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ABSTRACT - This contribution is concernedwith the numerical simulaton
of spacecaft formation dynamicson Halo orbits around the Sun-Earh libration
points. Thecircular restrictedthree-bodyprobdem (CRTBP)in rotating coordinates
servesastheanalyticalframevork. Theprimary goalis to identifyregionsin phase
spacen which theuncontolled dynamicsnducesonly verysmallperturbatonson
satelite formaions andthusallow for an enegy-optimalformationkeepingstrat-
egy. This obviouslyleadsto lower costand massbudgets and longer opemation
times.Theresultsobtainedhere indicatethatit is possibleto performan accurate
formaiton keepingaroundthelibration pointspurely basedon low thrustmanoeu-
vres.Thiswill beof particular importarcewith regard to upcomingow thrustmis-
sionssud as DARWIN.

1 INTRODUCTION

Halo orbits' have beenidentified ascorvenientlocationsfor positianing single spacecrafand have
alreadybeenemployedfor avariety of missiors (e.g.NASA's GENESISDiscovery Mission). Based
on the experiencewith thesesinglespacecraftalsoupcomirg formationmissimslike DARWIN are
foreseerto operatein thevicinity of a Halo orbit aroundoneof the Sun-Earthibration points. This
locationyields the greatadvantageof very small gravitational distwrbanceforcesandis therefore
very well suitedfor missicnswith extremelyhigh performanceequirementsSimultaneouslylonger
formationoperationtimesaswell aslower costandmassbhudgetsareguaranteed.

Concerningthesemissons the following important questionarises:can a Halo orbit be found
wherea formationwith several hundredmetersor even kilometersof distancebetweenthe partic-
ipating spacecraftould be maintaned exclusiely by low-thrug maneouvres- i.e. the maximum
requiredaccelerations in the orderof or belov 10~9m/s?? In thatcasethe propellantconsumpibn
dueto formationcontrol could be neglectedin comparisorto thatdueto orbit control.In this article
we presentanapproachwhich leadsto theidentificationof Halo orbitsaroundthe L, libration point
with this desiredproperty

2 MODELLING FORMATION FLIGHT

Consideringonly gravitational forces,the mathematial modelfor the motion of several spacecraft
is given by ann-bodyproblem i.e. by a setof coupledsecondordernonlinearordinarydifferential
equations:

i,-:GZmi”xf;‘”j j=1,...,n. 2.1)

! ThenameHalo orbit is dueto thefactthatit appearsisa halo aroundthe Sunwhenviewed from behindthe Earth.



Herex; € R? is the posiion of thei-th body underconsiderationsn; is its massandG is the grav-
itational constantFor spacecraftdynamicsthis systemcan be significantly simpified by usingthe
followingfacts:(1) themasse®f the spacecrafareseveralordersof magnitidesmallerthanthoseof
the planetsandthe Sun,(2) the gravitational forcesbetweerthe spacecraftaire negligible compared
with theothers,(3) up to a distanceof approximately).01 AU from the Earththe gravitationalforces
of the Sunandthe Earthare at leasttwo ordersof magnituddarger thanthoseof the otherplanets
andthe Moon [Sei02]. By neglectingthe correspondindgorce termsin (2.1) oneendsup with a 3-
body problemmodelling the flight of eachof the spacecrafseparatelyFurthersimpification of this
modelis achiered by restrictingthe motion of the Sunandthe Earthto circleswhich leadsto the
well-known circular restrictedthree body problem(CRTBPY. Its equationsof motionin a rotating
coordinatéframearegivenby [Wie98]

t=20+z+ca(z+p—1)+cz+ p)
§==2&+y+(c1 +ca)y (2.2)
2:(014—62)2’

where(z, y, z) denotedimensiotesscoordinatesvith

1 —
€1 =— o 7, Co=— o 3 (2.3)
((z+p=1)2+y*+2%)> ((z+p)? + 92+ 2%)2

andy = my /(my + ms) = 3.040423398444176 - 109 is thenormalizednassof the Earth.

3 GENERATION OF HALO ORBITS

3.1 Computation of Halo orbits

TheCRTBP in rotatingcoordinateg2.2) Y S L4
hasfive equilibrium points,the so-calledli-
bration or Lagrange points L, ..., Ls, as
shavnin Figurel.

It is known [BHL97,PDDO01]thatthereex- I Sun I EarthL
ist familiesof periodicorbits—the socalled 3 ! 2
Halo orbits aroundthe Lagrangepoints L ® 0 v s x

and L, . Our goalis to give an estimateof m 1—u
how costly(in termsof controlacceleration)
it is to control a spacecrafformationon a
Halo orbit. In particularwe identify those
Halo orbitsfor whichthecostis a minimum. S Ls

In orderto computea family of promisng Fig 1: The five Lagrangepoints Li, ..., L5 of the circular restricted
Halo orbitswe useatwo-steppath-folloving threebody problem.

methodasfollows:

Stepl: To obtainan initial Halo orbit we usea shootng approachseee.g.[SB80]: The Halo
orbits, projectedonto the three-dimenginal position space are symmetricwith respecto the plane
y = 0. Thisimpliesthatfor apoint X = (z,0, z, &, 9, 2) in thevicinity of aHalo orbitin phasespace
we have & = Z = (. Prescribingoneof the free remainingparameters- typically x (nearL,) —we
canthusformulatearoot solving problemfor the two others,namelyz andy. We solve this problem
usingNewton’s methodandobtaininitial guesseshroughanintenal bisectionmethod[Sei02].

2 This problemwasoriginally formulatedby Eulerin 1772.



Step 2: Once a Halo orbit is found for a x10°

prescribedz we get a nearby orbit of the .
family by a standardpredictorcorrectorap- 2 . R
1 H / i \‘\‘\\“‘\‘\\\\iﬁiﬁ
proach: we slighty vary z in X and use 0 f \\\\\\\\\\\\\\
this pointasa new initial guessfor Newton's - , I\: \\\\\\XE\\\\\\%\\&&&%%&
method.Figure2 shows a family of Haloor- S \ \\\\\\\\§\§§§§§§‘§\§§\}
: . N
bits around L, which was computedby the \\\\§§§\§\\§§§§§3
methoddescribedThe line joining th \\\§\\\\§\“\\‘3\“§
) joiningtheHalo \\\\§\\\\\\§§3\§\\
orbitsmarksthepoints (z, 0, z) whichparam- o \\\QQQ::::::::“\‘
eterisethe family. In the following sections -« §\§

we will usethe z-coordinateof thesepoints 0-01'\\//

in orderto referto aspecificorbit of this fam- 0 Tooas Loves L0094 1012

. . Y (AV) -001 0999 1.0016

ily. We further refer to [TW96] for a similar X (AU)

approacho the computatbn of Halo orbits.  Fig.2: Family of Halo orbits in the vicinity of the Lagrangepoint Ly
(projectiononto positionspace).

3.2 Stability Analysisfor Halo orbits

In orderto get a first impresgon of the dynamicsin the vicinity of the Halo orbits we com-
putetheir Floquetmultipliers. By definition,the Floquetmultipliers of a periodicsoluion determine
its stability [Hal8(Q]. They areobtainedvia in- ;5 _

tegratingthe variationalequationover a whole -
period of the correspondingeriodicsoluton 2 ¢
InspectingFigure 3 we note that there exist  , |

someorbits nearthe Earthfor whichthe mag-
nitude of all Floquetmultipliers is equalto 1. 21 4

Indeed,a long-time integration of theseorbits 2,0 3 ... .
indicatesthatthey are stable.We obsere that § Ly
thelargestFloquet-muliplier increaseén mag- £ %,

nitude asone moves alongthe family of Halo 2| $%%0000, o

orbits away from the Earth. Since this mul- 3 70000 %900006,,

tiplier determineshow quickly trajectoriesdi-  1° ¢ 900004,
vergefrom eachother onecouldbetemptedo L. ‘ ‘ ‘ ‘ ‘
amuethatin orderto achieve alow enegy con- ! Loz e W 1oe Lot
trol of a formationa Halo orbit nearthe Earth Fig-3: Magnitudeof the Floquetmultipliers of the family of Halo
shouldbe selectedseealso[BHLI7]). orbitsin Figure2.

However, we intend to use continuowsly
appliedlow thrustcontrol on the spacecratft,
thusin our caseit is more interestingto ob-
tain statementsaboutthe local dynamicson a
muchshortertime scale.To thisend,we com-
putefinite time Lyapuna multipgliers (FTLM)
in an analogousvay asthe Floquetmultipli-
ersbefore:but herewe only integratethe vari-
ational equationfor times At = % (which

correspondso a flight time of approximately 15

1
o
3

[
i
Iog10 (finite time Lyapunov multiplier — 1)

14 hours).See[Lor65] for the relatednotion 1
of finite time Lyapunw exponents 0O L L
We repeatthis computam')n along eachHalo 1 1001 1.002 1003 1.004 1005 1.006 1007 1008

. . X (AU)
orbit andfor the whole fam”y thatwascom- Fig.4: Magntude of the largest finite time Lyapurov multiplier

putedin the previous section.The resultis (FTLM) along eachHalo orbit of the family in Figure 2. The black
shavn in Figure4. We notethatthe maxinum !ine marksthe periodof the Halo orbits.



of thelargestFTLM over oneHalo orbit decreasewhenwe move alongthe Halo orbit family awvay
from Earth.

Sincethe largestFTLM determineshow much a given formation of spacecrafis perturbedunder
the uncontrolleddynamicswithin the time spanunderconsiderationpne hasto draw the reverse
conclusionasfrom theresultsshavn in Figure3: oneshouldnot placethe formationin the vicinity

of anearEarthHalo orbit. A moredetailedexplanationis givenin the next section.

4 DEFORMATION UNDER UNCONTROLLED DYNAMICS

We analysdo whatextenta given formationis deformedwvhenevolving uncontroled nearan L, Halo
orbit. Hencewe considera particularformation, propagateeachof the spacecrafuisingthe CRTBP
(2.2),anddeterminghetime-dependerteviationsof thespacecraftsposiionsfrom thedesirecones.
Moreover we determinehow muchthe attitudeof the formation(given by the normaldirectionon a
planedefinedby the positionsof the spacecraftthangesith time. Thisis alsoof particularinterest

in the context of missonslike DARWIN.
Supposethat at time t, an unperturbedstartingfor-

mation F'(ty) = {X1(to),..., Xn(to)} of n spacecraft
is given where X ;(t,) = (X(to), X’ (t)) € R® de-
notethe dimensiotesslocationsin phasespace(X {(t)

namesheposiion, X*(t,) thevelocitpgftagrefilspacents

craft). We denoteby X (¢; X (¢o)) the solutin of (2.2)

for theinitial value X ;(,). In this paperwe restrictour

selwesto formationsof n = 4 spacecrafearrangedasa

regulartetrahedrorf{seeFigure5). Henceinitially (i.e.for Xq‘,

t = to) we requirethat || X¥(t) — X7 (to)l| = ¢ = const = * \c

for all 7 # k. Moreover, we make useof thefactthatwe X!

areinterestedn the relative positionsof the spacecraft .

with respecto eachother— andalsothatall our computa- Fig-5: Formationof four spacecrafarrangedasaregu-

. . . . . . lar tetrahedron

tions involve only short-tine integration (approximately

14 hours,seeSection3.2)of theunderlyingdifferentialequation We thusperformour calculationsn

alocal coodinatesystemusingthe variationalequationcorrespondingo (2.2) for time integration 3
In orderto analysehedeformatiorof thetetrahedraformationsundertheir uncontroleddynam-

icsin the neighborhooaf a Halo orbit, we first considera prescribedetrahedrorwith its geometric

centrein theorigin, i.e. four points { X?,..., X1} C R?® with

Ni23

% » Xi=0. (4.1)

We usethis tetrahedrorin orderto derwe initial formatiors alonga Halo orbit, which are evolved
afterwardsusingthe CRTBP (2.2). To this end, we first choosea setof points M; = (M}, M?) €
R¢,i = 1,...,¢, on someHalo orbit. Thesepointssere asthe geometriccentersof the initial for-
mations Fromthesepointswe derive formationsasfollows: For eachof thesepointswe considetthe
formationFi(to) = {Xi,l (to), Cey Xi74(t0)}, WhereXi,j(t()) = (Xg’j(t()), Xf,](t())), deflnedby
X{i(to) = R X{+ M! and X7 .(t) = M}

77

j=1,...,4. (4.2)

Here R, € R3®*3 is the matrix describinga rotationaboutthe local z-axis by someangled;. This
rotationis compensatig for the factthatthe CRTBP is formulatedin a rotatingcoordinatesystem,
% We alsonotethatthe scalesof interestto us differ by afactorof 10**: the distancebetweerthe Sunandthe Earthis of the orderof

10'* m andwe hold thespacecaft relative to eachotherwithin anerrorboundof about 0.01 m. Usingthe standardiouble-precision
floating point arithmeticroundingerrorswill notablyinfluenceary corresponthg computation



but — in view of missims like DARWIN — we want the formationto maintainan inertially fixed

orientation.Soin (4.2) we first rotatethe tetrahedro{ X {, ..., X7}, suchthatwe obtainthe correct

attitudeandthenmove it ontothe Halo orbit suchthatits geometriccenteris M ! afterwards.
Thesumof differencedetweeractualanddesirededgelengths

IIX ka(t)ll

23 ; X1l @3

J=1k=j+1

is a measurdfor the deformationof the formation F;(¢). Here we abbreviated notationby writing
X7 ,(t) for thepositon spacecoordinatesf thesolution X (¢; X ; ;(t)). In orderto attributeaspecific
directionto aformationF;(t) = {X, (%), ..., X4(t)}, we choosethreespacecrafiX; ; (t), X »(¢)
andX; 3(¢) from F;(t) anddefinetheattitude of F;(¢) by theaccompawing planeunit normalvector

(XGa(t) — X5.(8) x (XGs(t) — X5, (1))
(X (1) = X5,(8) x (Xi5(t) — X5, ()

Basedon this approactonecandefinethetilt angleof theformationattimet as

(4.4)

a;(t) = arccos(n;(ty) - n;(t)). (4.5)

Example: In the following computa-  x10°

tions we usean edgelength of 433 m be-
tweenthe four spacecraftWe usea setof
¢ = 300 points on the Halo orbit that we
obtainedby integrating alongthe orbit for
periodsAt = ;7. (Here2w correspondso
oneyear;the Halo orbits have periodsbe-
tween4 and6 months) For this At andfor
everyi = 1,..., ¢ thedeformationD; (¢, +
At) andthetilt anglew;(ty + At) arecom-
puted.Figure6 shavstheresultfor anini-
tial tetrahedromwith arandomlychoserat-
titude on the Halo orbit throughthe point
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X = (1.0057,0,0.0044,0,0.0179, 0) with 0 fime (onths)
a period of approximagly 177 days.We Fig.6: Deformation/tiltangleof a spacecrafformationalongan L, Halo
note that thoughwe have chosenthe atti- orbit.
tudeof theinitial tetrahedrorat random theresultis representatee in the sensehatdifferentinitial
tetrahedrdeadto comparableesults.

Thiscompuationis performedor theentirefamily of Halo orbitsof Section3 where,in addition,
we averagethe resultfor eachHalo orbit over 100 initial tetrahedravith randomlychosenattituce.
Theresultsare shavn in Figure 7. The abscissgparameterisethe family of orbits andthe ordinate
representsime, i.e. parameterisethe setof points M ;. The shadingindicatesthe deformation(left
subploj andthet tilt angleof the formation(right subploj in a logarithmic scale,respectrely. Note
thatthesetwo figurescloselyresembld=igure4.

In Figure8 thetwo quantitiesaredisplayedn adifferentway. Thistimetheirminimum, maximum
and meanvaluesover eachof the Halo orbits of the family are shavn, respectiely. Obsenre that
the meandeformationexhibits a local minimum at approximagly x = 1.0065 (seeFigure 8 (left)).
However, for practicalpurposeghe existenceof this minimum is of minor importance Ratherwe
obsenethatthe meanandthe maximun deformatiorandtilt angleof aformationunderuncontrolled
dynamicsalong a Halo orbit essentiallydecreasesvhenwe move alongthe family of Halo orbits
away from the Earth. Thuswe draw the conclusionthat Halo orbits further away from the Earthare
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Fig. 7. Deformation(left) andtilt angle(right) of a spacecrafformationalongthe L, Halo orbit family from Figure2. Theblacklines
markthe periodof the Halo orbits.

| — mean(D)
! - - max(D)

| — mean(a)
1

\ - - min(D) |
1

- - max(a)
- - min(a)

._\
<Dl

deformation (/)
tilt angle (deg)

=
o
&
T

L= \7 L L L L L L =
1 1.001 1.002 1.003 1.004 1.005 1.006 1.007 1.008 1
x (AU)

-0 I I I I I I I
1.001 1.002 1.003 1.004 1.005 1.006 1.007 1.008
x (AU)

Fig. 8. Minimum, maximumandmeandeformation(left) andtilt angle(right) of a spacecaft formationalongthe L, Halo orbit family
from Figure2.

bettersuitedfor an enegy efficient formationflight (which obviously confirmsour interpretationof
Section3.2).In thenext sectionwe will seethatthisconclusiornis furthersupportedvhenacontrolled
flight of spacecrafis considered.

5 LOW THRUST CONTROL STRATEGY

This sectioncomplemert the resultsof the previous sectionswith the analysisof a certaincontrol
stratgy for stabilzing the spacecrafformationon an L, Halo orbit. Our approachs asfollows. We
addcontrolacceleratioriermsu = (uy, u,, u,) to equation(2.2),yielding thesystem

E=24+z+ca(@z+p—1)+c(r+p +u,
j==2&+y+ (c1 +c2)y +uy
Z=(c1 + ¢2)z + u,.

(5.1)

The solutionof (5.1) will thusdependon the contml functionu = w(t), i.e. startingin X (¢,) and
applyingthe control function u onearrivesat X (t; u, X (¢o)). We cannow formulateour control
problemasfollows: given someactualformation F;, = {X(¢), ..., X,(t)} ateachtime instance



andaprescribedeferencdormationF,, o, = { X (t + At), ..., X, (t + At)} att + At, find control
functionsu,; = u;(t), suchthat

X(At, ’U,j,Xj(t)) = X](t+At) fOI’j =1,...,n. (52)

Motivatedby physical considerationgi.e. the designof the spacecrafthrusters)we make the as-
sumpton, thatthecontrolfunctionsu ;(¢) arepieceviseconstantlf we restrictoursehesto two “time
steps”perperiod At (i.e. u;(t) is constanon [¢,t + At/2] andconstantut eventuallydifferenton
[t+ At/2,t+ At]), equation(5.2)yieldsasystenof six equationsandsix unkowns.If we chooseAt
sufficiently smallandif theactualformationis “sufficiently close”to thereferencdormation,we can
solve this systemusingNewton’s method.
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Fig.9. Left: Magnitudeof the control acceleration(for eachspacecrafseparatelyand their mean)along someHalo orbit. Right:
Magnitudeof controlacceleratioralongthe Halo orbit family of Figure2.

Figure 9 (left) shavs the magnituek of the requiredcontrol accelerationn dependencef time
along a certainHalo orbit (the one we usedin Section4). Note the qualitatve similarity to Fig-
ure 6. We repeatthe samecomputatbn for w‘ —eaneontal
the whole family of Halo orbitsandaverage  10°} | "~ maxtconuo)
theresultsover 50 randomlychoserreference \
formations.The resultis shovn in Figure 9 \
(right). As expectedit bearsa strongresem- \
blancewith Figures4 and7.

In Figure 10 we plot the minimum, maxi-

mumandthe meancontrolacceleratioralong

the Halo orbit family. Again, thesevalues

shav thesamedependencasthedeformation ..,

which hasbeencomputedn theprevioussec-

tion (Figure8). But moreimportantis thefact o T

that Halo orbits can be identified with a re- ‘ : : : : : : : :
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. . . celerationalongthatfamily.
thevehiclesin a stableformationonly by low
thrustactuation.
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6 DISCUSSION

Basedon the CRTBP givenin arotatingcoordinateframe,we presentan approacho identify Halo
orbitsaroundL, which aresuitablelocationsfor anenegy efficientformationflight. Within thatcon-
text theevaluaton of finite time Lyapuno multipliersindicateshatpromising Halo orbitsarelocated
at somedistancefrom the Earth.A detailedanalysisof the dynamicalbehaiour of uncontroled as
well ascontrolledformationsverifiesthisimportantresult.

In all the computatbns we useformationsof four spacecrafarrangedas a tetrahedronn the
vicinity of Halo orbitsaroundL,. Enegy efficiency is derivedfrom two local deformationmeasures
and a simgde but straightforvard control stratgy is employed. The resultsobtainedcontradictthe
conclusionsvhich onemightdraw from ordinaryFloquetmultipliers analysis.

As avery importantresultit is shovn thata lifetime formationcontrol only basedon low thrust
actuations possibé. Regardingfuturemissiondesign thiswill allow to neglectpropellantconsump
tion dueto formationcontrol comparedo thatdueto orbit control. However, the propellantneeded
for thereconfiguation of aformationis nottakeninto accountandwill beatopic of ourfuturework.
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