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Numerical Evaluation of Fredholm Determinants

with applications to random matrix theory
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Fredholm’s Determinant
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det (K(t;,t:))". . dt
/[a,b]m et (K(t 1))



PROLOG: THE FREDHOLM DETERMINANT TI.ITI

Fredholm (1899)

integral equation of the 2"¢ kind

b
u(x)+z [ KExyu)dy = f(x)  (x€ (a,b))

uniquely solvable iff

Ivar Fredholm (1866—1927)

det (142Kl 2, Zm,/ab det (K(t;,t))"_, di # 0

~~ theory of compact operators (Hilbert, Schmidt, Carleman, Riesz, Schauder, ...)

~~ of historical interest only?

But the qualitative insight that the theory gave could also be achieved in a
simpler way. The significance of Fredholm’s work was more the qualitative
insight than the explicit formulas. — Garding '98



PROLOG: APPLICATIONS OF FREDHOLM DETERMINANTS

Many applications, though:

e atomic collision theory
® inverse scattering
e Floquet theory

e Feynman path integrals

autocorrelation of the Ising model
renormalization in QFT
random matrix theory

combinatorial growth processes

Unlike the new, abstract theories, Fredholm dealt with integral operators, and

his central notion was the determinant associated with such operators. Since

this determinant appears in some modern theories (inverse scattering, inte-

grable systems), it is time to resurrect it.

— Lax ’02



PROLOG: EXAMPLES — SOME BEAUTIFUL FORMULAE

Transverse Ising chain (McCoy/Perk/Shrock '83)

autocorrelation function
X(t) — e—t2/2 det (I — ZKt rLZ(—1,1)>

sinh(f(x —y))
T(x —y)

Ki(x,y) = tanh(T 1v/1 — x2)

Korteweg—-de Vries equation (Dyson 76, Oishii '79, Psppe '84)
Ut + Uxyy + 61Uty =0

solved by

u(x,t) = 29%log det (I + zK} rLZ(—oo,x)) (z € C)

Ki(x,y) =v(x+y,t)

0 = vt + 8Uxxx



ACT I

Random Matrix Theory: Tracy & Widom’s Claim

p(A) = cu[ [wAi) [T1A: — A41P

i<j



AcCT |: A NEWwW “CENTRAL LIMIT THEOREM””?

Universality for mathematical and physical systems
(Deift ’06, Johnstone ’06)

the statistics of

® neutron scattering e wireless communication

e multivariate statistics e bus system in Cuernavaca

e wetting & melting e airplane boarding

e combinatorial growth models e parking gaps

e patience sorting e zeroes of Riemann zeta function

and many other high dimensional statistical interferences are well modelled by

Random Matrix Theory (RMT)



ACT |: RANDOM MATRIX THEORY

Gaussian Unitary Ensemble (GUE)

M, n X n-Hermitean-matrix valued random variable, coefficients i.i.d. Gaussian

Joint probability density of eigenvalues

A1, Ag, ..., Ay eigenvalues of a GUE M, ~~

p(A - h) = e [Te PR2TTIM = AP (B=2)
1

1<j

ILi<; A — )\]-\5 = “level repulsion”: small probability of eigenvalue crossing

e 5 = 1: Gaussian Orthogonal Ensemble (GOE)

e 5 = 4: Gaussian Symplectic Ensemble (GSE)



ACT I: ENTER DETERMINANTS (1) TI.ITI

Level repulsion = Vandermonde determinant

2
1 1
A e A
N2 )2 1 n 1
p(A, -y An) = e TN | = et (Ka(Ai M)
Aif—l Aﬁ_l

with kernel

n—1
Kn(x,y) = k_ZO O ()P ()

do(x), P1(x), P2(x), ... harmonic oscillator wave functions:

2
e /2H;(x)
Pr(x) = L /40k/2 (f1)172

(H; Hermite polynomial)



ACT I: ENTER DETERMINANTS (2)

Gap probability = Fredholm determinant (Gaudin 61)

inclusion-exclusion principle ~~

P (A, An € (a,D)) =

o (D" )"
). /[a,b]m det (Kn(ti, tj)); ., dt

[
=0 m.

= det (I — Ky sz(a,b))

with kernel (by Christoffel-Darboux formula)

n—1 ¥\’ o (x )
Ky (x,y) = I{;)(Pk(x)(,bk(}/) _ %gbn( )gbn(yi_?;n( )Pn(y)

— S On()n(v)



ACT |: EDGE SCALING LIMIT

double scaling asymptotics of Hermite polynomials (Plancherel/Rotach "29)

n(V2n + 2_1/2n_1/6x) ~ V/4p=1/12 Ai(x) (n — o)

~ Edge scaling limit of GUE (Forrester ’93)

Amax(My ) — \/ﬂ
P ( 2_(1/213_1/6 < s) — F(s) = det (I — KfL2(s,oo)) (n — o0)

with Airy kernel




ACT |: TRACY-WIDOM DISTRIBUTION TI.ITI

Tracy/Widom (’94)

Fy(s) = exp (‘ /SOO(Z —s)u(z)? dz)

Craig Tracy (1945 -) Harold Widom (1932 -)

with 1(z) Hastings—McLeod (’80) solution of Painlevé II:

u'(z) = 2u(z)® +zu(z),  u(z) ~Ai(z) (z— )

~~+ George Pélya Prize 2002

The claim

Without the Painlevé representations, the numerical evaluation of the Fredholm
determinants is quite involved. — Tracy/Widom ’00



ACT |: PAINLEVE TRANSCENDENTS — A CONCURRENT TooOL TI.ITI

Painlevé property

Uxx = F(x,u, uy) (F rational in u, 1y and analytic in x)

s.t. u(x) has no movable singularities other than poles
Paul Painlevé (1863-1933)

~~ six new families of irreducible transcendental functions (1895)
(1) Uy = 6u’ + x
(2) Uy =2u° +xu —a
(3) tyy = u M2 —x tuy + 7 Mo + B) +yud +out
(4) tye = (2u) w2 +3u® /2 4+ dxu® +2(x* — )u + Bu!
(5) sy = Bu—1)u(u —1)) "2 —x uye +yxu+ (u—1)°x*(au+pu ) +su(u+1)(u—1)"

6) Uy =+ (-1 +uw—x)Du2/2-(xt+(x—1) "+ (u—x)"Du,
+u(u—1)(u—x)x*(x—1) 2 (a+Bxu 2 +y(x—1)(u—1)"2+6x(x —1)(u—x)7?)

all of them appear in RMT



ACT |: THE MONTGOMERY-ODLYZKO LAW

Empirical observation (Montgomery ’73, Odlyzko ’87) !

nontrivial zeros % + 17, (RH: v, > 0)

large 1 statistics of spacings of

°
b

o
T

Probability density
© © o o
3 o

Montgomery-Odlyzko law

Tn Yn ,
e 10 e 3
27T 27T
given by bulk scaling limit of GUE O e
Normalized consecutive spacings
(Gaudin ’61) (Jimbo/MiwalMéri/Sato ’80)
p(S) = E det (I — KrLZ(O,S)) p(S) = @ eXp <—/O T dX)

with o-form of Painlevé V

with kernels

(xaxx)2 =4(0 — x0y)(x0x — 0 + af)

K(x,y) = sinc(mt(x — y))

eigenvalues of K representable in terms

of radial prolate spheroidal wave functions

2

x X
a(x)zgjt? (x = 0)



ACT I

Challenging that Claim:
Evaluating Painlevé Il Is More Difficult than You Thought

Uyy = 21> —+ xu



AcT Il: CALCULATING F, — COMPARING DIFFERENT NUMERICAL METHODS TI.ITI

Numerical evaluation of the Tracy-Widom distribution F,(x)

... there is yet no library software for the Painlevé transcendents

10° . . . . . . . e via Painlevé Il as IVP (backwards)
—— Painlevé Il via IVP
——Fy(s) vialVP Prahofer ('04): 16 digits (1500 internally!)
++ Painlevé Il via BVP
e D N R Fy(s) via BVP 1 Bejan ('05): 3 digits
—_— Fz(s) via Fredholm
5 - = -machine epsilon Edelman/Persson ('05): 8 digits @ 8.9 sec
5
210 e via Painlevé Il as BVP
©
% Tracy/Widom (’94): 10 digits (75 internally!)
Dieng ('05): 9 digits @ 3.7 sec
Driscoll/B./Trefethen ('08): 13 digits @ 1.3 sec
) e via Fredholm determinant
-8 -6 -4 -2 0 2 4 6 8
s

B. (08): 15 digits @ 0.69 sec

Absolute error of various numerical approaches using IEEE double precision

solution via Fredholm determinant: much simpler, more efficient, and more accurate


Folkmar Bornemann
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ACT Ill: CALCULATING A SEPARATRIX

Explanation

solution of Painlevé I,
Uy = 2U° + X1, u(x) ~9Ai(x) (x — o0),

is separatrix for ¢ =1 ~~ [IVP highly unstable

u(x) u(x) u(x)

AANN/ T NANNN T~ N T |

\[14 \/*12\/*10\/*8 \/ -4 -2 2 4 /71&/ 71A\/ 710\/8 -6 -4 -2 2 4 /714\/12 -10 -8 -6 -4 -2 2 4
2k -2+ -2+

u(x)with® =1-10"4,1,14+ 104 u(x)with® =1-10"8,1,14+108 u(x) with 8 =1-10"16,1,14 1016

consequences
e [ via IVP solution of Painlevé Il ~~ not more than 8 digits in IEEE arithmetic

e calculate F» via a BVP solution ~~ connection formula needed:

u(x) ~ 9Ai(x) (x — o0) = u(x) ~? (x - —o0)



ACT II: CONNECTION FORMULAE

Painlevé Il (Ablowitz/Segur ’77, Hastings/McLeod ’80, Its/Kapaev '89)
Uyy = 2u° + x11, u(x) ~ 9 Ai(x) (x — o0)

= forx — —o©

e 0< <1 u(x) ~ clg(—x)l/4 COS (%(—x)3/2 + cl log(S(_x)B/z) + ‘Pﬁ)
o V=1 u(x) ~+/—x/2
‘o> u®) > (x—xp)t (@ x)

o-form of Painlevé V (McCoy/Tang '86, Basor/Tracy/Widom 92, Widom '94)
2
(o4 9

(x4 )% = 4(0 — x0y) (x0y — 0 + 02), o(x) ~ X + s (x — 0)

= for x — o0
e 0<?¥<1 o(x) ~ —log(l—08)x/m
e =1 o(x) ~ x*/4

e 0 >1 o(x) ~ cy(x —xg)7 ! (x — xg)



ACT I

Challenging that Claim:
Evaluating Fredholm’s Det Is Much Easier than You Thought

det(6;; + z w;K(x;, x;) )?,j:l

[w,x] = QuadratureRule(a,b,n);
w = sqrt(w); [xi,xj] = ndgrid(x,x);
d = det(eye(n)+z*x(w’*w) . *K(xi,xj));
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ACT lll: OPERATOR DETERMINANTS

Determinants of trace class operators K in a Hilbert space 'H
(Grothendieck ’56, Gohberg/Krein ’59, Dunford/Schwarz ’63, Simon ’77)

there are several equivalent definitions of the entire function d(z) = det(I + zK)

|. E, finite rank, F;, — K in trace class norm

d(z) = lim det(I + zF;)

n—oo

2. A(K), A2(K), A3(K), ... eigenvalues of K (accounting multiplicities)

0.0)

d(z) = H(l +zA,(K))

. —_ =1
3. analytic continuation

d(z) = exp(trlog(I + zK))

4. generalizing Fredholm’s classical power series

d(z) = iozm tr /\m K



AcT I1l: PROJECTION METHOD

Galerkin idea

e n-dimensional subspace V;; C ' with ON basis ¢; and ON-projection
P,:H—V,
e calculate 1 X n-determinant

dn(z) = det(I +zP,KPy) = det(;j + z(¢i, K¢j))i i1

Theorem | (B.708)
If the sequence V), satisfies the consistency condition

U V., dense in H

n=1

then, uniformly for bounded z,

dy(z) = det(I + zP,KP,) — d(z) = det(I + zK) (n — o0).



AcT l1l: CONVERGENCE RATE OF THE PROJECTION METHOD T|.|T|

K integral operator on H = L?(a,b) with continuous kernel

Theorem 2 (8. 08)
K selfadjoint and V), spanned by first n eigenfunctions (Ritz—Galerkin method)

o if kernel is Ck=11([a, b]?),
dy(z) —d(z) =O(n2*)  (n— ).
o if kernel is bounded analytic in a neighborhood of [a, b)?, there is a o > 1 with

dn(z) —d(z) =O0(p™")  (n— o).

Idea of proof: perturbation bound and eigenvalue decay

Seiler/Simon

| det(I 4 zP,KP,) —det(I +zK)| < |z[e*T#IKla -y p, kP, — K|
'75

_ C(Z, K) . Z |)\](K)‘ HiIIe/"I'::Tarkin O( o )



AcT l1l: QUADRATURE METHOD TI.ITI

Nystrom (1930)

solved a Fredholm equation (I + zK)u = f of the 2" kind, i.e.

b
u(x)+z [ Kpu)dy=f(x)  (x € (a,b))

using an rn-point quadrature formula Q) (weights w;, nodes x;)

Evert Nystrom (1895-1960)

n
u(x;) ~ u; w42z ) wiK(x, xi)uj = f(x;) (i=1,...,n)
=1

~~ straightforward idea (8. 08)

approximate d(z) = det(I + zK) simply by the corresponding n x n determinant

dQ (Z) = det(di]- +Zz ZU]'K(XZ', x]))ff]:l




AcT I1l: CONVERGENCE RATE OF THE QUADRATURE METHOD T|.|T|

K integral operator on H = L?(a, b) with continuous kernel

Theorem |’ (.08

If the family ) of quadrature formulae converges for continuous functions, then
dg(z) — d(z)
uniformly for bounded z.

Theorem 2’ g.08)

For a family of quadrature formulae Q of order v with positive weights:

o if kernel is Ck=11([a, b]?),
—k
do(z) —d(z) =O0(v ™) (v — o0).
e if kernel is bounded analytic in a neighborhood of [a, b]?, there is a p > 1 with

do(z) —d(z) =0(p™") (v — o).



AcT lll: PROOF

Idea of proof of Thm. |’: change the order of limits (read the masters!)

Fredholm v Z™ b b m
det(I +zK) = = Y. i | det (K(ti,£7)); iy dtr - - dtnm

m

Polya
1933 Z nlglc}o% Z Z W, *++ W, - det (K(xki/xkj)>..

1,1=1
m

Hilbert
|904 n—>oo Z ml Z Z wk1 © Wi, det (K(xki/ xkj)) .

=1 k=1 Lj=1

= lim En o En E det ( )m "N im det(I + zKj)
n—oo ~ gyl — kl’k i,j=1 |892 n—oo

with the 1 X n-matrix



AcCT lll: WHY HILBERT’S LIMIT ARGUMENT MIGHT HAVE FADED FROM THE SZENE

NOTE ON THE FREDHOLM DETERMINANT.

BY DR. W. A, HURWITZ,

(Read before the American Mathematical Society, December 30, 1913.)

THE theory of linear integral equations presents many
analogies with the theory of linear algebraic equations;
in fact the former may be regarded in a quite definite and
accurate sense as a limiting case of the latter. As in various
other mathematical theories concerned with limiting cases,
two methods suggest themselves for the proof of theorems: one
may go through the process of taking limits in the results of
the algebraic theory—this method is typified by the early
work of Hilbert* on integral equations; or one may use the
algebraic theorytheorems, which one then
proves independently—this is the procedure in the funda-
mental paper of Fredholm.t While any sweeping statement
comparing the two plans would be unwise, it seems reasonably

clear that the second method will ordinarily be the more
elegant.

indeed, “merely suggesting” is the prevailing Modus Operandi, e.g.

“so far ..

“calcolato senza scrupoli ..

“cause de I'analogie” (Fredholm 1909)

. purely tentative, we now start ab initio” (VWhittaker/VWatson 1927)

“we first operate heuristically to guess the solution” (Widom 1969)

.abbandonando le considerazioni euristiche” (Tricomi 1954)


Folkmar Bornemann
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AcT lIl: EXAMPLE |

A Green’s kernel on L2(0,1)

approximation error for det(l-K)
o

10 10° 10°
dimension

e Ritz—Galerkin (stars) using exact eigenvalues: O(n~1)

e Gauss—Legendre (dots) or Clenshaw—Curtis (circles): O(n2)




AcCT lll: EXAMPLE 2

Gap probability of GUE (bulk scaling limit)

Ex(0;s) = det (1= Klpzg),  K(xy) = sinc(r(x — y))

10

o
[ ]
o O
[ ]
N % : e}
S 10°+ 3" o |
I.I.IN ) (@)
= o
o * o o
= ° 4
E b g ° o
a -10 o)
2 10 e . i
o
3 . °
£ % SN
5 . .
s -15 o
a O - ’i('*‘*'f‘***'*'#“ﬁ’*‘{?“ﬂ'?{'ﬁ‘ﬁ-}?
® b © o *° 9 o % o
b 00 ¢
° (@]
10—20 . . ; Y
0 5 10 15 20 25
dimension

stars: Ritz—Galerkin, dots: Gauss—Legendre, circles: Clenshaw—Curtis

eigenvalues representable by radial prolate spheroidal wave functions (Gaudin 61)

~ Ritz—Galerkin



AcT lll: EXAMPLE 3

Tracy-Widom distribution (edge scaling limit of GUE)

By(s) = det (1= Klp2(50) )

approximation error for F2(—2)

K(x,y) =

Ai(x) Ai'(y) — Ai'(x) Ai(y)
X —y

10 :
Qo9
le)
Q9
e O
@0
10° 'Qoo |
ooOOO
° STl
[ ) ° OO
[ ]
o ® 0004,
107 e , i
000
[ X J
° o) %o
© o
° 090
-15 e,
il I SR il A e -2 .-'-.-03-95:.6‘,9,95(.;5_9*2'
ST (Y o

10—20 I I ! I ! 1 ; ‘

0 5 10 15 20 25 30 35 40 45 50

dimension

dots: Gauss—Legendre, circles: Clenshaw—Curtis

Perturbation bound for n-dimensional determinants: (8. '08)

round-off error < /1 || K, ||

F * Umachine



ACT lll: TURNING THE TABLES ON PAINLEVE m

Solving Painlevé by Fredholm integral equations
Painlevé Il
Uyy = 2U° + XU, u(x) ~9Ai(x) (x — o0),

is solved by a generalization of Dyson’s formula (Dyson '76, Ablowitz/Ramani/Segur '80)

2 —1
u(x;9) = \/—% log det (I — 192K[Lz(xloo)> =0 (I — ﬂzK[Lz(x,OO)) Ai(x)

9 = 0.999 ¥ =1.001
\ 15

1.5

—— by integral equation
- - -Fokas et al. Thm. 10.2

— by integral equation
- - -Fokas et al. Thm. 10.2

10f |

u(x;9)

-5t

-

o
D
-—
-~
~
\

x
|
IS
x
|
N
o -
N
S



EPILOG

Matrix Kernels

K11 Ki2
det | I+ z 12 (51,00) L2 (5,00)
K>y1 Ka



EPILOG: MATRIX DIFFUSION m

Edge scaling limit of GUE matrix diffusion = Airy, process

M, (t) n x n-Hermitean-matrix valued process, coefficients Ornstein—Uhlenbeck

Ay () = lim Amax (Mn(n—l/g,t)) _ Jm

11— 00 2—1/24-1/6

relation to PNG (polynuclear growth) droplet model

~~ joint probablity distribution (Prihofer/Spohn 02)

K, K
P(A2(t) < 51, A2(0) <sp) =det | I - [12(51,00)@ 12 (55,00)
K. K
with kernel
/ T e Ai(x + &) Ai(y + &) dE >0
Ki(x,y) = Oo
_ / =% Ai(x + &) Ai(y + &) dE F<0




EPILOG: THERE IS A DIFFERENTIAL EQUATION, BuT...

Adler/van Moerbeke (’05)
G(t,x,y) =logP(Az(t) < x,.A2(0) < y) satiesfies nonlinear 3rd order PDE

AN (Al WORAS 282—G+82G —az—Ger— —
df \ dx?  Jy? ~ ox2oy \" 9y?2  dxdy  0x2 /

3°G (82G °G  0°G 2)
X+y—t

 0y20x ZW i dxdy Iy

°G o 9°G 9 0 %)
Y (A S +2)6G
dx3dy dy3dx /) \dx 9y

~~> asymptotic expansions, e.g.:

P(Aa(t) < x,42(0) < ) = Ba(x)R(y) + 2O2W 4 o4

aside: useful for numerical calculations! most probably not ...



EPILOG: A CONJECTURE — MY “POINT D’ENTREE”

Edge scaling limit of GOE matrix diffusion = Airy, process?

M, (t) n X n-symmetric-matrix valued process, coefficients Ornstein—Uhlenbeck

Al(t) = lim Amax (M”(zn_1/3t)> _ \/ﬁ

00 n—1/6

(Sasamoto ’05, Borodin/Ferrari/Priahofer/Sasamoto ’07)

conjectured relation to the flat PNG model (universality!) ~~

? KO K
P(A(t) <51, A1(0) <sp) =det | I - [12(51,00) ®L2 (5,00)
K_+ Kp
with kernel
Kt(x,y) — 47t
\Ai(x +y+ tZ)et(x+y)+2t3/3 t <0




EPILOG: BLOCK OPERATOR DETERMINANTS

Systems of integral operators = integral operator on coproduct
(Kn o Ky \ N
K=1] : : on L%(I;) with matrix kernel Kij(x,y)
\KNl .-+ Knn)

representable as a single integral operator on

N N N
2 <H Ik) = DL, [ 2= U I x {k},
k=1 k=1 k=1

with scalar kernel (Fredholm 1903)

Z 1y, (x Kij (x, y)ﬂl (v)
1,j=1

~~ straightforward extension of projection and quadrature method



EPILOG: THE NUMERICAL TWO-POINT FUNCTIONS

Two-Point Correlation Function of the Airy1 Process Two-Point Correlation Function of the Airy2 Process

0.4

0.8
0.35¢ 0.7
0.3p 0.6/
—_ v ~—~
g 025 '\ | S o5
< <
g, 02 £, 04f
< <
3 3
8 0.15F 8 o3l
0.1 0.2t
0.05F 0.1f
Or I 1 T 0» L | T hd -
0 0.5 1 . 15 2 2.5 0 2 4 6 8 10 12
t

red: Monte—Carlo for matrix size N = 128 and N = 256; green: known asymptotics; blue: numerical calculation with absolute precision 5 - 10~ 11

cov(Ay(t), Ax(0)) = E(Ax(t)A(0)) — E(Ak(t))E(A(0))

2
— /][{2 Slsza ]P(Ak(t) S Sl,Ak(O) S SZ) dSldSZ — E(Fk)z

851 882
Conclusion: (B./Ferrari/Prihofer '08)

limit of GOE matrix diffusion % Airy,; process (empirically, so)



EPILOG: MORE MATRIX KERNELS

n-th largest level in edge scaled GSE

IP (exactly 7 levels lie in (s,00)) = E4(n;s) =

(Forrester/Nagao/Honner ’99, Tracy/Widom ’04)

S(x,y) SD(x,y)
Fy(s;z) = |det | I— “ 112 (5 00) B L2 (s 00
4(5;2) \ e ( > (IS(x,y) S ) ) L2(s,00) BL2 (s, ))

S(x,y) = Kalxy) - 5 AiCx) [ AiCy)

SD(x,y) = ~ayKa(x,y) — 5 Ai(x) Ai(y)

THa@y)de+, [ A [T At ay

_ Ai(x) Ai'(y) — Ai'(x) Ai(y)
X —Yy

IS(x,y) = —/

X

Ka(x,y)



EPILOG: EXPERIMENTAL MATHEMATICS m

A new formula from numerical experiments (.09

Pi(s;2) = det (17 V2Kl ) K(xy) = Ailx+)

)’iEldS (Ferrari/Spohn "05)

3(F(s;1) + F-(s;1))
Fa(s;z) = Fi.(s;2) - F-(s;2)

How about

Fy(s;z) = 3(F+(s;z) + F_(s;2)), | then?

first, there was no obvious reason forit...,

. but numerical tests with random s and z indicated the formula to be true

later, proof via Painlevé Il representation (B. 09, Forrester ’06)



EPILOG: CONSEQUENCES OF THE NEW FORMULA TI.ITI

n-th largest level in edge scaled GOE

(=" d" .
Ei(n;s) = ~—— s Fe(s;2) . K(x,y) = Ai(x +y)
. S
yields
5 - N
A ] Ey(2n;8) = E. (n;5) — k;) 22k+1((kk)-|- [ B0 =2j = 1s)
’ Ei(2n+1;s) = Ey(ms) JZFE‘(”;S) — E1(2m;5)

0 . f h .
-10 -8 -6 -4 -2 0 2 4
S

Probability density of n-th largest level in edge scaled GOE

technique: elimination process using interrelations (Forrester/Rains ’01) between GOE, GUE, and GSE

GUE,, = even(GOE, U GOE,,, 1), GSE,, = even(GOE;,,.1)


Folkmar Bornemann
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