A NOTE ON MICROLOCAL OBSTRUCTIONS TO THE
COMPACTNESS OF SEQUENCES

FOLKMAR BORNEMANN

ABSTRACT. This note elaborates some of the remarks made by Patrick Gérard
[Gér89, Gér91] about a microlocal understanding of obstructions to the rela-
tive compactness of sequences in L2 _(£2). In particular we show how to define
the notions of wave front sets and polarization sets of compactness in analogy
to the microlocal regularity theory of distributions. The general compensated
compactness result of Gérard can be stated in a form that is based on an as-
sumption about the polarization set of the underlying sequence of vector-valued
functions. This adds further understanding of the nature of the set A in Luc
Tartar’s Heriot-Watt lecture notes [Tar79] about compensated compactness.

1. MICROLOCALIZATION OF THE KOLMOGOROV COMPACTNESS CRITERION

2

The Kolmogorov criterion states that a bounded sequence u,, € L.

compact iff

(Q) is relatively

Vo € C5°(Q) : sup || (dun)(- + h) — ¢uy||r2 — 0 for h — 0.

Fourier transform yields the equivalent criterion

n

Vo € C5°(Q) : sup/{>R|qT1;L(§)|2d§—>OforR—>oo.

This suggests the following microlocalization of the criterion.

Definition 1. WF(u,,) C T*Q\0 is the wave front set of obstructions to microlocal

compactness. The sequence u, is microlocally compact in L2 () at (z9,&), in

notation (xo,&0) & WFE(u,,), iff there is a ¢ € C§°(Q) with ¢(xo) # 0 and a conical
neighborhood I' of &y such that

s [ [Gun () dE — 0 for R — oo.
€€ E|>R

n

The notion WF(u,,) is independent of the choice of ¢ and IT" because of the
following Lemma.

Lemma 1. There is
WF(up,) = ) char 4,

where the intersection runs over all pseudodifferential operators A € WO of order
zero such that Au, is relatively compact in L3 ().
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Proof. We base our proof on analogous arguments in the theory of microlocal reg-
ularity of distributions [GS94, Prop. 7.8, p. 78].

(a) Let (x0,&) € WF(u,). Choose ¢ and T as in the definition of WF. Let
x € S°(R"™) be a function supported in I' that is homogeneous for large & and
fulfills

0<x <1, x(t&) = 1 for large |t].
By construction, we have A(z, D) = x(D)¢(z) € ¥° with

(z0,&0) & char A.

Now, the estimate

sup / A, D)un (€)[? dé = sup / X(E) P (6)]2 de
[EI>R [EI>R

n n

< sup/ (Gun(€) d — 0 for R — oo
EeT:|E|>R

n

shows that Au,, is relatively compact. Thus, CWF (u,,) C |JCchar A follows.

(b) Let now be A € ¥° such that Au,, is relatively compact and (zg,&y) & char A.
For ¢ € C§°(2), x € SY as above but with sufficiently small support and y =1 on
a conical neighborhood T' of &y, we can find a microlocal parametrix B such that

x(D)p=BoA+R, ReUl ™.

Because R is compact, x(D)¢u,, is relatively compact and we can estimate

sup / |G (€)? dé < sup / X (E) P Gan (O] de
el |¢|>R n

n l€1=R

- sup/ (D) un (€)[2 de — 0 for R — oo,
[¢|>R

n

which proves CWF (u,,) D |JCchar A. O

A few consequences:

A. Define defsupp u,, as the smallest closed set, where the sequence u,, is not
relatively compact. The same proof [GS94, Prop. 7.3, p. 78] as for the
singular support of distributions shows that

defsupp u, = 7(WF(uy,,)).

B. For A € U0 define WF_;(A) as the smallest closed cone I' C 7%\ 0, such
that oalgr € STH(CI). The same proof [GS94, Lemma 7.2, p. 77] as for
microlocal regularity shows that

VA e WF(Au,) C WF_1(A) N WF(u,). (1)
C. There holds
VA€ 0. WF(u,) C WF(Au,) U char A. (2)

Proof. If (x¢,&) & WF(Au,) there is a B € W0 with (z9,&) ¢ char B
and BAu, relatively compact. If already (¢, &) ¢ char A, it follows that
(z0,&0) & char BA, i.e., by Lemma 1 (z0, &) € WF (u,). O
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D. If u, solves the hyperbolic Cauchy problem

Opup, + ia(t,z, D)u, =0, u(0,+) = ¢n,

where a € Séhg is polyhomogeneous of first order with real principal symbol.

The same proof [Hor85, p. 388ff] as for microlocal regularity shows that
WF(Un(ta )) = XtWF(¢Tl)7

where y; denotes the bicharacteristic flow belonging to the principal symbol.
In particular, this implies that in the high-frequency limit oscillations of the
initial values are transported along the bicharacteristic flow, a result that
was proven for the wave-equation using much more elaborate techniques in
[FM92].

E. Since elliptic Fourier integral operators F' of zero order are locally a prop-
agator of a hyperbolic Cauchy problem, we obtain

WF(Fu,) = xrpWF(u,),

where xpr denotes the canonical transformation belonging to F. For an
elliptic A € ¥° we thus obtain

WF(Au,) = WF(u,),

which can alternatively be proven using (1), (2), and the fact that for elliptic
pseudodifferential operators we have char A = (.

2. MICROLOCAL DEFECT MEASURE

Let u,, € L2 (92, CN) be bounded and u,, — u. According to Gérard [Gér89, Gér91]
there is a subsequence—denoted again by u,—and a Radon measure y with values
in the positive definite hermitean matrices such that for all W0, (€, CN*N)

(Al — ), — s — | a(,€) : p(de de).
5%Q
Here a denotes the principal symbol of A. The following Lemma gives the connec-
tion to WF(u,,) in the scalar case.
Lemma 2. For N =1 there holds

S*Q = Supp K.
Proof. (a) If Au,, is relative compact then

1A (un — w)l[72 = (ATA(up — w), un —u)rz — 0,
i.e.,

| lat.6)Pdu =0,
50
which just means that supp p C char A. Thus supp p C WF (u,,)

S*Q-

(b) Let (x,¢) & supp . Choose a € S° such that a(z,£&) = 1 but |a|?4 = 0. Thus
(z,€) & char A and

[ A(un — )72 = (AT A(un — u),un —u)2 — 0,
i.e., Au, is relatively compact in L2. Thus, by Lemma 1 (x,£) € WF(u,,). |

As a corollary we obtain a simple characterization of the relative compactness
of Au,,.
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Corollary 1. Let A € U°. The sequence Au,, is relative compact iff WF(u,,) C
char A.

Proof. If Au,, is relatively compact we have by (2)
WF(u,) C WF(Au,) U char A = char A.
If on the other side WF(u,,) C char A, we have by Lemma 2 for all ¢ € C§°(€2) that
|p(x)a(e, )P =0,

i.e., pAu, converges in L2 O

3. POLARIZATION SETS

In analogy to the theory of microlocal regularity of vector-valued distributions
[Den82], we define for a bounded sequence u,, € L2 _(Q2,C") the polarization set

WF o1 (un) = N {(z,&w) € T*Q\OXC : a(x,&).w = 0}.

A€V (Q,C1XN): Au,, rel. compact

Lemma 3. There holds
WF o1 (u,) = ﬂ {(z,&w) : a(x, &).w = 0},

Aev0(Q,C*N):a.u=0
where . denotes the microlocal defect measure belonging to the sequence u,,.

Proof. For A € U9(Q,CY*N) we show that Au,, is relatively compact in L2 () iff
a.p = 0 as a vector valued measure. To this end we complete A to a matrix-valued

operator
0

0
A;j=|x(z,D)A
0

0
with only the jth row being non-trivial. The symbol x € S° is assumed to have

compact support in S*€2. For all such xy we obtain for Au,, relatively compact by
the construction of u

0— /S RGOS /S X9 (@),

Thus, we conclude a.pu = 0.
On the other hand, if a.u = 0 we get afa: =0, i.e.,

Ay — )72 = (ATA(un — u),un — )2 — 0,
i.e., Au, is relatively compact. 0

In generalization of (2) in §1 we get the following Lemma.
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Lemma 4. For A € ¥O(Q,CM*N) there holds
a(WFpoi(un)) C WFEpoi(Auy,),
where the principal symbol a operates on the fibre CN :
a(x, §w) = a(z,§).w

Proof. We proceed in analogy to [Den82, Prop. 2.7, p. 355]. If (z,§;w) € WFE o1 (uy,)
we get for all B € W0(Q, C**M) with

BAu, relatively compact

that ba.w =0, i.e.,
(2, & a(z, £).w) € WFpo1(Auy,).

4. COMPENSATED COMPACTNESS

Using polarization sets the main result of [Gér89] can be rephrased as follows.
Theorem 1. Let u, — u in L2 (Q,CN) and Q € ¥O(Q,CV*N). If
(g(z, &) w,w) =0 V(z, & w) € WFpor(uy),
there holds
(Qua, un) = (Qu, u)

in the sense of distributions.

This theorem shows that the obstruction to the weak convergence of quadratic
functionals is to be found in the microlocal non-compactness of the sequence u.,.

The polarization set can be probed by applying a pseudo-differential operator
P € ¥™(Q,CM*N) such that

Pu,, relatively compact in H (€, cM ).
Using the elliptic operator

(1—A)=m/2

E_m= e v (Q,CM)
(1—A)—m/?2
we obtain that E_,, Pu,, is relatively compact in L _(Q,CM) and therefore
e—mP(WFpoi(u,)) CT*Q\ 0 x 0,
ie., (x,&w) € WFpor(uy,) implies (1 + |€]2)™™/2p(z,€).w = 0, or equivalently,
(z,&w) € WFpoi(uy) = p(x,§)w=0. (3)

Summarizing we have proved the following Corollary.

Corollary 2. Let u, — u in L% _(Q,CN) and P € Y™ (Q,CM*N) such that

loc
Pu,, relatively compact in H,_™(Q, CM).
If for Q € VO(Q,CN*N) the Legendre-Hadamard condition is valid, i.e.,
p(z, ) w=0 = {(q(z,&).w,w)=0,
there holds
(Qun, un) — (Qu, u)

in the sense of distributions.
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In the case of real, constant coefficient, first order differential operators
ou;
Pu= Z aijk—ami7 aijk € R,
gk

and a real matrix Q € RY*Y  we recover the results of Tartar’s Heriot-Watt lecture
notes on compensated compactness [Tar79]. Introducing his A-set [Tar79, p. 161],

A = {w € RY : 3¢ # 0 such that Zaijkw]{“k = 0},
3.k
the implication (3) shows that
WEF ol (un) C (T*Q\0) x (A +iA).
Therefore, from Theorem 1 the following Corollary easily follows, which is exactly
the assertion of [Tar79, Cor. 13, p. 177].
Corollary 3. Let u, — u in L _(Q,RY) and Q € RVN*N. [f

loc

O
Z aijka—zli relatively compact in HIECI(Q), 1=1,...
3.k

and (Quw,w) =0 for all w € A, there holds
<Qun7 un> - <Qu7 u>

in the sense of distributions.
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