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1 What can’t be ignored

1.1 Floating point numbers (25.10.)

We use p digits dy, .. ., d, and an exponent e to write a floating
point number with base b as

di  dsy d
— e =4+ =24 2
x ( b + L2 +oee Tt bp)
For b = 10, this means x = £10°- 0.d1ds . . . d,,.
Definition.

F = F(bapa [emina emax]) — {:tm : beip | bpil S m < bp’ €min S e S emax}

function floating_point

b=2; p=3; emi=-1; ema=3; F = 0;

for m = b~ (p-1):b"p-1, F = [F, m*b.  ([emi:emal-p)]; end
plot (F,zeros(length(F)), r*’)

Range. The range is Ty, = bl < |z < bomex(1 — b7P) =

«rmax-

Gaps. The spacing grows by a factor b at each power of b: Let
e = b'"? be the machine precision, that is, the distance
from 1 to the next larger € F. The distance from x € F
to the nearest y € F, y # z is at least b~le|z| and at most
elz|.

function IEEE_double
realmin, realmax, eps

Let Foo = F(b,p,] — 00,00][) and fl : R — F,,  + nearest y €
F. In case of a tie, fi(x) is the y with even d, (round to even).
Overflow, if [fl(x)| > Zmax, underflow, if 0 < [fl(x)| < Zwpin.
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Theorem. For all || € [T, Tmax] there exists [0] < 5 with
fi(z) = x(1 4 9).

function wobbling
x=linspace(1,16,1e3);
plot(x,eps(single(x))./x);

Wobbling. The relative distance to the next larger x € IF varies
by b. Therefore, b = 2 is favoured.

Standard model. Let x be one of the arithmetic operations
+,—,+,/ and * its floating point analogue. For all z,y € F with
|2%Y| € [Tmin, Tmax], there exists |§] < § with zxy = (z*y)(1+0).

Literature. [TB, Lecture 13], [H, Chapter 2|, [O]
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1.2 Conditioning (27.10.)

We want to evaluate a function f in z. How sensitive is f(z) to
slight perturbations of z7
Definition. Let f: R" — R™ and x € R".

If(z+Az) — f@)]| [l=]

Ki(r) =lim sup :

6=0 || Az]<o 1S (@) 1Az]

For continuously differentiable f, we have f(z + Az) — f(x) =
f'(x)Az + o(Ax) as Az — 0 by Taylor’s theorem. In this case,

rp() = [F @I -l /L @)l

Matrix norms. We will use three norms on R":

felli =3tk el = ([ Solels el = maxfle] 1= 1.0}
j=1 j=1

The corresponding matrix norms ||A|| = max{| Az - |||~} :

|| <1} are

|A|lT = max{[|[A(:,{)|1:i=1,...,n} (maximum column sum)

|All2 = Omax(A) = vV Amax(A*A) (largest singular value)

Al = max{||A@,:)]1:i=1,...,m} (maximum row sum)

Scalar multiplication. f: R — R, z — §, rs(z) = 1

2 [z/2]
1.
Square root. [ :[0,00) — [0,00), x — /1, kf(z) = Im‘l;y%.lml _

1

5

Cancellation. f : R? — R, z — x; — 29, f'(x) = (1,-1),
17 (@)oo = 2, hp(2) = 2||2[|oo /|21 = 2]

Literature. [TB, Lecture 3 & 12]
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1.3 Stability (3.11.)

Let f: R" — R™ and f: R™ — R™ a corresponding algorithm.
Analysing a computation’s accuracy, we estimate

|f(@) = fle+Ax)| _ |f(@) = flz+ Az)| N |f (@ + Az) — f(z + Ax)|

1f ()] Lf ()] Lf ()]
< wp(@)l|Az][/]le] + 7

Definition.

e @) - F)
77 = S - (my (o) + 1 2

Discussion. With machine precision ¢, the input is + Ax with

|Az|[/l|z] = O(e). Then,

|f (@) — flz+ Ax)|
1f ()]

For well-conditioned problems forward stable algorithms achieve
O(g) accuracy.

< kp(x) - O(e) + of(z) - (rp(x) +1) - O(e).

Definition.

pj(z) = limsup {

6—0

| Azl

C flz) = fla+ Az), e < 5}

] - &

Discussion. For well-conditioned problems, a forward stable
algorithm computes nearly the right answer to nearly the right
question, whereas a backward stable algorithm computes the ex-
act answer to nearly the right problem. More precisely, 0}7(55) <

pi().



~ ~

Subtraction. f : R? - R, = — 1 — x9, f(z) = fl(x1)— fl(x2)
backward stable.

~

Inner product. f : R" x R" —» R, (z,y) — 2T v, flz,y) =
Zjﬂ(wj)7ﬂ(yj) backward stable.

Outer product. f : R" x R" = R™" (z,y) — (z ®y)ij =
ziy;, f(x,y)i; = f(x;)-fl(y;), forward but not backward sta-
ble.

Adding toone. f : R — R, z — z + 1, f(a:) = fl(z)+1 is
forward but not backward stable for small x.

Literature. [TB, Lecture 14 & 15]
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1.4 Conditioning & Stability (8.11.)

function wilkinson_polynomial

a = poly(1:20); x = roots(a); plot(real(x),imag(x),’*’); hold on
for n=1:100, r = randn(size(a)); b = a.*(1 + 1le-10*r);

x = roots(b); plot(real(x),imag(x),’*’), end

Polynomial root finding is typically ill-conditioned.

Multiple roots. Consider p(z) = 22 — 22+ 1 = (z — 1)? and
q(x) = 2% — 22 +0.9999 = (x — 0.99)(z — 1.01). The roots
of 2 — 2z + ag are 2 ++/4 — 4ay. The condition number of

f:00,1) = R, ap — /1 —ap is

Ul ar ey
= gl 2 e

Simple roots. Let a; be the ith coefficient of p and z; the jth
root. Since p(z) = p'(z;)(z — z;) + O(|x — x;]?),
[2j(ai + Aai) — zj(ai)] - |as| _ |aszj(as) ]

Ky (a;) =lim sup =
S 0=0 | Aa;|<d |zj(ai)] - |Aai] [P/ (;)]

function wilkinson_condition
a = poly(1:20); kappa = a(6)*15714/(factorial (14)*factorial(b))

Eigenvalues. Computing the eigenvalues of A € R™*" by root
finding for the characteristic polynomial p(z) = det(zId — A) is
not forward stable.

function eigenvalues
b =1[1,1]; x = roots([1,-b(1)-b(2),b(1)*b(2)])
b(1) = 1+le-14; y = roots([1,-b(1)-b(2),b(1)*b(2)])

8



Product estimates. Let f = ho g, that is f(z) = h(g(z)) =
h(y), and f = hog. Then,

or(a)r(z) < kn(y) - (07(0) + og(z)ry(2))
pi(@) < pg(x) + kg1 (y)p; (V)

Rules of Thumb. Algorithms built on well-conditioned prob-
lems solved by forward stable algorithms are forward stable.
For backward stability, the intermediate steps should have a
well-conditioned inverse mapping.

Literature. [TB, Lecture 12 & 15], [B]
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2 Nonlinear equations

2.1 Newton’s method (10.11.)

Let f : R — R be a bounded function with continuous deriva-
tives. We compute zeros of f, that is, x, with f(z,) = 0.

Conditioning. We use the norm
|Aflloo = sup{|Af ()| : 2 € R}.

We assume that f+Af has a zero z, with 7, — ., as |[|[Af||. —
0. Since f(7,) = —Af(7,) and f(Z,) = f'(x:) (T —2,) + O (|7 —

z.|?), we obtain

- |72 — @] - [ f oo /1o
ke, (f) =lim  sup = .
0 6 es Al Tl (@] 2]
Therefore, zeros with small first derivative are badly condi-
tioned.

Newton’s method. Starting from x(, we construct a sequence
X1, To, ... with limy_,. . = x,. Newton’s method defines

f(zy)

T )

This can be motivated geometrically as well as analytically via

0= fz:) = flaw) + f'(@r) (@ — 21) + Oz — 21 ).

function newton_reciprocal

a=20.5; x=0.1; x = 2%x - axx"2; x-1/a,
a=0.5; x=10; x = 2*xx - a*x"2; x-1/a
le-10; x = a; x = 2*%x - a*xx"2; x-1/a
function newton_square_root

x =2; x=(x+ 2/x)/2, x-sqrt(2)

a

10



Theorem. If f'(z.) # 0 and x, is sufficiently close to x,, then
limy o T = . and

o ma ()
k—o0 (:Uk — JJ*)2 2f/(£19*>

Remark. The theorem says that Newton’s method is quadrat-
ically convergent.

Literature. [S, Lectures 2 & 5]

11



2.2 Newton’s method for systems (17.11.)

Fixed point methods. Let ¢(z) =z — f(z)/f'(x). Newton’s
method is 241 = @(x;) and computes a fixed point of ¢, that
is, x, with

p(@4) = @
We observe that ¢'(z,) = 0, ¢"(x.) = f"(z.)/f'(x4).
Theorem. Let |¢/(z,)| < 1. If o®(z,) £ 0, ¢'(z,) = ... =

gp(p_D(a:*) = 0 and g is sufficiently close to a fixed point x, of
@, then xp1 = o(x) converges to x, and

Thtl — Tk 1

' — — WP
lim —p!go (x4).

k—o0 (xk — x*)P

Systems. For zeros of f: R" — R" Newton’s method is

T = — f(xr) 7 (),

where f'(x;) € R™" is the Jacobian of f at xj. This requires
two steps: solve the linear system f'(zy)yr = f(x1), update

Th+1 = Tk — Yk-
Termination. For z; sufficiently close to z,,
1o — 2| < 1S ()l < 4. e —x*H’
4k ey — zoll [ f (o)l |z — 2ol
where k = || f'(x.)| - || f/(z«) || is the condition number of the

Jacobian f'(z,). One might terminate, if

L (o)l < Tl f (2o) | + Tabs-

Alternatively, one might terminate, if ||y || < 7yel||zr — 0]|, since
lzk = 2l = llgll + Oz — 2.[?).

12



function newton_system

x = linspace(-2,2); [X1,X2] = meshgrid(x);

Y = sin(pi/2*X1) + X2.73; contour(X1,X2,Y), colorbar
hold on, t = linspace(0,2*pi); plot(cos(t),sin(t),’-r’)
[1;1]; plot(x(1),x(2),’*r’)

X

x = x - [2%x(1), 2%x(2); pi/2*cos(pi/2*x(1)), 3*x(2)"2]\...

[x(1)"2 + x(2)"2-1; sin(pi/2*xx(1)) + x(2)73];

Literature. [S, Lecture 3], [K, Chapter 5]
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3 Interpolation

3.1 Polynomial interpolation (22.11.)

Let xg,...,x, be distinct points in [—1,1] and yo,...,y, € R.
Polynomial interpolation provides the polynomial p of degree
< n such that p(z;) =y, forall j =0,...,n.

Lagrange polynomials. Let ¢;(z) be the polynomial of degree
< n such that ¢;(z;) = dx;. Then,

p() = > uits(a).

x = linspace(-1,1,7); y = [0 0000 1 0]; p = polyfit(x,y,6);
xx = linspace(-1,1); yy = polyval(p,xx); plot(xx,yy,x,y,’*’)

Conditioning. Let the nodes xy, ..., x, be given and P,(y) be
the interpolating polynomial for y = (g, ..., y,). The absolute
condition number is

kp(y) = lim  sup 1Pa(y + Ay) = Pu(y)llo _

sup p |0;()] =2 A,
0—0 | Ay|loo <6 HAyHOO [~1.1] jz; :

the Lebesgue constant of the nodes. Always, A, > %1og(n -

1) +0.5.

n = [10:10:1000]; c = 2/pi*log(nt+1)+1l; e = 2.7 (n-2)./n."2;
subplot(2,1,1), plot(n,c,’b’), subplot(2,1,2), semilogy(n,e,’r’)

First barycentric interpolation formula. ¢;(z) = % =
((x)—L with {(z) = [],_,(z — z1) the node polynomial. This
gives

B — YW
p(z) = () LD
7=0

14



The formula is backward stable and requires O(n) flops for pre-
computed weights.

Interpolation error. If y; = f(x;), then f(x)—p(z) = £(z) (&) /(n+
1)! for some ¢ € [—1,1].

n =8; x = cos(pi/n*[0:n]); % x = linspace(-1,1,n+1);

y = 1./(1+25%x.72);

for j=1:n+1, w(j) = prod(1./(x(j) - x([1:j-1, j+l:end])) ); end
xx = linspace(-1,1); yy = 1./(1+26*xx.72); 1 = 1; s = 0;

for j=1:n+1, 1 = 1.x(xx-x(j)); s = s + y(*w(j)./(xx-x(j)); end
p = l.xs; plot(xx,yy,Xx,p,X,y, *’)

Literature. [T, Chapter 5 & 15]
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3.2 Trigonometric interpolation (24.11)

Let xg, . .., x,_1 be distinct points in [0, 27] and yo, . . ., yn_1 € C.
Trigonometric interpolation provides the trigonometric polyno-
mial

such that p(z;) = y; for all j = 0,...,n — 1. From now on,
x; =27mj/n.

Conditioning. As for algebraic interpolation, the absolute con-
dition number is the Lebesgue constant A,, and one can prove

Ay, < 2log(n) + 2.

Fast Fourier Transform. We observe e"% = eQmjk/ "= ik,
n—1

. o ik _ 1 —lk
write yp = ZJ Sc]wﬂ and compute ¢ = Zk Ow yr. Let
n = 2. Since wj, = wy,

n/2 1 n/2—1
Z W;/lg Yor + W . Z wn/2 Yok+1 =

This is the basm observation for the FFT, the computation of
¢ = (cy...,cn—1) in O(nlog(n)) flops, which can be done with
a backward stable algorithm.

n = 32; y = zeros(l,n); y(1) = 1; p = £ft(y);

subplot(1,2,1), plot([0:n-1],real(p),’b-%*’),
subplot(1,2,2), plot([0:n-1],imag(p),’r-*’)

Fourier Series. Let f : [, 7] — C be 27-periodic, continu-
ously differentiable. Then, f(x) =772 f;je”*, where
~ 1T .
‘ UL

16



is the jth Fourier coefficient. We write the trigonometric inter-
polant for x; = 2mj/n, y; = f(z;) as p(x) = Z;Lf:nlp c;e* and
observe

n/2 1 n/2—1

Z ykw 27T Z ka —iJT A~ ]/c;

k_—n/Z k;——n/2

Aliasing. The interpolation property yields ¢; = > 72 E+kn-

= 8; x = 2%pi/n*[0:n-1]; y = sin(x) + 3*sin(5*x);

= linspace(0,2%pi,100); yy = sin(xx) + 3*sin(5*xx);
interpft(y,100); plot(xx,yy,’b-’,xx,z,’r-’,x,y,’ro’)

n = 16; x = 2*%pi/n*[0:n-1]; y = sin(x) + 3*sin(5*x);

interpft(y,100); hold on, plot(xx,z,’g-’)

N
Il

N
I

Literature. [M, Chapter 8]
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3.3 Spline interpolation (29.11.)

Linear splines. Let zg,...,z, € [a,b] with a = ¢y < ... <
x, =band yp,...,y, € R. The continous function s : [a,b] — R,
which is linear on each interval [z;, z,41] and satisfies s(x;) = y;
for all j =0,...,n, is the interpolating linear spline:
s(x) =y; + M(x —xj), T € [xj,xj41].
Lj+1 = Xj

Approximation error. Let f : [a,b] — R be twice continu-
ously differentiable and y; = f(x;) for all j. Then, f(x)—s(z) =
() (x—zj)(x —xj) for x € [x),xj41]. If hj = zj41 — z; and
h = max{hg,...,h,_1}, then

_ 1
1 = sllo < 2

= linspace(-2,8,6); y = x.72 + 10./(sin(x)+1.2);
= linspace(-2,8); yy = xx.72 + 10./(sin(xx)+1.2);
z = interpl(x,y,xx); plot(xx,yy,’b-’,xx,z,’r-’,x,y,’ro

Cubic splines. Twice continuously differentiable functions
s : [a,b] — R, which are cubic polynomials on each interval
[z, z;+1] and satisfy s(z;) = y; for all j =0,...,n, are interpo-
lating cubic splines:

S
s(z) = a; + bj(x — x;) + 6h L (wjeg — ) +6.77+( x — ;)

with a; = Y;— h2 b = d (S]—i-l Sj)hj, dj = (yj—l—l_yj)/hj-
The second derlvatlves S; =8 (xj) satisfy

h; hj + h; h :
ngj—l—jTjHSjJrl—l— j6+18]+2 dj+1—dj, Jj=1,...,n—2.

18



End conditions. s'(a) = f'(a), s'(b) = f'(b) yields the com-
plete spline. The not-a-knot condition is

S‘[l‘o@ﬂ - S|[$1,$2]7 S’[mn727x7171} - S‘[xnflvwn]'

The resulting tridiagonal linear systems are well-conditioned and
can always be solved in a backward stable way in O(n) flops.

Approximation error. If f is four times continuosly differen-
tiable, then both cubic splines satisfy

1" — s < CRYf W)\,  7=0,1,2.

z = interpl(x,y,xx,’spline’); hold on, plot(xx,z,’g-’)

Literature. [S2, Chapter 10 & 11]
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4 Quadrature

4.1 Basics (1.12.)

Let f : [a,b] — R be continuous. Let xg,...,x, € [a,b] and
Yo, - - -, w, € R. We approximate

b n
100) = [ fadem 3 wif(e) = Q).

Conditioning. If |wl|j; = |wo| + ...+ |w,|, then

C-alfle 0 el
SD="rr 0 W= Tem

Hence, integration and quadrature of oscillatory functions are
ill-conditioned.

Stability. If Q(1) = I(1), then
r(f) 2 K1(f) + (0 = a)l[ fllo - r(L(f), Q(f)) (*)
with [r(I(F). Q)| < 1(f) — QI (+) is am equality iff

wo, . .., w, > 0. Therefore, positive weights are preferred.

Simple interpolatory rules. Let p1, ps, p3 be the interpolating

polynomials for the nodes {“T“Lb}, {a,b}, and {a, @2 b}, respec-

2
tively. Then,

My (f) = I(m) = (b—a)f(42),
Than(f) = 1(p2) = 52(f(a) + f(b)),
Sa(f) = I(ps) = 52(f(a) +4f (42 + f(b)).

M and T are exact for linear integrands, S for cubic ones.

20



Composite rules. Let n be even and z; = a+jh, j =0,...,n
with h = (b —a)/n and f; = f(x;). The composite rules are

n/2— n/2—1
M(f) = Z ooy aain](F) = D 2hfojin,
=0 =0
T.(f) = Z o) (F) = B(fo + fu) +thj,
j=1 j=1
n/2— n/2—1 n/2—1

Sn(f) = Z o a ) (1) = 5(fo+ Y Afojn+ > 2o+ f)
=0 j=1

M, and T;, are both O(h?), S, is O(h?') accurate.

n = 10; x = linspace(-1,1,n); y = exp(-x.72/2)/sqrt(2*pi);
trapz(x,y), I = quad(’exp(-x.72/2)/sqrt(2*pi)’,-1,1)

—
I

Literature. [S, Chapter 21]
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4.2 Gaufl quadrature (6.12.)

Let w : [a,b] — [0, 00[. We compute

/ flx ~ Q(f) = ijf(fcj)

for f : [a,b] — R continuous. Let P, the space of polynomials
of degree < n.

Weights. Vp € P, : Q(p) = I,(p) if and only if Vj =0,...,n
w;j = I,(¢;). Moreover, Vp € Py, : Q(p) = I,(p) implies
Vi=0,....,n: w; >0.

Idea of Gaufl quadrature. Let () be exact on P,. We deter-
mine nodes such that () is exact on Py,,1. Let p € Py, and
Pni1 € Py, We write p = qpyo1 + r with ¢,p € P,. Then,

I,(p) = Ly(qpns1) + Q(r) and we obtain I,,(p) = Q(p), if
Vg € Py 2 Lu(gpn+1) = 0 = Q(gpat1).

This works, if xq,...,z, are the roots of p,.; and p,.1 is or-
thogonal on P,.

Orthogonal polynomials. (p,),>o is a familiy of orthogonal
polynomials, if p, € P,, p, # 0 for all n and

Vn # m : Ly(pppm) = 0.

Each family satisfies a 3-term recurrence

anPn+1 (37> = (bn + Cnx)pn@f) - dnpn—l(x)

with (b,)n>0, (¢n)n>0, (dn)n>0 sequences of real numbers.

22



[CL, b] w Qp, bn Cn dn
Legendre P, [—1,1] 1 |n+1 0 2n+1| n
Hermite H, || — oo, 4oo[ | e | 1 0 2 2n

Laguerre L, [0, 00 e’ In+1|2n+1] =1 | n

Eigenvalue problems. The 3-tem recurrence allows to char-
acterize the nodes as the eigenvalues of a symmetric tridiagonal
eigenvalue problem, while the weights can be obtained from the
eigenvectors.

function gauss_legendre

n = 6; beta = .5./sqrt(1-(2*(1:n)) .~ (-2));

T = diag(beta,1) + diag(beta,-1); [V,D] = eig(T);
x = diag(D); w = 2%V(1,:).72; I = wkcos(x);

error = I - 2*sin(1)

Literature. [S, Chapter 23]
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4.3 Monte Carlo quadrature (13.12.)
Let Q@ € R? and w : Q — [0, 00| such that [, w(z)dz = 1. Then,

/f 2)dz = By(f).

Here, I,(f), I,(f*) exist and are finite.

Strong law of large numbers. Let (X,,),~¢ be independent
identically distributed random variables distributed according
to w. Then,

.1
P fim 5 20060~ Eul) =1
j=1
function plain_mc
n = 10; x = rand(n,1); plot(x,zeros(n,1),’ro’), I = sum(x)/n
Expectation & variance. Let Qn( )y =1 w2 j—1 f(X;). Then,
E(Qn(f)) =Eu(f) and V(Q,(f)) = Vu(f )/n Therefore,

— 2y ow(f)
VE(Qu(f) —Eu(f)]?) e

Statistics. Let ¢, ..., ¢y be independent runs of @, (f). Then,

m

1 & _ 1 9
_Ezz: U_m—l Ca

j=1

are unbiased estimators of E,,(f) and V,,(f), respectively. That
is, B(q) = E(Qn(f)) and E(v) = V(Qu(f))-

24



function integrate_mc
n = le+4; for j=1:10, q(j) = sum(rand(n,1))/n; end,
error = abs(mean(q)-0.5), error_est = sqrt(var(q)),
error_L2 = 1/2/sqrt(n)

function normal_distr
n = le+4; for j=1:10, x = l+randn(n,1)*2; q(j) = sum(x)/n; end,
error = abs(mean(qg)-1),

n = 100; m = 2; q = zeros(2,m);

for j=1:m, x = repmat([1,2],n,1)+randn(n,2)*chol([1,0.5;0.5,2]);
plot(x(:,1),x(:,2),’r0’); q(:,j) = sum(x,1)/n; end,

error = norm(mean(q,2)’-[1,2])

Literature. [DR, Chapter 5.9]
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5 Linear systems

5.1 Basics (15.12.)

Let A € R™ " be invertible, b € R". We compute x € R" with
Ax =b.

Conditioning. Let f : R” — R", b+~ A~'b. Then,

| A1+ Ab) — A% - [lpl A7 - ]
kf(b) = lim sup =
r(0) =iy Sup AT A 140

and rp(Ab) = [|A7Y| - [[Ab]|/]]b]] < [|ATH] - [[A]l =: K(A) for all
beR"

A = [0.2161, 0.1441; 1.2969 0.8648]; b = [0.144; 0.8642];
x = A\b; b = b + le-8*rand(2,1); dev = A\b - x, kappa = cond(A)

Preconditioning. An invertible B € R™" with k(BA) <
k(A) is called a preconditioner for A.

Literature. [S, Lecture 16|
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5.2 Gaussian elimination (20.12.)

Triangular systems. Let L, U € R™" be a lower and upper
triangular matrix, [;; = 0 for ¢« < j and w;; = 0 for 7 > 7,
respectively. Let L,U be invertible, that is [;; # 0 and wu; # 0
for all i. We write Lz = b as

() )= Gate) = ()

with L, € R=Dx(=1 ypper triangular, [, z,,b, € R"1, X # 0,
I, ﬁ € R.

function forward_sub

n = 100; L = tril(rand(n))+eye(n); spy(L);

b = rand(n,1); xx = L\b;

for i=1:n, x(i)=b(i)/L(i,1i); b(i+l:n)=b(i+1:n)-x(i)*L(i+1l:n,i);
end, error = norm(x-xx)

Substitution. Forward (back) substitution is a backward sta-
ble algorithm for solving lower (upper) triangular systems using
St (2(n—i) + 1) = n? flops.

LU decomposition. Consider an invertible A € R"*" admit-
ting a decomposition A = LU with L lower unit triangular and
U upper triangular such that

a al (1 0 poul [ u?
b A,) \l L. J\o U, ) \wl "+ LU,
with A,, L,,U, € RO-Dx0=1) ¢ p 1 4y e R o, u # 0.

function LU_fac
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n=100; A=rand(n); LL=tril(A,-1)+eye(n); UU=triu(A)+eye(n);
A=LL*UU; cond(A), L=eye(n); U=zeros(n,n);

for i=1:n, U(i,i:n)=A(i,i:n); L(i+1l:n,i)=A(i+1:n,i)/A(i,1);
A(i+1:n,i+1:n)=A(i+1:n,i+1:n)-L(i+1:n,1)*U(i,i+1:n); end,
norm (L*U-LL*UU)

Operation count. Y ! (2(n—i)?+ (n—1)) & [ 22%dx = 3n®
flops. Solving Ax = b via Ly = b, Uz = y is dominated by the
cost for the LU decomposition.

Pivoting. The maximal entry in magnitude of each column
vector a;.,; does not vanish. We permute rows to divide by this
maximal entry. This also yields |l; ;| < 1 for all ¢, 7, which is
important for stability.

function pivoting
[y,ii]l=max(abs(A(i:n,i))); ii=ii+i-1;
A(C[ii,i],i:n)=A([i,ii],i:n); L([ii,i],1:i-1)=L([i,ii],1:i-1);

Literature. [TB, Lecture 20 & 21]
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5.3 Iterative methods (22.12.)

Jacobi & Gaul3-Seidel iteration. We write the ith row of the
linear system Az = b as z; = (b; — Z#i a;;xj)/ai;. We construct
a sequence (%)~ in R” by the Jacobi iteration

z = (b - Z aijx;?)/aii

J#
and hope for limj_,., 2*¥ = A~'b. The GauB-Seidel iteration is
defined by

forl = (bz — Z aijxfﬂ — Z aijxf)/aii.

j<i j>i
Matrix form. Let A =D — L — U = diag(A) + tril(4, —1) +
triu(A, 1). We write the Jacobi iteration as
2" =D+ DHL 4+ U)a".
The GauB-Seidel iteration takes the form
" = DN b+ Lo + U = (D - L)'+ (D — L) 'U".

n = 100; A = rand(n); for i=1:n, A(i,i)= sum(abs(A(i,:))); end,

b = rand(n,1); D = diag(diag(A)); L = -tril(A,-1); U
m = 10; x = rand(n,1); y = x;

-triu(A,1);

for k=1:m, k; x=D\b + D\(L+U)*x; y=(D-L)\b + (D-L)\Uxy;

norm(x-A\b), norm(y-A\b), pause, end

Splitting. Let A = M — N with M invertible. We write Ax =
(M —N)x=basx =M1+ M 'Nx and derive a stationary
iteration

xk+1 — M_1b+M_1NZE'k.
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The Jacobi and GauB-Seidel iteration are stationary with A =
D—(L+U)and A= (D — L) — U, respectively.

Convergence. We write z¥"'—2 = M~ N (2F—2) = (M1 N)*1 (20—
x). Sufficient conditions for convergence are

lim (M~ 'N)* =0, |MIN| < 1.

k—00

norm(D\ (L+U)), norm((D-L)\U)

Literature. [S2, Lecture 25]
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6 Least-squares-problems

6.1 Normal equations (10.1.)

Let A € R™" b € R™ with m > n. We seek a solution to
the overdetermined linear system Ax = b in the following sense:
x € R"™ shall minimize

m

JAz = bl = | Y ((Ax); — b))*.

j=1
We solve a least squares problem.

Polynomial data fit. Fitting a polynomial of degree n—1 to m
data points (z1,41), - - -, (Tm, Ym) With m > n can be formulated
as a linear system Ac = y with A € R"*" a Vandermonde
matrix,

n—1 n—2

T T R |
1 1
n—1 n—2

x x R |
2 2

A=
.1:%1 a:?n*Q 1

function polyfit

n = 11; x = linspace(-1,1,n); y = rand(n,1);

A = vander(x); cond(A), c = A\y;

xx = linspace(-1,1); plot(xx,polyval(c,xx),x,y,’0’)

A =A(:,3:n); d = A\y; hold on, plot(xx,polyval(d,xx),’g’)

Normal equations. z € R" minimizes the residual norm
7|l = ||b — Ax|| if and only if r L range(A) if and only if
ATr = 0 if and only if = satisfies the normal equations

AT Az = AT,
The solution x is unique if and only if rank(A) = n.
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function laeuchli
d =1e-7; A =1[1,1; 4,0; 0,d]; cond(A), b = [2;d;d]; xx = [1;1];
x = A’*A\(A’*b); y = A\b; norm(x-xx), norm(y-xx), cond(A’*A)

Cholesky decomposition. ATA € R™" is symmetric. If
rank(A) = n, then AT A is positive definite, that is, 27 (AT A)z >
0 for all x # 0. Therefore,

ATA=LLT

for a uniquely determined lower triangular matrix L with pos-
itive diagonal entries. L can be computed backward stably in
approximately zn® flops.

Literature. [TB, Lecture 11]
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6.2 QR decomposition (12.1.)
Orthogonal matrices. A matrix () € R"*" is orthogonal, if
Q' =Q"

From Q'@ = Id we deduce ¢/ ¢; = §;; for the column vectors
qi,- ., qn. Moreover, (Qx)TQy = 2Ty and ||Qz||s = ||z||2 for all
z,y € R". Consequently Q|2 =1 and ~(Q) = 1.

QR decomposition. Any A € R™*" with m > n admits a QR
decomposition

A=QR

with @ € R an orthogonal matrix and R € R"™*" upper
triangular. If rank(A) = n, then R can be chosen with positive
diagonal entries.

Least squares problem. We write
Io— Az = (Q"b)(1 : n) = R(1: n, )z |3+ [(Q" D) (n+1: m)|)3

and obtain the least squares solution by solving the upper tri-
angular system R(1:n,:)x = (QTb)(1 : n).

function least_squares
d =1e-7; A =1[1,1; 4,0; 0,d]; b = [2;d;d]; xx = [1;1];
[Q,R] = qr(A); b = (Q’*b); x = R(1:2,:)\b(1:2); norm(x-xx)

Gram-Schmidt orthogonalization. Let rank(A) = n and set
aj = A(:, 7). We seek orthonormal vectors ¢y, ..., ¢, € R™ such
that

Vji=1,...,n: span{ay,...,a;} =span{q,...,q;}.
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This means a; = 1191, G2 = T12G1 +792Q2, ..., Ay = T1pq1 + ...+
Tnndn OT B

A=QR
with Q € R™*" a matrix with orthonormal columns and R €
R™ ™ upper triangular. This is a reduced QR decomposition.

Existence. From ¢u = (ay — 712¢2) /ros we deduce ri; = ¢f ag,

_ : T
and from g3 = (a2 — ri3q1 — T23¢2) /733 We obtain ri3 = ¢ as,
r93 = ¢4 az. Hence,

. . T
Vi <j:iriy=qaj,

and the diagonal elements of R are used for normalization.

Literature. [TB, Lecture 2 & 7]
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6.3 Householder triangularization (17.1.)

function gram_schmidt

m=25; n=15; p=linspace(0,1,m); A=vander(p); A=A(:,11:end);

% classical

for j=1:n, v=A(:,j);

for i=1:(j-1), R(i,j)=Q(:,1)’*A(:,j); v=v-R(i,j)*Q(:,1i); end
R(j,j)=norm(v); Q(:,j)=v/R(j,j); end,

norm(Q*R-A) /norm(A), norm(Q’*Q-eye(n)), cond(A)

% modified

V = A; for i=1:n, R(i,i)=norm(V(:,i)); QC:,i)=V(:,i)/R(i,1);
for j=i+l:n, R(i,j)=QC:,i)’*V(:,j); V(:,7)=V(:,j)-R(i,j)*Q(:,1);
end, end, norm(Q*R-A)/norm(A), norm(Q’*Q-eye(n))
Gram-Schmidt orthogonalization (classical). The classi-

cal method orthogonalizes g; with respect to aq,...,a;_;. It

might produce a not-orthogonal ()-factor. Operation count: ap-
proximately > i, Y70 ;. 4m ~ 2mn? flops.

Gram-Schmidt orthogonalization (modified). The modi-
fied method orthogonalizes gj;1, ..., g, with respect to g;. It is
backward stable with the same operation count as the classical
method.

Householder reflectors. Instead of orthogonalizing one tri-
angularizes by orthogonal elimination. One uses n orthogonal
matrices of the form

_ (Idp— O mxm B
Qr = ( 0 }7> eR (k=1,...,n)

with [ an orthogonal matrix called Householder reflector: For
any vector v € R™~ =1 the matrix

F =1d — 20" /||v]?
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satisfies F = FT and FFT = 1d.

Literature. [TB, Lecture 10 & 16]
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7 Eigenvalue problems

7.1 Basics (19.1.)

Householde reflectors, continued. Let x be the last m —
(k — 1) rows of the kth column of the matrix Q;_1Q201A and
v = sign(z1)||x||er +z. Then, 207z = ||v||*> and the Householder
reflector F' = Id — 20T /||v||? satisfies Fx = —sign(z)||z[es,
as desired. F' reflects across the hyperplane orthogonal to v.
Altogether,

Qn@n-1...QA=Q"A=R.
Householder triangularization is backward stable and requires
approximately 2n?(m — n/3) flops.

R = triu(randn(50)); [Q,X] = qr(randn(50)); A = Q*R;
[QQ,RR] = qr(A); norm(Q-QQ), norm(R-RR)/norm(R),
norm(A-QQ*RR) /norm(A) , norm(QQ’*QQ-eye(50))

Eigenvalues. Let A € C"". X € C is called an eigenvalue of
A, if there exists a vector x € C", x # 0 such that Ax = \z.

Characteristic polynomial. )\ is an eigenvalue of A if and
only if it is a zero of the characteristic polynomial

p(A) = det(AId — A) = A" + ... + (—1)"det(A).

There are n not necessarily distinct zeros A{,...,\, € C such
that p(A) = (A= A1) -...- (A = Ay). The number of times \;
appears in the factorization of p is the algebraic multiplicity of
Aj.

The adjoint matrix. The adjoint matrix A* € C"*" is defined
as

(A%)ij = Aji-
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) is an eigenvalue of A if and only if X is an eigenvalue of A*.
Let y € C", y # 0 satisfy A*y = Ay. Then, y*A = \y*, and y*
is called a left eigenvector of A corresponding to A.

Double eigenvalues. The matrix

11
= ()

has the characteristic polynomial p(A\) = (1 — A\)?> — ¢ and the
eigenvalues 14+/. Hence, an e-perturbation of Ay perturbs the
eigenvalue by /.

Literature. [S2, Lecture 12]
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7.2 Power iterations (24.1.)

Dominant eigenvector. Let A € C"*" have a basis of normal-
ized eigenvectors, Ax; = \;jxj, j = 1,...,n with [A| > |Ao] >
o>\ Let v =gy + ...+ aux, with o # 0. Then,

Akv:al)\lfx1+\)\1|k Q9 X +...+ozn)\—f‘xn ,
[ Aq]* | Aq]®

and the distance of A*v/||A*v|| to span(x1) is O(|Aa/A\i|*).

A=-[1 2;3 4]; [V,D]=eig(A);
plot([0,V(1,2),-V(1,2)],[0,V(2,2),-V(2,2)],’r-’),

axis([-1 1 -1 1]), hold on, v=[1;0]; plot(v(1),v(2),’0),
for k=1:3, v=A*v/norm(A*v); plot(v(1l),v(2),’0’), pause, end

Rayleigh quotient. Let A € C"*". For x € C" we define

x*Ax
r(x) = gl
If (z,\) is an eigenpair of A, then r(z) = A\. Let y € C" with
y*y =1 and y*xr = 0. Then, for all h > 0
A+ ha*Ay +h*

r(z+ hy) = T2 = A+ O(h).

If A= A* then r(z+ hy) = A+ O(h?).

A=[1 2;3 4]; 1l=eig(A), v=[1;0];

for k=1:10, v=Axv/norm(A*v); 1(k)=v’*A*xv; end,

A=[1 2;2 3]; 1lls=eig(A), v=[1;0];

for k=1:10, v=A*xv/norm(A*v); 1ls(k)=v’*A*v; end,
semilogy([1:10],abs(1-11(2)),[1:10],abs(1s-11s(2)))
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Inverse iteration. Let A € C"™" be invertible. (x,\) is an
eigenpair of A if and only if (z,1/)) is an eigenpair of A~!. The
inverse iteration approximates (x,,\,) with convergence rate

O(|>‘n/)‘n—l|k)-
A=[1 2;3 4]; 1l=eig(A); v=[1;0];

for k=1:10, v=A\v; v=v/norm(v); 1(k)=v’*A*v; end
hold on, semilogy([1:10],abs(1-11(1)),’r’)

Literature. [TB, Lecture 27|
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7.3 QR algorithm (26.1)

Shifted iterations. Let A € C"*" be invertible and pu € C.
(x, ) is an eigenpair of A if and only if (z, A — u) is an eigenpair
of A — pld. The inverse iteration with shift u approximates the
eigenvalue \; closest to p with convergence rate

O(|(1 = M)/ (= Ay l™),
where A\ is the second closest eigenvalue to .

A=ones(3,3)+diag([1,2,3]); 1ll=eig(A); mu=2.5; v=[1;0;0];
for k=1:10, v=(A-muxeye(3))\v; v=v/norm(v); 1(k)=v’*A*xv; end
semilogy([1:10],abs(1-11(2)))

Similarity transformations. Let X € C"*" be invertible.
The matrix X 'AX has the same eigenvalues as A. Let Q) €
C™™ be unitary. We decompose @ = (Q., ¢,) and obtain

Q5AQ, QiAqn) .
G AQs ¢ Ag,

If ¢¢A = Mg, then (Q*AQ)(n,:) = Xei. By deflation, the
process can be continued to obtain an upper triangular matrix
whose diagonal elements are the eigenvalues of A. If A is her-

Q"AQ = <

mitian, the resulting matrix is diagonal.

QR iteration. Let x € C and
. e(A—rkId)™!
" Jen(A—s1a) T
If A—kld= QR, then ¢ = rpe.(A — kId)~L. That is, the nth

column of () is an approximate left eigenvector of A.
Literature. [S2, Lecture 15]
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8 Exam preparation

8.1 Summary (31.1.)
QR iteration. If A — kId = QR, then

Q*AQ = RQ + kld.

A=ones(3,3)+diag([1,2,3]);
for k=1:10, [Q,R]l=qr(A); A=Rx*Q, pause, end

Rayleigh quotient shift. Let A%*) be the kth iterate. Then,
K = e;‘;A(k)en = Qnp
is viewed as an approximate eigenvalue.

A=ones(3,3)+diag([1,2,3]); 1=[];

while length(A(:))>1, kappa=A(end,end);

[Q,R]=qr (A-kappa*eye(size(A))); A=R*Q+kappa*eye(size(A)), pause
if norm(A(end,1:end-1))<1le-4, 1=[1;A(end,end)];
A=A(l:end-1,1:end-1); end, end, 1=[1;A(end,end)]

Summary. What is ... 7
Newton’s method. We solve f(z,) = 0by xp1 = x—f'(2) "L f (21).

Interpolation. We construct p with p(x;) = y; for all j =
R
Algebraic. p(x) = a,a™+...4ag = yolo(x)+. . . +ynln(z).
Trigonometric. p(z) = c,e™ + ...+ ¢y. (FFT)
Cubic spline. p € C?[a, b] is cubic on all [x;_1, z;].
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Quadrature. We compute I(f) = f; f(z)dz by Q(f) = 75 wif(z).
Composite methods. Q(f) = I(p) on each [z;_1, xj].
Gaussian rules. I(p) = Q(p) for all p of degree < 2n + 1.

Monte Carlo methods. Pseudorandom nodes, w; =
1/(n+1) for all j.

Linear systems. We solve Ax = b for A € C"*" invertible.

Gaussian elimination. We triangularize A = LU by 2n?
flops.
Iterative methods. A= M — N, 23,1 = M~ Y(b+ Nuxy).

Least squares problems. Minimize ||Ax — b||s for rank(A) =

n <m.

Normal equations. We solve A*Ax = A*b. Cholesky:
%ng flops.

QR factorization. A = QR. Householder: 2n?(m — %n)
flops.

Eigenvalue problems. We solve Ax = Az for A € C"*".

Power iterations. A¥z converges to a dominant eigenvec-
tor.
QR iteration. A, — ki ld = QR, Ar 1 = RQ + rild
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8.2 Questions (2.2.)
8.3 Applications (7.2.)
8.4 Exam (9.2.)
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