than or equal to h(T;A). To exa
tly
ompute the entropy of the so�
 shift, we produ
e a subshift of �nite type withequal entropy via a standard te
hnique; the exa
t entropy 
al
ulation for subshiftsis then straightforward. We prove that the upper bounds 
onverge monotoni
ally toh(T;A) as the topologi
al Markov 
hains be
ome in
reasingly a

urate. The entirepro
edure is 
ompletely automati
.Key words: topologi
al entropy, topologi
al Markov 
hain, subshift of �nite type,so�
 shift, right-resolving presentation2000 AMS subje
t 
lassi�
ation: 37B40 (Primary), 94A17, 37M25 (Se
ondary)
1 Resear
h supported by the Deuts
he Fors
hungsgemeins
haft under Grant De448/5{4.2 Resear
h supported by the Deuts
he Fors
hungsgemeins
haft under Grant Ar137/12{2.Preprint submitted to Elsevier S
ien
e 7 February 2001



1 Introdu
tionThe topologi
al entropy h(T ) (see Walters [1℄ for a de�nition) of a 
ontinuousmap T : M ��� on a 
ompa
t phase spa
e M is diÆ
ult to estimate. It is evenmore diÆ
ult to obtain rigorous bounds. This diÆ
ulty stems from the fa
tthat it is numeri
ally infeasible to estimate the topologi
al entropy dire
tlyfrom standard de�nitions using open 
overs or �-separated/spanning sets. Mostnumeri
al approa
hes have fo
ussed on one-dimensional mappings, taking ad-vantage of the kneading theory of unimodal maps [2{4℄. Another approa
h[5,6℄ in one dimension is to approximate a general map by a Markov map,for whi
h the entropy is relatively easily 
al
ulated. Baldwin and Slaminka[7℄ improve an approa
h [8℄ where the topologi
al entropy is estimated as thelogarithmi
 growth rate of the one-dimensional variation of T n with n. Thisapproa
h has been extended to higher dimensions by Newhouse and Pignataro[9℄ where one 
onsiders the growth rate of the volume of submanifolds. Chen etal. [10℄ suggest a method of providing sharp lower bounds for the topologi
alentropy of 
haoti
 saddles and attra
tors based on su

essive preimages of themap. Other approa
hes in higher dimensions in
lude 
ounting the number ofperiodi
 points of a given period (this assumes that a result [11℄ for AxiomA systems holds in greater generality), and various methods of 
onstru
tinggood \grammars" (essentially approximations of Markov partitions); see [12℄for a 
areful appli
ation of these approa
hes to the H�enon map.With the ex
eption of [10℄, there are no methods appli
able to higher dimen-sional systems whi
h provide rigorous bounds for the entropy ([10℄ provides alower bound). While in prin
iple, the approa
h of [9℄ may be applied to sys-tems with more than one expanding dire
tion, the 
omputation of exponentialin
reases in volume of images of submanifolds qui
kly be
omes infeasible.Our approa
h provides a rigorous upper bound for the entropy of a multidi-mensional system with respe
t to a �xed partition. The theoreti
al results are
ompletely general with no restri
tions on the map other than 
ontinuity. In
ontrast to [9℄, our method 
an also eÆ
iently handle systems with more thanone expanding dire
tion.The remainder of this se
tion de�nes the obje
ts to be estimated and theirrelationships to known quantities. In Se
tion 2 we des
ribe the main algorithmand state the 
orresponding theoreti
al results. Se
tion 3 
ontains numeri
alexamples and 
omparisons of our new method in a variety of situations. Im-plementational details are dis
ussed in Appendix A and proofs of the mainresults are given in Appendix B. 2



1.1 Preliminary de�nitionsAn intuitive de�nition of topologi
al entropy is as follows: Partition M intoa 
olle
tion of sets Q = fA1; : : : ; Aqg, and 
onsider orbits ON(x) = fx; Tx,: : :, TN�1xg of length N . If T ix 2 Aai for i = 0; : : : ; N � 1, then ON(x) givesrise to the N -string [a0; a1; : : : ; aN�1℄. We form the 
olle
tion of all possibleN -stringsWN (T;A) = f[a0; a1; : : : ; aN�1℄ : 9 x 2M s.t. T ix 2 Aai ; 0 � i < Ng (1)and 
onsider log jWN(T;A)j=N , whi
h des
ribes the growth rate of the num-ber of distin
t symbol strings generated by orbits of T with in
reasing length(jWN(T;A)j denotes the 
ardinality of the setWN(T;A)). We de�ne the quan-tity h�(T;A) := limN!1 log jWN(T;A)jN = infN�1 log jWN(T;A)jN : (2)It is our aim to 
ompute rigorous upper bounds for h�(T;A). The followingproposition relates h�(T;A) to the standard topologi
al entropy h(T ).De�nition 1 A partition A is 
alled generating, if W1i=0 T�iA = B (non-invertible maps) or W1i=�1 T iA = B (invertible maps) where B denotes theBorel �-algebra.Proposition 2 (1) If A is a generating partition, thenh(T ) � h�(T;A):(2) h(T ) � lim infdiamA!0 h�(T;A):PROOF. See proofs se
tion.Part (ii) says that by re�ning arbitrary partitions A, we obtain an upperbound for h(T ) in the limit. In pra
ti
e, if a generating partition is known,we will use this. If a generating partition is not known, a geometri
al studyof the dynami
s often provides suggestions for partitions whi
h are near togenerating (see for example, the H�enon map analysis in Se
tion 3.3). Even in
ases where A is not a generating partition, our numeri
al studies indi
atethat h�(T;A) still provides good estimates of the topologi
al entropy.3



To summarise: we will des
ribe a method for 
omputing a rigorous upperbound for the topologi
al entropy h�(T;A) with respe
t to a �xed partitionA.The method may be applied to any 
ontinuous multidimensional map, withoutany restri
tion on the dimension of unstable manifolds or assumptions su
h ashyperboli
ity. In pra
ti
e, we �nd that the obtained values are good estimatesof the topologi
al entropy h(T ), even when the underlying partition A is notgenerating. Moreover, our algorithm is very eÆ
ient in terms of 
omputingtime. Alternative existing methods of entropy 
omputation be
ome extremelyineÆ
ient in higher dimensions, espe
ially when the dimension of the unstablemanifold ex
eeds one.2 The AlgorithmWe sele
t a 
oarse partition A and will produ
e upper bounds for h�(T;A).If there are good 
hoi
es for A based on the dynami
s, we will use these;otherwise, we will 
hoose a simple partition, making sure that it 
ontainsenough sets, based on bounds we now dis
uss.If A 
ontains m sets, then 
learly h�(T;A) � logm; thus, an important 
ondi-tion for a suitable partitionA is that logm � h(T ). Some rough upper boundsfor h(T ), where T is a di�erentiable map on a d-dimensional manifold areTheorem 3 (1) h(T ) � maxf0; d log supx2M kDxTkg; Bowen [13℄,(2) h(T ) � logmaxx2M maxL�TxM j detDxTjLj, with M smooth and 
ompa
t;S. Katok [14℄.If we have no information on how large h(T ) may be, we 
an use Theorem 3as a guide for the number of sets A should 
ontain.2.1 An outline of the algorithm(1) Choose a partition B (mu
h �ner than A), and de�ne a topologi
alMarkov 
hain with respe
t to B su
h that all words generated by T arealso generated by the topologi
al Markov 
hain. The entropy of the topo-logi
al Markov 
hain (with respe
t to the partition A) will be 
omputedexa
tly and will provide an upper bound for h�(T;A).(2) The set of all words generated by orbits of the topologi
al Markov 
hainforms a so�
 shift. The entropy of this so�
 shift equals the entropy ofthe topologi
al Markov 
hain with respe
t to A.(3) To 
ompute the entropy of the so�
 shift, we \present" the so�
 shift inthe form of a right-resolving presentation (a labelled graph with spe
ialproperties). The entropy of the so�
 shift is then easily 
omputed from4



the maximal eigenvalue of the adja
en
y matrix for this right-resolvingpresentation.In pra
ti
e, one 
omputes the (0,1) adja
en
y matrix for the topologi
alMarkov
hain; this matrix is then transformed into another adja
en
y matrix repre-senting the right-resolving presentation, and the maximal eigenvalue of thisse
ond matrix is found, providing a rigorous upper bound for h�(T;A). Itshould be emphasised that the pro
edure is 
ompletely general and auto-mati
, in the sense that any partition B that is a re�nement of A may beused, and that the 
onstru
tion of the topologi
al Markov 
hain and resultingright-resolving presentation may be easily automated on a 
omputer.2.2 Constru
ting the topologi
al Markov 
hainWe produ
e a re�nement of A, denoted B = fB1; : : : ; Bng, so that ea
h A 2 Ais a union of elements of B; typi
ally B will be very mu
h �ner than A. De�nea transition matrix on B viaBij = � 1; if Bi \ T�1Bj 6= ;,0; otherwise. (3)The matrix B de�nes a topologi
al Markov 
hain. Orbits of the topologi-
al Markov 
hain generate words from the partition A in the following way.Call [b0; : : : ; bN�1℄ a B-word if Bbi;bi+1 = 1 for i = 0; : : : ; N � 2. The B-word [b0; : : : ; bN�1℄ generates a unique A-word given by [a0; : : : ; aN�1℄ whereBbi � Aai , i = 1; : : : ; N � 1. De�ne the set of all A-words of length N byWN (B;A) = f[a0; : : : ; aN�1℄ : there is a B-word [b0; : : : ; bN�1℄of length N su
h that Bbi � Aai ; i = 1; : : : ; N � 1:g (4)2.2.1 Relationship to TClearly orbits of the topologi
al Markov 
hain are pseudo-orbits of the map T ,and therefore WN (T;A) � WN (B;A); that is, our topologi
al Markov 
haingenerates all words that T generates, plus some extra words. The number ofextra words generated depends on how �ne the partition B is relative to A.Our plan is therefore to �x A and su

essively re�ne B. At all times, we willhaveh(B;A) := limN!1 log jWN(B;A)jN � limN!1 log jWN (T;A)jN = h�(T;A): (5)5



Furthermore, one hasTheorem 4 Let A = fA1; :::; Aqg partition M , where ea
h Ai is 
ompa
t.Then limdiamB!0h(B;A) = h�(T;A): (6)PROOF. See Appendix B.22.3 The asso
iated so�
 shiftThe reason for 
onstru
ting su
h a topologi
al Markov 
hain is that h(B;A)is able to be 
omputed exa
tly. To do this, we 
onstru
t a dire
ted labelledgraph, with nodes 1; : : : ; n 
orresponding to elements of B, and ar
s and labelswhi
h we now de�ne. Ea
h element of A will have a distin
t label sele
ted fromthe label set L = fa; b; 
; : : :g. The nodes i and j are 
onne
ted with an ar
i� Bij = 1; this ar
 is labelled with the label 
orresponding to the set A 2 Asatisfying Bi � A.Example 5 (Simple example: Topologi
al Markov 
hains and so�
 shifts)Consider the (pie
ewise) 
ontinuous map T : [0; 1℄ ��� given byTx = � 2x; x < 1=23(x� 1=2)=2; x � 1=2.We sele
t A = fA1; A2g = f[0; 1=2); [1=2; 1)g;and B = fB1; B2; B3; B4g = f[0; 1=4); [1=4; 1=2); [1=2; 3=4); [3=4; 1)g:By Theorem 3 (i), we see that h(T ) � log 2, so by 
hoosing A to 
ontain twosets, we have a 
han
e of 
apturing all the entropy.It is easily veri�ed that the matrix B is given byB = 0BBB� 1 1 0 00 0 1 11 1 0 00 1 1 01CCCA :Let the partition sets B1; B2; B3; B4 
orrespond to verti
es 1,2,3,4 respe
tively.By assigning A1 the label a and A2 the label b, we arrive at the followingdire
ted labelled graph (whi
h we denote by G(B;A)).6
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Elements of WN(B;A) are generated by walks of length N on this graph, 
on-
atenating labels along the walk. Words generated by walks on this graph arenot the result of a subshift of �nite type on the symbols fa; bg be
ause whilethe words [aa℄, [ab℄, [ba℄ and [bb℄ are allowed, the word [bbb℄ is not (if it wereof �nite type, one 
ould form all possible words by 
on
atenation of allowable2-words).
2.4 A (redu
ed) right-resolving presentation of the so�
 shiftLet W(G(B;A)) denote the set of all bi-in�nite words that are generated bywalks on the labelled dire
ted graph we have just 
onstru
ted. The problemwith the graph G(B;A) in Example 5 is that there 
an be more than onear
 with the same label emanating from the same node. This makes entropy
omputation diÆ
ult, and so we seek a new graph (or presentation) G0(B;A)for whi
h (i) W(G0(B;A)) = W(G(A;B)) and (ii) that from ea
h node ofG0(B;A), all outgoing ar
s have di�erent labels. We now des
ribe an algorithmfor �nding the \essential subgraph" R of su
h a graph G0. We will 
all R aredu
ed right-resolving presentation of G; see Appendix B.3 for details andproofs of ne
essary results. Nodes of the redu
ed right-resolving presentationwill be 
alled hypernodes and ar
s will be 
alled hyperar
s. Hypernodes willbe subsets of f1; 2; : : : ; ng.Example 6 (Simple example: Redu
ed right-resolving presentations)The �gure below shows the result of Algorithm 2.4 applied to the graph in Ex-ample 5 (using the hypernode f1g as the initial hypernode).7



(1) Begin with an empty graph R and add a single hypernode 
onsisting ofa single (randomly sele
ted) node of G(B;A).(2) If possible, 
hoose a hypernode in the graphR with no outgoing hyperar
sand 
all this hypernode H. Otherwise, go to the pruning step (vi).(3) Denote by H 0 the set of all nodes in G(B;A) rea
hed by all outgoingar
s in G(B;A) starting at nodes in the hypernode H and labelled (inG(B;A)) with a. Add the hypernode H 0 and a hyperar
 labelled a startingat H and terminating at H 0.(4) Repeat (iii) for all labels in the alphabet.(5) Return to (ii).(6) Remove all hypernodes in R without in
oming hyperar
s (along withtheir outgoing hyperar
s).(7) If some hypernodes were removed, return to (vi), otherwise stop.
&%'$ &%'$

&%'$ &%'$
f1g f1,2g

f1,2,3g f1; 2;3; 4g
-a

?a� ba -b�������
��
���� aWe brie
y outline the 
onstru
tion of this graph:� The node 1 in G(B;A) has outgoing ar
s labelled with a terminating at nodes1 and 2 in G(B;A), therefore we 
reate a hypernode f1; 2g and a hyperar
labelled a starting at hypernode f1g and terminating at hypernode f1; 2g.� Now 
onsider the hypernode f1; 2g. Nodes 1 and 2 have outgoing ar
s la-belled a terminating at nodes 1,2,3, and 4, so we 
reate the hypernodef1; 2; 3; 4g and add a hyperar
 labelled a starting at f1; 2g and terminat-ing at f1; 2; 3; 4g.� Colle
tively, nodes 1,2,3, and 4 have outgoing ar
s labelled both a and bemanating from them. Take label a. The terminal nodes of these ar
s are1,2,3, and 4, so we add a hyperar
 labelled a looping from the hypernodef1; 2; 3; 4g ba
k to itself. Now take label b. The terminal nodes of these ar
sare 1,2, and 3, so we add a new hypernode f1; 2; 3g and a hyperar
 fromf1; 2; 3; 4g to f1; 2; 3g labelled b.� Nodes 1,2, and 3 again 
olle
tively have outgoing ar
s labelled with both aand b. First take a. The terminal nodes of these ar
s are 1,2,3, and 4, sowe add a hyperar
 labelled a from f1; 2; 3g to f1; 2; 3; 4g. Now 
onsider the8



ar
s labelled b. The terminal nodes are 1 and 2, so we add a hyperar
 fromf1; 2; 3g to f1; 2g labelled b.� All hypernodes now have outgoing ar
s, so we begin pruning.� Only hypernode f1g has no in
oming hyperar
, so we delete this single hy-pernode and its outgoing ar
 (this removal is indi
ated by the dashed box inExample 6).� All remaining hypernodes have in
oming hyperar
s, so we stop.Note that the hyperar
s leaving ea
h hypernode are all labelled di�erentlyin Example 6, in 
ontrast to the ar
s and nodes of the graph of Example 5.The reader may like to verify that the �nal pruned graph of Example 6 isindependent of the hypernode used to initiate Algorithm 2.4.2.5 Entropy of the so�
 shiftOne forms an adja
en
y matrix for the graph produ
ed by Algorithm 2.4 asfollows. Suppose that there are m hypernodes; then de�ne an m �m matrixby Rij = l; if hypernode i has l outgoing hyperar
s (7)terminating at hypernode j:We are now in a position to 
ompute the entropy of our topologi
al Markov
hain with respe
t to the partition A.Proposition 7 Suppose that T is transitive and let � denote the maximaleigenvalue of R. Then h�(T;A) � h(B;A) = log�.PROOF. See Appendix B.3.Example 8 (Simple example: Entropy of so�
 shifts) The adja
en
y ma-trix for the redu
ed right resolving presentation of Example 6 is
R = 0B� f1; 2g f1; 2; 3g f1; 2; 3; 4gf1; 2g 0 0 1f1; 2; 3g 1 0 1f1; 2; 3; 4g 0 1 1 1CA (8)The largest eigenvalue ofR is approximately � = 1:8393, and therefore h(B;A) =log 1:8393 � h�(T;A). 9



If we had set B = A, we would have obtained h(B;A) = log 2. As noted at theend of Example 5, by setting B = fB1; B2; B3; B4g, we eliminate the word [bbb℄(a word whi
h would be allowed if B = A). Thus the re�nement of B from twosets to four sets eliminates this word and redu
es the entropy to log 1:8993. Byre�ning the partition B further, more \illegal" words will be eliminated, andthe bound h(B;A) will de
rease monotoni
ally. In the limit of the diametersof the partition sets in B going to zero, h(B;A) # h�(T;A); this is the 
ontentof Theorem 4.Remark 9 For non-transitive T , h(T ) is equal to the maximum of the en-tropy of T restri
ted to ea
h transitive region. It is possible that the topologi
alMarkov 
hain governed by B is still transitive, and in this 
ase, the algo-rithms may be applied exa
tly as before to obtain upper bounds for h�(T;A)and h(T ). If the topologi
al Markov 
hain is not transitive (not irredu
ible),then the algorithms must be applied separately to ea
h irredu
ible 
omponentof B.3 Examples and ResultsThe examples we present range from well-studied systems to those whoseentropy is at present not able to be eÆ
iently 
omputed. For some examples,we state that our 
omputations are rigorous. In making this 
laim, we areworking under the assumption that our 
omputer performs exa
t 
al
ulations.In prin
iple, it is possible to allow for roundo� errors by making the boundariesof the sets in B fuzzy 3 , however we have not done this here, and do not believeour results would substantially di�er by allowing for roundo�.Ea
h of the 
al
ulations presented here takes on the order of se
onds to minutesof 
omputer time (in
luding the 
onstru
tion of the Markov 
hain B).3.1 A family of Logisti
 mappingsTo 
ompare our method with previous work, we 
onsider estimating the topo-logi
al entropy h�(T;A) of the family of Logisti
 maps T�(x) = �x(1� x), for3:5 � � � 4. For all parameter values �, we have used A = f[0; 1=2); [1=2; 1℄gand B is either an equipartition of [0; 1℄ into 212 or 214 subintervals. Shownin Figure 1 are graphs of h(B;A) versus � 
al
ulated using our method (leftframe) and from [3℄ (right frame).3 If numeri
al images land within some toleran
e region of a boundary, we a

eptmembership in sets on both sides of the boundary. By doing this we allow more10
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 mappingsx 7! �x(1 � x) versus �: Methodof present paper (b) Entropy (to base 2) of the Logisti
mappings x 7! �x(1 � x) versus �: Fig-ure reprodu
ed from [3℄Fig. 1. Comparison with previous results.The agreement is very good, demonstrating that(1) this simple 
hoi
e of A yields good results even when it is not generating.That is, h�(T;A) � h(T ) here.(2) The bound h�(B;A) for h�(T;A) is very tight and 
an be 
onsidered asan estimate.3.2 A hyperboli
 linear automorphism of the 2-torusWe now demonstrate the eÆ
a
y of our method in a two-dimensional examplewhere the exa
t value of the entropy is known. Let T : T2 ��� be given byT (x; y) = (x + y; x) (mod 1). It is known that h(T ) = log((p5 + 1)=2) �log 1:6180. We set A = f[0; 1)�[0; 1=2); [0; 1)�[1=2; 1)g. The re�ned partitionsB will be produ
ed by repeated bise
tions of the torus; that is, elements of Bwill be of the form [(p�1)=2k; p=2k)�[(q�1)=2k; q=2k), p; q = 1; : : : ; 2k, k � 1.Our results are summarised in Table 1. The trend here seems to be that thenumber of hypernodes in R is a little less than twi
e that of the 
ardinalityof B, while the maximal hypernode size is not very large in 
omparison to the
ardinality of B; that is, lots of hypernodes, but ea
h hypernode is of relativelysmall size. Our next example exhibits 
ompletely 
ontrasting behaviour. Weadmit that we do not fully understand how the properties of T or A in
uen
ethe properties of the indu
ed hypergraph, su
h as its size and 
onne
tivity; itwould be interesting to derive some general prin
iples to help further de
reasepseudo-orbits of T and so preserve our upper bound for h(T ).11



Table 1Upper bounds for h�(T;A) for the linear toral automorphismk 
ardinality Number of maximal Entropy estimateof B hypernodes in R hypernode size h(B;A)2 16 32 5 log 1:83933 64 144 10 log 1:74944 256 448 21 log 1:69165 1024 1792 42 log 1:65836 4096 7472 83 log 1:6393
omputing time and memory requirements.3.3 H�enonWe use the standard H�enon map, T (x; y) = (1� 1:4x2+0:3y; x), and 
onsiderthe a
tion of T restri
ted to the box [�1:5; 1:5℄� [�1:5; 1:5℄. Re
ent numeri
alresults [12℄ suggest that h(T ) � 0:4651. To begin with, we use the simplepartition A = f[�1:5; 1:5℄ � [0; 1:5℄; [�1:5; 1:5℄ � [�1:5; 0℄g. The elements ofour re�ned partitions B will be of the form [�1:5+3(p�1)=2k;�1:5+3p=2k)�[�1:5 + 3(q � 1)=2k;�1:5 + 3q=2k), p; q = 1; : : : ; 2k, k � 1.Rather than partitioning all of [�1:5; 1:5℄� [�1:5; 1:5℄ at every level of re�ne-ment of B, we \trim" the topologi
al Markov 
hain (and the 
urrent partition)by �nding the strongly 
onne
ted 
omponent of the asso
iated graph [15℄. It 
anbe shown [16℄ that the trimmed partition at ea
h level of re�nement 
ontainsthe 
hain re
urrent set of T (see [17℄ for a de�nition). This trimmed parti-tion produ
es the maximal irredu
ible 
omponent of the topologi
al Markov
hain, and it may be shown using arguments similar to those in the proof ofProposition 21 that this irredu
ible 
omponent generates the same entropy astopologi
al Markov 
hains produ
ed without any trimming.Numeri
al routines [18℄ to produ
e topologi
al Markov 
hains by rigorously
al
ulating all possible interse
tions in (3) are 
oded in the GAIO 4 pa
kage.The use of these routines allow us to state that we have rigorous upper boundsfor h�(T;A). Some re�ned partitions are shown in Figure 2 and numeri
alresults are shown in Table 2. Note that the �nal value of 0.4628 is below thea

epted value of the entropy. If the a

epted value of h(T ) is 
orre
t, thisproves that A is not generating for T .4 Available at http://www.upb.de/math/�agdellnitz/gaio12
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Fig. 2. Example trimmed partitions of [�1:5; 1:5℄ � [�1:5; 1:5℄ for the H�enon map.The horizontal dotted line denotes the boundary of the 
oarse partition A.Table 2Upper bounds for h�(T;A) for the H�enon map.k 
ardinality Number of maximal Entropy estimateof B hypernodes in R hypernode size h(B;A)4 122 31 92 0.62445 295 29 171 0.58586 694 57 338 0.55187 1713 163 682 0.52258 4197 234 1360 0.50249 9766 270 2621 0.478010 21639 892 5162 0.466911 49296 1086 10286 0.4628Following the suggestion of [12℄ that a partition whi
h is near to generatingmay be 
onstru
ted by joining up primary and 
lose-to-primary homo
lini
tangen
ies, we re
omputed the entropy estimates using an approximation ofthe partition in [12℄. This approximate partition is given by the two-set par-13



tition 
reated when M = [�1:5; 1:5℄� [�1:5; 1:5℄ is bise
ted by the polygonalar
 with verti
es (�1:5;�0:01), (0:703;�0:01), (0:8; 0:025), (1:231;�0:085),(1:272;�0:07), and (1:5;�0:07). The results of Table 3 suggest that this newTable 3Upper bounds for h�(T;A) for the H�enon map.k 
ardinality Number of Entropy estimateof B hypernodes in R h(B;A)4 122 31 0.62445 295 28 0.58586 694 81 0.54667 1713 180 0.52008 4197 244 0.50289 9766 409 0.482510 21639 980 0.472011 49396 1162 0.4687partition does indeed 
apture more entropy than the simple-minded horizontalbise
tion, and our �nal value now indeed represents an upper bound.3.4 3D Logisti
Our �nal example studies a three-dimensional 
haoti
 system (9) whi
h ap-pears numeri
ally to possess an approximately two-dimensional attra
tor. De-�ne T (x; y; z) = (y � �x; �y(1� x); x� 
z); (9)where � = 1:2; � = 2:35; and 
 = 0:1. A plot of a long traje
tory of T is shownin Figure 3 (a), and a rigorous outer box 
overing of the 
hain re
urrent setis displayed in Figure 3 (b).To sele
t a suitable number of partition sets for the 
oarse partition A, we usethe bound of Theorem 3 (ii), whi
h suggests that 8 sets are suÆ
ient to 
aptureall of the entropy. We bi-partitioned a 
ube 
ontaining a long traje
tory alongea
h 
oordinate axis at x = 0:3; y = 1:0; z = 0:3, to 
reate an 8-set partition.Results of our 
al
ulations are summarised in Table 4.14



(a) Plot of a traje
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(b) Rigorous outer box 
overing ofthe 
hain re
urrent set.Fig. 3. Invariant attra
ting sets for the 3D Logisti
 mapTable 4Upper bounds for h�(T;A) for the 3D Logisti
 map. The * in the �nal line of the �rst
olumn indi
ates that the partition sets of B have diameter 1/32 in two 
oordinatedire
tions and 1/64 in the third 
oordinate dire
tion.k 
ardinality Number of maximal Entropy boundof B hypernodes in R hypernode size h(B;A)3 289 49 276 1.1974 1352 285 1190 1.0405 6037 1288 4625 0.8925� 10428 2496 7977 0.837To obtain a rough \ballpark" 
omparison for our entropy bounds, we es-timated the Lyapunov exponents for the 3D Logisti
 map and found that�1 � 0:18; �2 � 0:13; and �3 � �2:31. Assuming that the Pesin equality holdsfor this system, one has that the measure-theoreti
 entropy of T (using thephysi
al measure � exhibited by most orbits) is h�(T ) � 0:18 + 0:13 = 0:31.Sin
e h(T ) = supfh�(T ) : � is a T -invariant probability measureg, the value0.31 represents a rough lower bound for h(T ). Our best bound of 0.837 forh(B;A) is 
onsistent with this result. It is reasonable that 0.837 is signi�-
antly higher than 0.31 as our boxes in B are still relatively large, allowingmany spurious orbits to remain.While the appli
ation of our method to systems with higher dimensional unsta-ble manifolds poses no problems, the method of [9℄ would require signi�
antlymore 
omputational e�ort sin
e it ne
essitates the 
omputation of exponentialgrowth rates of volumes of higher-dimensional manifolds.15



A Implementational detailsIn this se
tion, we give more details on the numeri
al realisation of the algo-rithms presented. The two main 
omputational steps are:(1) Compute the topologi
al Markov-
hain on the �ne partition B. For reasonsof eÆ
ien
y, in pra
ti
e one does not 
ompute the transition matrix (3)on a full partition of M , but instead uses subdivision te
hniques in orderto 
ompute �ner and �ner 
overings of the 
hain re
urrent set of T in M[19,15,16℄. In ea
h step of this te
hnique the matrix (3) is 
omputed onthe 
urrent 
olle
tion of sets. For maps these 
omputations 
an be madeboth rigorous and eÆ
ient [18℄.(2) Compute the (redu
ed) right-resolving presentation of the so�
 shift. Thisinvolves the 
onstru
tion of the (\hyper"-)graph R where the nodes of R
onsist of subsets of the set of nodes of G(B;A); see Se
tion 2.4. In step(iii) of Algorithm 2.4 a 
andidate for a new hypernode together with a
orresponding hyperar
 is 
onstru
ted and is eventually added to R if itis not already present.As mentioned, there exist eÆ
ient algorithms for step (i) { at least in the 
asewhere the dynami
al system is given by a dis
rete map. In step (ii) one is fa
edwith the question of how to eÆ
iently store and 
ompute the hypergraph R.Sin
e the transitions between hypernodes are dire
tly given by the transitionsbetween the nodes in G(B;A), it is immediate to 
ompute a 
andidate for anew hypernode from a given one. After the 
reation of this 
andidate, one hasto de
ide whether this hypernode is already 
ontained in R or not. Dependingon the data stru
ture used to store R and on the dynami
s of the underlyingsystem this may be 
omputationally expensive. In the following we are goingto des
ribe a data stru
ture whi
h enables this de
ision to be a

omplishedeÆ
iently. An upper bound for the 
omplexity of the 
orresponding sear
hwithin R is given by O(n log(n)), where n is the number of sets in B.A.1 The data stru
tureLet B = fB1; : : : ; Bng be the �ne partition. Every hypernode R 2 R is thenuniquely determined by a subset of the set f1; : : : ; ng. A 
ommon way to storesu
h a set is by a bit-ve
tor of length n, where the i-th bit is set to 1 if andonly if i 2 R. The disadvantage of this approa
h is that every 
andidate fora new hypernode has to be 
ompared bitwise with every existing one. We arenot going to use this approa
h but will instead make use of the following idea:If two hypernodes S;R 2 R di�er only by one element, it is suÆ
ient to storethe 
ommon part on
e and additionally the di�eren
e between S and R. In16




omparing a 
andidate with S and R it suÆ
es to 
ompare the 
ommon parton
e and additionally the di�eren
es.Let us be more pre
ise. We are going to 
onstru
t a tree T in order to storethe elements of R. To every node N 2 T ex
ept the root N0 2 T we assigna pair (i(N); s(N)), where i(N) 2 f1; : : : ; ng denotes a node within the graphG(B;A) of the so�
 shift and s(N) 2 f0; 1; : : : ; jRjg is either 0 or denotes 5 anode in R. Every node of T may have at most n 
hildren. Now the hypernodeR = fr1; : : : ; r`g 2 R (where we sort the elements of R su
h that r1 < r2 <� � � < r`) is represented as a path (N0; N1; : : : ; N`) in T withi(Nj) = rj; j = 1; : : : ; ` and s(N`) > 0:
����N1��
��N0����N2����N3 ����N4

����N5
���� TTTT��� AAA (2,1)

(5,2)(2,0) (4,3)(1,4)
Fig. A.1. Example of a tree for the storage of the redu
ed right resolving presentationR.As an example 
onsider a hypergraph R with nodesff2g; f1; 2; 5g; f1; 4g; f1gg:The 
orresponding tree is then given as depi
ted in Figure A.1. The 
orre-sponding paths in T aref2g : (N0; N2);f1; 2; 5g : (N0; N1; N3; N5);f1; 4g : (N0; N1; N4);f1g : (N0; N1):5 the value of s(N) is ne
essary only to label nodes in the transition matrix R; forthe purposes of the tree storage, we need only 
he
k if s(N) is nonzero or not.17



A.2 Storage of the treeThe maximal number of 
hildren of a node depends on the number of sets inthe partition B. Sin
e the a
tual number of 
hildren of a node varies from nodeto node and may di�er signi�
antly (essentially depending on the dynami
s ofthe underlying system), it is not advisable to pre-allo
ate memory for everypossible 
hild of a node. Rather we store the a
tual 
hildren of a node in aset, su
h that the 
omplexity of the task of looking for a parti
ular 
hild is oforder O(logn).A.3 Handling of a 
andidate for a new hypernodeLet us return to the original task now, namely the problem of having to de
idewhether a newly 
reated 
andidate R for a new hypernode of R is already
ontained in R or has to be inserted. Let again R = fr1; : : : ; r`g with r1 <� � � < r`. We start with r1 and look for a 
hild N1 of the root of T su
h thati(N1) = r1:If it exists, we repeat the pro
ess with r2 and the 
hildren of N1. If not, weinsert the new hypernode R into T by 
onstru
ting the 
orresponding path inT as des
ribed above.A.4 Constru
tion of the hypergraph RSo far we have only dis
ussed how to eÆ
iently store the elements of R. Infa
t, while we are building the tree T we are 
onstru
ting the transition matrixR 
orresponding to R on the 
y. Every time we 
reate a 
andidate for newhypernode we either update an existing entry of this matrix (in the 
ase whenthe 
andidate is already 
ontained in T ) or 
reate a new one (in the 
ase whenthe 
andidate is inserted into T ).B ProofsB.1 Proof of Proposition 2Lemma 10 Let � be any T -invariant probability measure and h�(T;A) de-note the standard metri
 entropy of T with respe
t to the partition A. Then18



h�(T;A) � h�(T;A).PROOF. Let A be a partition, and de�ne H�(A) = PA2A �(A) log(�(A)).Further let jAj denote the 
ardinality of A. It is 
lear that H�(WN�1i=0 T�iA) �log jWN�1i=0 T�iAj (Corollary 4.2 [1℄). Thush�(T;A) � h�(T;A) := limN!1(1=N) log j N�1_i=0 T�iAjfor all invariant �.PROOF. [of Proposition 2℄(1) Using Lemma 10 and the fa
ts that (i) if A is generating, then h�(T ) =h�(T;A) (Theorems 4.17 and 4.18 [1℄), and (ii) the variational prin
iple(Theorem 8.6 [1℄) that states that h(T ) = sup� is T�invariant h�(T ), theresult follows.(2) By Theorem 8.3 [1℄, limdiamA!0 h�(T;A) = h�(T ). Combining this withthe variational prin
iple, and Lemma 10, we have the result.Remark 11 Before we 
ontinue, we point out a few subtle di�eren
es betweenh�(T;A) and h(T ).(1) h�(T;A) too low: If the partition A is not 
omplex enough to fully
apture the total entropy of T (for example, if A is not generating),then one may have h�(T;A) < h(T ). For example, set T : [0; 1℄ ���,Tx = 4x (mod 1), and A = f[0; 1=2); [1=2; 1℄g. It is easy to see thath�(T;A) = log 2 < log 4 = h(T ).(2) h�(T;A) too high: Sometimes the use of a partition generates an ar-ti�
ial amount of entropy and h�(T;A) > h(T ). For example, de�neT : fx 2 R2 : kxk2 � 1g ��� (using polar 
oordinates) by T (�; r) = (2�(mod 1); r=2), and set A = ff0 � � < 1=2g; f1=2 � � < 1gg. Nowh�(T;A) = log 2, however, h(T ) = 0 as T is a 
ontra
tion with respe
t tothe Eu
lidean norm.While we must be 
areful that situation (i) does not o

ur in pra
ti
e (see thedis
ussion at the beginning of Se
tion 2 for basi
 pre
autions), we believe thatsituation (ii) is rare.B.2 Convergen
e of h(B;A)! h�(T;A)PROOF. [of Theorem 4℄ 19



(1) For N 2 N and " � 0 we de�ne the following shift invariant subsets off1; :::; qgZ:W (1; ") := fa = (ai) : 9(xi)1i=0; xi 2 Aai ; d(Txi; xi+1) � ")gand W (N; ") :=fa = (ai) : 8i � 0; 9xi; :::; xi+N�1 with xi 2 Aai and d(Txi; xi+1) � ")gClearly W (N2; "1) � W (N1; "2) if N1 � N2 � 1 and 0 � "1 � "2. IfN < 1 and " � 0 is arbitrary, then W (N; ") is a subshift of �nite typeand thus 
ompa
t.(2) We will show W (1; ") = TN2NW (N; ") for every " � 0, whi
h implies inparti
ular that W (1; ") is 
ompa
t.Let a 2 TN2NW (N; "). Then for every N there are xi;N for 0 � i �N � 1 su
h that d(Txi;N ; xi+1;N) � ". By 
ompa
tness there exists asubsequen
e of (x0;N )N2N 
onverging to some x0 2 Aa0 . By swit
hing to afurther subsequen
e we 
an a
hieve that the 
orresponding subsequen
e of(x1;N) 
onverges to some x1 2 Aa1 . By 
ontinuity we have d(Tx0; x1) � ".This implies a 2 W (1; "). The reverse in
lusion is obvious.(3) In this part we show W (N; 0) = T">0W (N; "), if N <1.Consider a �xed word a = [a0; :::; aN�1℄. For " � 0 the setC" := f(x0; :::; xN�1) 2MN : 8i xi 2 Aai and d(Txi; xi+1) � "gis 
ompa
t. Clearly C0 � C" for every " > 0, i.e. C0 � T">0C". On theother hand, if x = (x0; :::; xN�1) 2 C" for every " > 0, then by 
ontinuityd(Txi; xi+1) = 0 for every i, i.e. x 2 C0. By 
ompa
tness this impliesC0 6= ; if and only if C" 6= ; for all " > 0. Sin
e W (N; ") for N < 1 isuniquely determined by all words of length N , the 
laim follows.(4) To 
on
lude the proof we observeW (1; 0) = \N2N \">0W (N; ") = \">0 \N2NW (N; ") = \">0W (1; "):Let a(N; ") for N 2 N , " � 0 denote the number of distin
t symbolsequen
es of length N in W (1; "). Thenlim�!0 limN!1 log a(N; �)N = lim�!0 infN2N log a(N; ")N= inf�>0 infN2N log a(N; ")N= infN2N inf�>0 log a(N; ")N= infN2N log a(N; 0)N= h�(T;A)20



The assertion of the theorem follows be
ause a(N; �) � jWN(B;A)j ifdiamB � ".Remark 12 In the 
ase of non-
ompa
t Ai one may apply Theorem 4 toA = f �A1; : : : ; �Aqg.B.3 Constru
tion of the redu
ed right-resolving presentationThe setW(G(B;A)) is by de�nition a so�
 shift; that is, it is a set of bi-in�nitewords formed by the 
on
atenation of labels read on walks around a dire
tedlabelled graph. In the sequel we sele
t the ne
essary results from [20℄.De�nition 13 We 
all a shiftW-irredu
ible, if given words u; v 2 W(G(A;B)),one 
an always �nd a word w 2 W(G(A;B)) su
h that uwv 2 W(G(A;B)).De�nition 14 A graph G will be 
alled irredu
ible if there is a path from anynode i to any other node j. A non-negative matrix B will be 
alled irredu
ibleif given states i; j there is an N � 0 su
h that (BN )ij > 0.In the 
ase of subshifts of �nite type, and in parti
ular, our topologi
al Markov
hain governed byB,W-irredu
ibility of the topologi
alMarkov 
hain is equiv-alent to irredu
ibility of the (0,1) transition matrix.Lemma 15 Suppose that the (0,1) transition matrix B for the topologi
alMarkov 
hain is irredu
ible. Then the asso
iated so�
 shift is W-irredu
ible.PROOF. The word umust terminate at some node of the topologi
al Markov
hain, 
all it n1; likewise, n2 is a starting node of the word v. The word w issimply the word read by taking a path from n1 to n2, a path whi
h exists byirredu
ibility of the topologi
al Markov 
hain.De�nition 16 A labelled graph G0 is a right-resolving presentation of a la-belled graph G if (i) W(G0) =W(G) and (ii) for ea
h node of G0, all outgoingar
s are labelled di�erently.Theorem 17 (Thm 3.3.2 and 3.3.11 [20℄) (1) Every so�
 shift has a right-resolving presentation.(2) A so�
 shift is W-irredu
ible i� it has a W-irredu
ible right-resolvingpresentation.Theorem 18 (Thm 4.3.3 [20℄) The entropy of aW-irredu
ible so�
 shift isgiven by the maximal eigenvalue of the adja
en
y matrix R of an irredu
ibleright-resolving presentation. 21



A graph of aW-irredu
ible right-resolving presentation may not be irredu
ible.The following two results say that ea
h irredu
ible 
omponent of su
h a graph
arries all of the entropy.Lemma 19 If the graph of aW-irredu
ible right-resolving presentation G0(A;B)has more than one irredu
ible 
omponent, then all irredu
ible 
omponents gen-erate the same words.PROOF. Suppose that one has two irredu
ible 
omponents C1 and C2, su
hthat one may not move from C1 to C2 (reverse movement may or may notbe allowed). Let v be a word generated in C2 that 
annot be generated inC1, and let u be an arbitrary word generated in C1. Given these words u; v 2W(G0(A;B)), we should be able to �nd a word w 2 W(G0(A;B)) su
h thatuwv 2 W(G0(A;B)). Clearly the word uwv may not be formed entirely in C1,and one 
an not move into C2; thus W-irredu
ibility is 
ontradi
ted.Corollary 20 The entropy generated by any irredu
ible 
omponent of thegraph of a W-irredu
ible right-resolving presentation equals the entropy gen-erated by the full graph.PROOF. Follows dire
tly from Lemma 19.The main 
onstru
tion embedded in Algorithm 2.4 is des
ribed in the proofof Theorem 17 (i). However, the formal 
onstru
tion of a full right-resolvingpresentation, as des
ribed in [20℄ requires an initial hypernode 
olle
tion 
on-sisting of all subsets of the nodes f1; 2; : : : ; ng. That is, one must begin with2n hypernodes; something whi
h is 
omputationally infeasible. We now showthat one does not need to 
onstru
t a full right-resolving presentation to �nd asuitable adja
en
y matrix; rather a subgraph 
ontaining any irredu
ible 
om-ponent of the full graph is suÆ
ient.Proposition 21 Algorithm 2.4 applied to aW-irredu
ible so�
 shift produ
esa dire
ted labelled graph su
h that the logarithm of the maximal eigenvalue lof the adja
en
y matrix R for this graph is equal to h(B;A).PROOF. We 
onsider aW-irredu
ible right-resolving presentationGfull, withexisten
e guaranteed by Theorem 17 (i). Lemma 19 and Corollary 20 tell usthat we may fo
us on any one of the irredu
ible 
omponents of Gfull. We seekto �nd a subgraph GAlg1 � Gfull 
ontaining one of the (possibly several) irre-du
ible 
omponents of Gfull by 
hoosing a (random) starting hypernode andtraversing all possible outgoing hyperar
s as in Algorithm 2.4 (steps (i) to (v))and then deleting all non-re
urrent hypernodes (steps (vi) and (vii)). Clearly,22



our algorithm �nds a subgraph GAlg1 
ontaining an irredu
ible 
omponentGirred. This irredu
ible 
omponent Girred governs a W-irredu
ible shift by ar-guments as in the proof of Lemma 15. The fa
t that Girred 
arries all of theentropy generated by Gfull follows from Corollary 20. We now need only showthat this entropy is equal to log�, where � is the maximal eigenvalue of thematrix R. In analogy to the 
onstru
tion of R, 
reate the matrix Rirred usingonly nodes in Girred (the matrix Rirred is irredu
ible by de�nition). ApplyingCorollary 20 and Theorem 18, we have that h(B;A) = log�irred, where �irredis the maximal eigenvalue of Rirred. Sin
e our subgraph GAlg1 
onsists of theirredu
ible 
omponent Girred, plus, possibly additional nodes whose 
onne
t-ing ar
s eventually lead into Girred, but do not have in
oming ar
s originatingin Girred, one 
an show that l = lirred, and the result is proven.PROOF. [of Proposition 7℄ Transitivity of T implies irredu
ibility of B. Theresult then follows by Lemma 15 and Proposition 21.Referen
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