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Abstract. We study two-level overlapping preconditioners with smoothed aggre-
gation coarse spaces for the solution of sparse linear systems arising from finite
element discretizations of second order elliptic problems. Smoothed aggregation
coarse spaces do not require a coarse triangulation. After aggregation of the fine
mesh nodes, a suitable smoothing operator is applied to obtain a family of overlap-
ping subdomains and a set of coarse basis functions. We consider a set of algebraic
assumptions on the smoother, that ensure optimal bounds for the condition number
of the resulting preconditioned system. These assumptions only involve geometrical
quantities associated to the subdomains, namely the diameter of the subdomains
and the overlap. We first prove an upper bound for the condition number, which
depends quadratically on the relative overlap. If additional assumptions on the
coarse basis functions hold, a linear bound can be found. Finally, the performance
of the preconditioners obtained by different smoothing procedures is illustrated by
numerical experiments for linear finite elements in two dimensions.

1 Introduction

We consider the scalar Poisson problem

—Au=f, in (2,
uw=20, ondf?, (1)

where 2 is a bounded polyhedral domain in R? with d = 2, 3.

The discretization of this equation by finite element methods results in
a sparse linear system, which is typically too large to be solved directly by
Gaussian elimination. Therefore, an iterative solver like the Conjugate Gra-
dient algorithm has to be used. The condition number of the linear system
is usually very large and grows quadratically with A~!, where h is the mesh
size of the triangulation, thus making convergence very slow. A preconditioner
needs to be employed.

Here, we consider a class of two-level overlapping Schwarz precondition-
ers. These preconditioners consist of two components: the solution of local
problems associated to an overlapping partition of {2 into subdomains and
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the solution of a coarse problem defined on a low dimensional global space.
Local components typically ensure that convergence is independent of i and
thus of the size of the original problem (optimality). The coarse level ensures
independence of the number of local problems (scalability). Convergence is
expected to improve when the relative overlap between the subdomains is
increased.

A typical choice for the coarse problem is a finite element approxima-
tion on a coarse mesh. For structured meshes, finding a coarse triangulation,
such that the fine mesh is a refinement of this coarse one, is relatively easily
achieved; see [14] and the references therein. For unstructured meshes, a more
general coarse mesh can be employed, but only as long as an interpolation
operator from the coarse to the fine finite element space can be found and
efficiently implemented; see, e.g., [3]. However, this is not always a trivial
task, especially in three dimensions. An alternative approach is realized by
smoothed aggregation techniques or partition of unity coarse spaces (see [13]),
which provide efficient coarsening procedures without the need of introducing
coarse triangulations.

The basic ideas of smoothed aggregation are fairly simple and natural: In
a first step, the fine mesh points are aggregated to an initial non-overlapping
partition of the domain {2, and the characteristic functions associated to
this non-overlapping partition are considered (aggregation). In a second step,
these characteristic functions, whose values typically decrease from one to
zero in a layer of width O(h), are smoothed out by the application of a suit-
able smoothing operator (smoothing). The supports of the smoothed func-
tions define an overlapping partition and corresponding local problems, while
their linear span provides a low dimensional coarse problem. This procedure
can be applied recursively in order to obtain additional coarse levels for the
construction of a multilevel method. The smoother employs the stencil of the
finite element matrix and is typically chosen a polynomial of degree ¢ > 0 of
the original stiffness matrix. The overlap is thus § ~ gh. The property, that
the coarse space represents constant functions, is ensured by exploiting the
kernel of the original problem.

An aggregation technique was first introduced in [9] and then quite exten-
sively used for the solution of problems arising in Economics; see [10] and the
references therein. Smoothed aggregation techniques have been considered
in [18,1] for two-level methods and in [15,17,5,16] for multi-level methods.
There, extensive work has been reported on the study of certain smoothers,
and practical procedures have been proposed for the initial aggregation, i.e.
the initial partition into subdomains. Numerical tests on a large class of
scalar and vector problems have been performed. We also mention [8], where
smoothed aggregation techniques are applied to discontinuous Galerkin ap-
proximations of advection-diffusion problems.

Our assumptions on the smoothers considered here are essentially the
same as those already proposed in [18,1]. There, the authors ensure that an
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optimal preconditioner can be found for the case of generous overlap, i.e., if
the overlap ¢ is comparable to the diameter of the subdomains H. In [7], the
case of small overlap is considered, and the condition number of the result-
ing two-level method is shown to be bounded, if more general assumptions
on the overlapping partition and the set of coarse basis functions hold. All
these bounds grow quadratically with the inverse of the relative overlap, H/¢.
However, a link between the algebraic properties of the smoother and optimal
bounds for the condition number given in terms of geometrical quantities of
the overlapping partition is still missing for the case of small overlap. It is
the purpose of this paper to bridge this gap. A similar set of assumptions
as those given in [18,1] allows us to find the same quadratic bound as in [7].
Using the arguments originally proposed in [13], we also show that if addi-
tional assumptions are verified, then a linear bound can be found — as in the
case of two-level methods with standard coarse spaces or with partition of
unity coarse spaces; see [14, Ch. 5] and [13], respectively. These additional
assumptions on the coarse basis functions, however, do not seem to translate
into simple algebraic properties on the smoother.

In addition, we enclose some numerical tests in two-dimensions for differ-
ent choices of the smoother. Although not all of the smoothers tested satisfy
the proposed assumptions, our tests do not show any appreciable difference in
their numerical performance, i.e., in the number of iterations or the condition
number of the preconditioned operator. Our numerical results are consistent
with the linear bound on the condition number, even if the additional as-
sumptions on the coarse space required for the proof could not be verified for
any of the smoothers considered.

We note that aggregation and smoothed aggregation techniques and par-
tition of unity coarse spaces (see [13]) rely on a similar idea: the coarse basis
functions are associated to an overlapping partition into subdomains and no
coarse mesh needs to be introduced. However, while in [13] such functions
are constructed by assigning explicit nodal values inside the subdomains, in
smoothed aggregation techniques they are found by applying a smoother to
some initial functions.

The rest of the paper is organized as follows:

In Section 2, we introduce the problem setting and two-level overlapping
preconditioners. Section 4 contains the convergence result with quadratic
growth in the relative overlap. It is valid, if a suitable set of coarse functions
and a proper overlapping partition into subdomains are given. Section 5 deals
with their construction by smoothed aggregation techniques. In Section 6,
we provide the improved convergence result with linear growth. Section 7
contains the discussion of some smoothing operators, and finally, we present
numerical results for a two dimensional problem in Section 8.
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2 Problem setting and two-level overlapping
preconditioners

We consider the Poisson problem (1). We note, that homogeneous Dirich-
let conditions have been chosen just for simplicity, and that more general
boundary conditions can be dealt with.

For u,v € H'(2), we define the bilinear form

A(u,v) = / Vu - Vvdz.
7

To approximate the solution of (1), we introduce a shape-regular, quasi-
uniform triangulation 7, of {2, consisting of triangles or tetrahedra. Let h
be the maximum of the diameters of its elements. We define

V={ue HY(2)| wu), €Pi(r), k€ Tn},
where P (k) is the space of polynomials of maximum degree 1 on k, and
Vo=V nHNN).

Finite element spaces built on quadrilaterals or hexahedra can also be con-
sidered, and higher order spaces of piecewise polynomial functions of degree
k > 1 are possible. The results in this paper remain valid in these cases, with
bounds that in general depend on k.

The approximate solution of (1) is then defined as the unique u € V° such
that

A(u,v) = (fvv)L2(Q) , UVE Vo, (2)
Problem (2) can be written in matrix form as
Au = f. (3)

Here, we have used the same notation for a function v € V9 and the cor-
responding vector of degrees of freedom, and for a bilinear form A(:,-) and
its matrix representation in the space V°. Similarly, we will use the same
notation for functional spaces and the corresponding vector spaces of degrees
of freedom.

Next, we introduce a class of two-level overlapping Schwarz precondition-
ers. Again for simplicity, we only consider additive preconditioners, though
multiplicative or hybrid methods can also be devised and analyzed; see [14].
We always assume that we employ exact solvers for the local and coarse
problems but approximate solvers could be considered as well. Our theory is
easily adjusted to this case; see [14, Ch. 5].

Our preconditioner is uniquely determined by two components:



Smoothed aggregation coarse spaces 5

e an overlapping partition of (2 into subdomains
F={2;cnN| 1<i<N},

which determines the local solvers and ensures optimality;
e a set of coarse basis functions {®; | 1 < i < N} C V°, which determines
the coarse solver and ensures scalability.

We note that we consider coarse basis functions that are associated to the
subdomains. We will make further assumptions in the following.
Given the partition F, the local spaces are defined by

Vi=Ho(2)nV® 1<i<N. (4)

Let RY : V; — VO° be the natural injection operator from the subspace V;
into V°, which extends a local function by zero to the whole of 2. We recall,
that the restriction operator R; : V° — V;, defined as the transpose of RZ-T
with respect to the Euclidean scalar product, extracts the degrees of freedom
inside (2]. The matrix block corresponding to the space V; is obtained by
extracting the degrees of freedom relative to the nodes contained in 2] and
is equal to
A; = RiAR! -V, — V.

Our coarse space is defined by
Vo = span{®;, 1 <i < N}.

If RT : Vo — VO is the natural injection operator from the subspace Vj into
V0. then our coarse solver is

Ao = RoAR!.

The operators {4;, ¢ > 0} are symmetric and positive-definite.
The additive Schwarz preconditioner is thus defined as

N
At =>"RTA'R;,

=0
and the corresponding preconditioned operator is

P=A1A.

3 A convergence result

Optimality and scalability of the Schwarz algorithms introduced in the previ-
ous section are not guaranteed for general partitions and coarse spaces with-
out further assumptions. In this section we introduce two sets of sufficient
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conditions on F and the coarse functions. They ensure that the resulting ad-
ditive preconditioner is optimal and scalable and allow to derive quantitative
bounds which only involve the relative overlap between the subdomains, as
in the case of two-level methods with standard coarse space; see [14, Ch. 5].
We note that most of the content of this section can be found in [1] for the
case of generous overlap, and in [7] for the case of small overlap.

Here, we consider functions

{#] 1<i<N}CV,

such that supp{®;} C ﬁl’-, 1 <i < N. Every function @; vanishes on 92, and
the {®;} are required to form a partition of unity, but only within a proper
subset of 2.

The following two sets of assumptions for the coarse functions {&;} and
the partition F are given in terms of H and §, H > ¢ > 0, which reflect the
size of the subdomains and the overlap, respectively.

Property 1 (Coarse space I).

1|82 < CHUD /5

2. ||2ill§ < CH?

3. There exists £2;,; C {2, such that Zi\il G;(x) = 1 for x € 2, and
dist(z,002) < C6 for x € 2\ 2ins;

4. supp{®;} C Q2.

We note, that a non-negative function @;, which is constant in the interior
of 2/ and decreases to zero in a layer of width § around 92}, satisfies the given
bounds for the energy |®;|? as well as for ||®;]|3. The additional property, that
coarse functions must reproduce the constants everywhere except on a layer
of width § around the boundary, will translate into an error estimate for a
suitably defined interpolation operator; see Lemma 1.

Property 2 (Partition).
1. diam(£2}) < CH;
2. For every x € {2, there exists (2; € F, such that = € 2] and

dist(z, 002! \ 002) > ¢f;
3. There exists C; and Cs, such that, for x € {2, the ball

B(z,rH)={y € 2| dist(y,z) <rH}

intersects at most Cy + Cor¢ subdomains in F;
4. meas(§2;) > CH*.

The first and the last property together ensure that the subdomains have
diameter of comparable size H and are shape-regular. According to the second
property, d is a measure of the overlap between the subdomains. The third
property is equivalent to the finite covering property, which is standard in
overlapping methods; see, e.g., [14, Ch. 5].

The following lemma and its proof can be found in [7, Lem. 2.2].



Smoothed aggregation coarse spaces 7

Lemma 1 (Coarse Interpolant I). Let Property 1 hold. Then there exists
an operator Qo : HY(2) — Vo, such that

H
Qoult < Cfult,

lu = Qoull§ < CH?[uf}.

To prove a bound for the lowest eigenvalue of the additive operator we
need to find a stable decomposition into subspaces, which is given in the
following lemma.

Lemma 2. Let Properties 1 and 2 hold. Then there exists a decomposition
{u; € V;, 0 <i < N} such that

N 7\ 2
ZA(ui,ui) <C (1 + §> Alu,u), uweVo

i=0
Proof. Given u € V9, we define

uo = Qou,

u; = In(0;(u —uo)), 1<i<N,
where [}, is the nodal interpolation operator into the fine mesh, and the family

{6;} C V is a continuous piecewise linear partition of unity relative to F. We
recall, that we can find partitions of unity such that

Zt‘)z‘(«’v) =1 z€f, 10:ll0,00 < C, 01,00 < C/6; (5)

see, e.g., [14, Pg. 166].
Standard arguments, see [14, Pg. 168], give

al H 1
Sl <€ ((1+5) In= Qoo + g5l = Qonl o)

The quadratic bound is then found by applying Lemma 1.

We note, that the previous lemma and its proof have already been given
in [7, Lem. 2.3], and that their reformulation here is only meant to motivate
the additional assumptions on the coarse basis functions, which will be made
in Section 5.

Given Lemma 2 and a coloring argument, we can prove a bound for the
condition number of the additive operator; see, e.g., [14, Ch. 5].

Theorem 1. Let Properties 1 and 2 hold. Then there exist constants ¢y > 0,
Cy > 0, such that for all u € VO

Y\ 2
¢ (1 + §> A(u,u) < A(u, Pu) < CoA(u, u).
Remark 1. We note that the assumption on the triangulation 7, being quasi-
uniform is not employed in the proofs of this section. Indeed, Theorem 1 is a
consequence of Properties 1 and 2 for any arbitrary shape-regular mesh 7p,.
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4 Smoothed aggregation

We now consider the task of finding an overlapping partition and a set of
coarse functions that satisfy Properties 1 and 2. We start from an initial
partition into non-overlapping subdomains Fo = {£2; | 1 < ¢ < N}. We
always assume that these non-overlapping subdomains are shape-regular, and
that the diameter of each subdomain is of order H. While algorithms that
generate overlapping partitions starting from Fy can be easily found and
implemented, coarse functions that satisfy Property 1 cannot be constructed
easily for subdomains of general shape. The method we consider will generate
both an overlapping partition and coarse basis functions starting from Fy.

A first choice is to build a coarse space by aggregation. We define a set of
‘characteristic’ functions relative to the initial non-overlapping partition Fo,
{@;} € V° and consider the span of these functions. For every node z of Ty,
we set

0, x €N\ orzedf,
W;(x) =4 card({j |z € 02;})~", x € 902\ 092,
1, T € Qi7

where card(M) denotes the cardinality of a finite set M.

We note, that, if the subdomain boundaries do not contain nodes of the
fine mesh 7, the value of these functions at the nodes is either zero or one,
and that they decrease from one to zero in a strip of width h. In the general
case they assume values between zero and one, and they decrease from one
to zero in a strip of width at most 2h. Furthermore, the non-vanishing nodal
values of ¥; cannot be arbitrarily small, since the partition Fy is shape-
regular. These functions form a partition of unity for 2 except in a strip of
width O(h) along 0f2.

The set {¥;} thus satisfies Property 1 with § = h, and the corresponding
coarse space can be analyzed within the framework introduced in the previous
section. However, the corresponding additive preconditioner would result in
an unsatisfactory bound for the condition number that increases quadratically
with H/h. Therefore, the coarse functions {¥;} need to be ‘smoothed out’ to
decrease their energy. In order to do so, we apply a suitable operator, called
smoother,

&, =Sv;, 1<i<N.

This smoothing process shall have the effect of increasing the support of the
original functions and of creating additional overlap between their supports.
We then define the overlapping subdomains by

2] = supp{®;}, (6)

and obtain an overlapping partition F = {2/ c 2| 1<i< N}.
The smoothing shall also exploit the stencil of the operator A. If S =
pg(DA), where p, is a polynomial of degree ¢ > 0 and D a diagonal matrix,
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then the support of the initial function ¥; is increased by ¢ layers of fine
elements, which gives an overlap of order § = ¢h. In addition, we need to
preserve the property that the modified coarse functions {®;} reproduce the
constants. This property is guaranteed by the null space of the original dif-
ferential operator which consists of constant functions. We note that A, the
representation of A(-,+) on V?, is not singular since homogeneous Dirichlet
conditions are imposed on A2, but that when applied to a constant vector,
it produces a vector that vanishes everywhere except in a strip around 92 of
width O(h). If p,(0) =1, then we can write

N
> & =5
i=1

where 1 is the vector of all ones (1,...,1)T, while 0’ and 1’ are vectors
of zeros and ones, respectively, except for entries relative to nodes inside a
neighborhood of width O(gh) around 9f2. The smoothed coarse functions
thus satisfy Property 1.3 with § = gh.

In view of these remarks, we consider the following assumptions on the
initial partition 7y and the smoother S.

N
¥, =S1=p,(DA)1=0"+p,(0)1 =1,
1

i=

Property 3 (Initial partition and smoother).
1. The initial partition Fy satisfies
cH® < meas(12;) < CH®. (7)

2. S is equal to p,(DA), where p, is a polynomial of degree ¢ and D a
diagonal matrix, such that
(a) 6 <qgh <CH<C'H;

(b) pe(0) =1;

(c) [IS]l2 <1

(d) o(STAS) < Cq=?0(A),

where || - ||2 and o(+) denote the spectral norm and the spectral radius of

a matrix, respectively.

We note that Properties 3.2.c and 3.2.d have already been considered in
[18, Lem. 2.8] and [1, Lem. 4.2] for the case when S is a polynomial in A. A
similar property to 3.2.a has been stated in [1, Ass. 4.1], but in terms of the
graph corresponding to the initial partition Fg.

Lemma 3. Let S satisfy Property 3. Then we have for the functions ®; =
SWM 1 S i S N7
12:]l5 < CHY,

8
.2 < CHI1/S. )
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Proof. By construction, the functions ¥; and the corresponding column vec-
tors of degrees of freedom, also denoted by ¥;, consist of zeros for nodes that
belong to elements outside (2;. In addition, each non-vanishing entry can be
bounded from above and below by a constant. Therefore, ¥}¥; is bounded
from above and below by a constant times the number of nodes inside f2;.
Since Tj, is shape-regular and quasi-uniform, we have

(T ) bt < meas(92;) < C(F ;) he.
If M is the mass matrix, we have
|®;]12 = & ST MSW; < o(M)||S|3¥]¥; < Che(W] ;) < C meas(£2;),

where we have used the property that o(M) is bounded from above by Ch?;
see, e.g., [12, Sect. 6.3.2].

We next consider the second inequality of (8). A trivial unsatisfactory
bound can be easily derived, using the fact that 9(A) can be bounded from
above by Ch?~2 (see [12, Sect. 6.3.2]):

d T. d
1B:|1% = BT STASW, < o(STAS) (8] W) < c% < cgf_Q_

To prove a sharper bound, we need to take into account that ASY¥; vanishes
except in a strip along 012} of width O(0).

For k € Tp, we denote by R, the restriction operator which extracts the
degrees of freedom relative to k and by A, the stiffness matrix relative to
k. We note, that if & does not intersect 02, A, has a one-dimensional null
space consisting of constant functions on k. We have

1815 = Y (Re®:)T Au(R,. ;).
KETH

We next define I, as the region of elements, where ®; is not constant:
Lo = J{Fl k€T Ac(Re®;) #0}.

For ¢ = 0, the region I3, consists of at most two layers of fine elements,
and every application of A adds one additional fine layer in each direction.
Therefore, I5 , is a strip of elements along 042] of width O(2¢h) and thus of
measure O(6H ). We clearly have

1B:l1% = > (Re®:)" Au(Ri®y). (9)
KCTq

We next need to relate R, ®; = R.SY; to ¥;. We consider an element x lying
in I , and define recursively the regions w’, j > 0. We set w® = « and define
wl, j > 1, by taking the union of w/~! and the neighboring elements that
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share at least a vertex with w/~!. Since S is a polynomial of degree ¢ in DA
and D is diagonal, the vector R,®; is determined only by the values of ¥; in
wl. We set
ri,= |J w21,
KCIl 4

and note that I/ is a layer of elements along 92; of width O(4¢h). Conse-
quently, the expression on the right hand side of (9) is independent of the
degrees of freedom of ¥; outside the closure of Fl-’7q. For each node z of Ty,

we define o
,(x), xze€l

qu — K3 ) 1,q°

i (@) { 0, otherwise.

Then we can write
1@:]1% = (S:)TA(SW;) = (ST)TA(SE) < o(STAS)(¥]) W]

Since (77)T¥ is bounded from above by the number of nodes contained in

the closure of I ,, we finally find

1B < O%@W&W <ch

d (!pzq)T!pzq Hd*15 del
S <O =05 (10)

Given these bounds on the energy and the norm, respectively, we just
need to verify that the functions @; form a partition of unity inside (2, and
that the overlapping partition F fulfills Property 2. This will be done in the
following two lemmas:

Lemma 4. Let S satisfy Property 8. Then the coarse functions ®; = S;,
1 <i < N, satisfy Property 1.

Proof. We only need to prove Property 1.3. The function

N
u(z) = Z @, (x)

is equal to one at every node x that does not belong to 92, and consequently
at every x € (2 outside a strip of width O(h) around 9f2. For k < ¢, we have

(DA)*u)(z) =0,
except in a strip of width O(kh) around 0f2. We thus obtain
N N
> i) = <SZ%> () = (Su)(x) =1,
=1 i=1

at every = € (2 outside a strip of width O(gh) = O(§) around 9f2.



12 Caroline Lasser and Andrea Toselli

Lemma 5. Let the initial partition Fo satisfy Property 3. Then the overlap-
ping partition F satisfies Property 2.

Proof. Since the fine mesh 7, is quasi-uniform, we have
diam($2)) < C(H + qh) < CH.
Since the original partition is shape-regular, also F is, and thus we have
meas(£2}) > cH?.

We next consider Property 2.2. We first note that for every = € 2, there
exists ¢ such that x € (2;. Since the overlapping subdomains are obtained by
adding layers of width O(gh), we have

dist(x, 892)) > cqh > cb.

Property 3.1 ensures that, for every ¢, there is a ball B, C (2; with
diam(B;) > cH. Since in addition diam({2]) < CH, Property 2.3 holds.

Lemmas 3, 4, and 5, set the stage to apply Theorem 1, and we have:

Theorem 2. Let Property 3 hold. Then Properties 1 and 2 hold. Therefore,
there exist constants c,,Cy, such that for all u € V°

7\ 2
¢ (1 + §> A(u,u) < A(u, Pu) < CoA(u, u).
Remark 2. A closer look at the proofs of this section reveals that the assump-
tion on the global mesh 7} being quasi-uniform can be relaxed. Indeed it is
enough to assume that only the local meshes on the subdomains {{2;} are
quasi-uniform.

5 An improved convergence result

In this section we find a sharper bound for the condition number of P, which
is linear in H/4. We recall that Schwarz preconditioners with coarse solvers
built on coarse triangulations or partition of unity coarse spaces satisfy a
linear bound as well. Here, we employ the tools developed in [13]. We recall
that there the coarse basis functions are also associated to the subdomains,
but are not obtained through smoothed aggregation.

To improve the quadratic bounds of Theorems 1 and 2, we need to im-
pose that our coarse basis functions satisfy additional properties, originally
proposed in [13]. In particular they involve bounds on the L®-norm of the
coarse functions and of their gradients. These additional conditions, however,
do not appear to translate into simple conditions on the smoother S, though
our numerical results confirm the linear bound, see Section 7.
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The algorithm remains the same as before. Only the proof of the decom-
position lemma changes, see (5) in Lemma 2 and Lemma 7, and employs
the coarse basis functions themselves as the partition of unity {6;}. Once
additional assumptions are satisfied on the coarse basis functions, the proof
of the decomposition lemma can be carried out exactly as in [13] and is not
presented here.

We consider the same set of coarse functions as before

{#:;] 1<i<N}cCVP,
and the same coarse space
Vo = span{®;, 1 <i < N}.

However, we also need an additional function ¢ € V associated to the
boundary 9f2, so that the augmented set of functions forms a partition of
unity on the entire 2. This additional function is only needed for the proof
and need not be implemented in practice. Given a partition JF, we consider
the following assumptions; see [13]:

Property 4 (Coarse space II).

1. ||®illo,c0 < C for 1 <i < N andi=B;
2. |Pil1,00 <C/dfor 1 <i< N andi= B,
N —
3. Y &i(x) =1for x € 2
i=B,1
4. supp{®;} C 2/, 1<i<N.

The same interpolation operator defined in Lemma 1 can be considered
here and the same bounds in Lemma 1 can be proven by noting that Prop-
erties 4.1 and 4.2 imply Properties 2.1 and 2.2, respectively.

Lemma 6 (Coarse Interpolant II). Let Property 4 hold. Then there exists
an operator Qo : HY(2) — Vb, such that

H
Qoult < € fult,
= Qoully < CHul.

A stable decomposition can then be found by using the same proof as in
[13, Th. 1], since our coarse functions $p and P, satisfy the same properties
as 8% and 6? in [13]. We thus have

Lemma 7. Let Properties 4 and 2 hold. Then there exists a decomposition
{u; € Vi, 0 <i < N} such that

al H
ZA(ui,ui) <C <1 + F) Au,u), uweVe
i=0
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Our final result is the following theorem:

Theorem 3. Let Properties 4 and 2 hold. Then there exist constants cy,Cy >
0, such that, for all u € VO,

—1
¢y (1 + %) A(u,u) < A(u, Pu) < CoA(u,u).

Remark 3.

1. If ||S]lse < C, then Property 4.1 holds. This is easily seen using an
analogous argument as in the proof for the corresponding L?-bound of
Lemma 3. However, we were not able to find a suitable condition on S
that ensures Property 4.2.

2. The error bound in Lemma, 6 is not needed for the proof of Lemma 7.

6 Some choices for the smoother

Most, of the choices for the smoother S presented in this section have already
been proposed in the literature; see [1], [18], [15], and [2]. Not all the Proper-
ties 3.2 can be proved for them, except for the recursive Richardson smoother.
However, all of them show comparable iteration counts and condition num-
bers in our numerical experiments; see Section 7. This is due to the fact that
the inequalities in Properties 3.2.c and 3.2.d are asymptotic bounds for large
¢, which is roughly the number of fine mesh layers of overlap between the
subdomains, while in practice ¢ is usually not large at all.

Both, the simple and the recursive Richardson smoother, rely on a known
upper bound ¢ for the spectral radius g(A), that satisfies

o(A) <0< Cpo(A). (11)

6.1 A simple Richardson smoother
We define

S=8;=Id-wit4)?, we(0,1], ¢>0.
S is the smoother for Richardson’s method with relaxation parameter wp— 1,
similar to a smoother proposed in [15]. It involves ¢ applications of A and it
can be defined recursively by the relation

Sy =(Id—wo™"A4)S, 1.

Consequently, functions and overlapping subdomains with larger overlap can
be calculated from the previous ones. By construction, S is a polynomial p,
of degree ¢ in A with p,(0) = 1. It satisfies Property 3 except 3.2.d. We can

only prove a somewhat weaker bound for o(S7 AS) that is of order ¢—':
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Lemma 8. Let S = (Id —wp~tA)?, w € R, and ¢ > 0. Then we have
1S]l2 < (max{|l —w],1})?.
If in addition w € (0,1] and ¢ > 0, then

o4

TAS8) < .

Proof. For the first bound it is enough to show that
[1S1]l2 € max{|l — w]|, 1}.

Since S; is symmetric, we have to examine its eigenvalues. They satisfy
A(S1) = 1 —wptA(A). Since A is positive definite, we have A(S;) < 1.
Furthermore,

wd ™M) <wdo(A) < w,

and therefore A\(S;) > 1 —w.
We now consider the second bound. We have STAS = S?A, and obtain
for w € (0,1]

STAS) < max (1 —wo 1t2qt <  max 1—wp )29 .
o ) [,QA)]| ¢ | te[0,0w 1]|( &) |

The function f( ) := (1 —wo 1#)%9 ¢ is non-negative in [0, pw '] and satisfies
=0.It

0.

f(0) = f(ow™1) ts maximum is attained for
o0
(2¢+ Nw’

Evaluating f(#) and using ¢ < C,0(A) yields the upper bound.

With the same arguments as in the proof of Lemma 3, we can prove, that
for a fixed w the coarse basis functions @; only satisfy

Hd,l
|87 < C

Ag already discussed in Section 4, one would expect that the condition num-
ber of the corresponding preconditioner increases quadratically with H/h.
However, our numerical experiments show comparable behavior for this sim-
ple smoother and the recursive one introduced later, for which the desired
sharper bound holds; see Sections 6.2 and 7. This is due to the fact, that in
practice ¢ is not large, and thus the following remark applies.

Remark 4. For every gqo > 0 there exists a constant Cp = C(qo) > 0, such
that for 0 < ¢ < gp and w € (0, 1]

o(STAS) < C, Cp 22

*w
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This can be easily seen from the proof of the previous lemma. Indeed we

have
2q 2q qQ
Co = . 12
° 052%’20{(2q+1> 2¢+1) (12)

The key point here is that Cy remains small for high values of g. We have for
instance Cy < 19 for go = 100, which is a value for ¢ that is far larger than
those employed in practice.

6.2 A recursive Richardson smoother

We now recall the smoother that was introduced and studied in [1,18]. We
define

k
4
S:Sk:H(Id—ggilAi>, E>0 (13)

=0

where 0; = 9774, i > 0, and

2
Ag=A, A= <Id— %Q;11A11> A, 12>1.

S is a recursive Richardson smoother with prefixed relaxation parameters
4/30; . Tt is a polynomial p, in A with p,(0) = 1. For the polynomial de-
gree ¢ only certain values are possible. Since deg(4p) = 1 and deg(4;) =
3deg(A; 1), i > 1, we have deg(A;) = 3, i > 0. Therefore, deg(Sp) = 1 and

deg(Sy) = deg(Ay,) + deg(Sk_1) = 3* +deg(S_1), k> 1.
Consequently,
O

g =deg(Sy) =) 3'="—

=0

, k>o0.

The following lemma and its proof can be found in [18, Lem. 2.8]. It shows
that S satisfies Property 3.

Lemma 9. Let S be the smoother defined in (13), and ¢ = deg(S). Then we
have

C
ISl <1, o(STAS) < ZEq*e(A).
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6.3 A SPAI smoother

The Richardson smoothers previously introduced depend on a relaxation pa-
rameter, which is prefixed in the case of the recursive smoother. However,
a preconditioner that does not involve parameters that need to be tuned to
the particular type of problem and its coefficients, is preferable; see [8] for
the application of smoothed aggregation techniques to an advection-diffusion
problem. A parameter-free smoothing operator built with a so-called sparse
approximate inverse (SPAT) of the stiffness matrix A is given by

§ =5, = (Id= DA, ¢>0, (14)

where the SPAI-matrix D minimizes the Frobenius norm ||Id — DA||r over
the set of diagonal matrices.

Let n be the size of A. If the column vectors of a matrix M are denoted
by my, and if ey is the k-th column of the identity matrix, we write

11d = DA = | Ady — exll5 = > lldirar — exll3,

k=1 k=1
which is minimized by D = diag{dj;} with

gk

lagly” TSFST

dpk =

see [2]. If A is the discrete Laplacian with periodic boundary conditions,
which results from a standard second-order finite difference discretization,
the SPAT smoother of (14) is the standard damped Jacobi smoother with
optimal damping parameter w; see [2, Proposition 1].

The norm of S satisfies a weaker bound than that stated in Property 3.2.c.

Lemma 10. Let S be the SPAI smoother defined in (14). Let n denote the
size of A, and p;, 1 < i < n, the number of nonzero off-diagonal entries in
the i-th row of A. Then we have

I1S]l2 < C(p)*,
where p = maxi<i<y, pi, and C(p) = /(1 +p)(1 + /p).

Proof. It is enough to show [|S1]|2 < C(p). We will establish bounds for the
row-sum-norm of S and ST, since

5 11aT| 3
1SNz < 151131 {1505

see [6, Exercise 2.9.6].

n n
) n ity
ISl = o D loisl = max. > {835 =~ 73
j=1 Jj=1 2
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aii|aij|
= max |1- + Z
1<i<n l|a l||2 lladll3

a; ai;
< max (1— i + s - laille - Vi

llaill3 ~ lladlls

<1+ b,

where we have employed Cauchy-Schwarz for the last but one inequality, and
used the symmetry of A.

Furthermore,
T _ Z _ o Gy5a4i
157 Mloo = max ) lsl = max 2105 = 7,12
= e [1- Z ajj|azg|
1<i<n || 1”2 j ||aj||2
|aU| 2
< max +Z R thw
1<i<n || 1”2 ”aJHQ 1<z<n ” ZHQ
<1l+p.

Here p is equal to the maximal number of neighbors that a mesh point of
Tr, has, and for, e.g., p = 7, we have C(p) ~ 5.4. We note that C'(p) > 1 and
that consequently Property 3.2.c cannot be derived from Lemma 10.

If one does not assume A to be weakly diagonal dominant, only triangu-
lations with p < 7 give an upper bound for o(S7 AS) which asymptotically
decays to zero for ¢ — oo; see [2, Theorem 1]) for the proof of the following
lemma.

Lemma 11. Assume p <7, and denote with

G = may Mol F:l(l-l- 1+p) <2
1<i<n a2’ 2

Then we have

N

o(STAS) < C'n(2q) o(A), (15)

(2¢) = ma 2 \" 1 r(r—1)%
= max - .
maq 2q+1 2¢+1’

Though the bound in the previous lemma is even weaker than the one
obtained for the simple Richardson smoother and, of course, fails to satisfy
Property 3.2.d, the numerical performance of the SPAI smoother is compa-
rable to the results obtained by the other choices for S, see Section 7.

where
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7 Numerical results

We have tested the performance of our Schwarz preconditioner for the Poisson
problem

—Au = xey,y in 2 =(0,1)%, (16)
u=—xe¥, onadf?.

This choice of Dirichlet conditions also numerically confirms our claim that
inhomogeneous boundary conditions can be dealt with.

The mesh is built by dividing 2 into n? equal fine squares and cut-
ting them into halves. Thus, we obtain a triangulation 7, with h = %,
h € {%, %, &, ﬁ} The maximum number of neighbors, which a mesh
point in 7T, has, is p = 6. The aggregation routine partitions {2 into non-
overlapping subsquares (2; of area H? with H € {1,121 L 1

Depending on the polynomial degree ¢ of the smoother, which varies be-
tween 0 and 14 in our experiments, we obtain an overlapping partition F
with overlap § = (¢ + 2)h. The sum ¢ + 2 results from the fact, that the
boundaries 02; of the non-overlapping subsquares contain fine mesh points,
which causes the support of the initial, unsmoothed coarse basis functions ¥;
overlap in a strip of width 2h.

For the simple and the recursive Richardson smoother, we replace the
upper bound for the spectral radius of the stiffness matrix by an estimate for
the spectral radius, which is given by the Matlab built-in function normest.
We use linear finite elements, and solve the resulting linear system by Con-
jugate Gradient. The Conjugate Gradient routine employed belongs to the
NetLib-linalg package, see [11]. It provides an estimate for the condition num-
ber of the preconditioned operator by dividing the maximal and the minimal
eigenvalue of a suitable tridiagonal matrix, which approximates the precondi-
tioned operator. Our stopping criterion is the reduction of the residual norm
by a factor of 1075 or the exceeding of 100 iterations.

Effectiveness of the coarse solve: Tables 1 and 2 show iteration counts
and estimated condition numbers for the one- and two-level preconditioners
built with the SPAT smoother. As expected, iteration counts and condition
numbers for the one-level algorithm increase rapidly with the number of sub-
domains, while the coarse solve in the corresponding two-level algorithm,
see Table 2, only allows a moderate increase or keeps the iterations counts
bounded for the case of generous overlap.

Comparison of some smoothers: Tables 2, 3 and 4 show iteration counts
and estimated condition numbers of the two-level preconditioned operators
which were obtained with the SPAI, the simple Richardson, and the recursive
Richardson smoother, respectively. The relaxation parameter for the simple
Richardson smoother was chosen as w = 2/3. Though only the recursive
Richardson smoother meets the required theoretical bounds, there is just a
slight difference in the numerical performance of the three smoothers. As



20 Caroline Lasser and Andrea Toselli

previously remarked, this can be explained by the fact that only small values
of the smoother polynomial degree ¢ are employed in practice, while our
theory requires bounds which hold for large ¢ as well.

Linear dependence on the relative overlap: Figure 1 shows a linear and
quadratic least-squares fit for the estimated condition number of the pre-
conditioner built with the recursive Richardson smoother versus the relative
overlap H/4. Since the coefficient for the quadratic term is small and the
least-square relative error is the same for the linear and the quadratic fit, our
experiments confirm a linear dependence.

Table 1. Tteration counts and estimated condition numbers (in parenthesis) for
Conjugate Gradient with one-level preconditioner versus h and the relative overlap.

HJS

T 16 8 4 2

16 2 - - 13 (16.7) 12 (6.0)
16 4 - - - 17 (25.4)
32 2 - 17 (32.6) 14 (11.1) 11 (5.3)
32 4 - - 24 (52.8) 16 (15.3)
32 8 - - - 31 (93.2)
64 2 [22(64.6) 17 (21.7) 13 (9.6) 11 (5.0)
64 4 - 34 (107.4) 22 (33.6) 15 (12.5)
64 8 - - 42 (198.5) 27 (54.9)
64 16 - - - 57 (365.5)
128 4 [46 (216.7) 30 (70.2) 21 (28.3) 14 (11.4)
128 8 - 59 (408.8) 40 (125.2) 25 (44.2)
128 16 - - 80 (782.1) 52 (214.1)
128 32 - - - 100 (1454.8)

Fig. 1. Linear and quadratic least-squares fit for the estimated condition num-
ber of the two-level preconditioned operator versus the relative overlap H/§. The
preconditioner is built using the recursive Richardson smoother.
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Table 2. Tteration counts and estimated condition numbers (in parenthesis) for
Conjugate Gradient with the two-level preconditioner, using the SPAT smoother.

H/S

KT HT 16 ] 4 2

16 2 - - 15 (13.8) 13 (5.1)
16 4 - - - 16 (10.0)
32 2 - 18 (27.4) 15 (9.7) 13 (4.8)
32 4 - - 22 (21.3) 16 (7.8)
32 8 - - - 19 (11.8)
64 2 [24 (54.6) 19 (19.2) 14 (8.8) 12 (4.8)
64 4 - 30 (43.6) 21 (17.5) 15 (8.0)
64 8 - - 26 (25.3) 19 (10.5)
64 16 - - - 19 (12.3)
128 4 |41 (88.3) 28 (36.4) 19 (17.8) 15 (8.7)
128 8 - 38 (51.9) 27 (23.8) 19 (12.3)
128 16 - - 27 (26.2) 21 (11.6)
128 32 - - - 19 (12.4)

Table 3. Tteration counts and estimated condition numbers (in parenthesis) for
Conjugate Gradient with the two-level preconditioner, using the simple Richardson

smoother.
H/S

R~ HT 16 8 4 2
16 2 - - 15 (13.8) 13 (5.4)
16 4 - - - 16 (10.0)
32 2 - 18 (27.4) 15 (10.1) 13 (5.0)
32 4 - - 22 (21.3) 16 (9.4)
32 8 - - - 19 (11.8)
64 2 |24 (54.6) 19 (19.9) 14 (9.1) 13 (5.0)
64 4 - 30 (43.6) 22 (20.4) 16 (9.6)
64 8 - - 26 (25.3) 22 (13.9)
64 16 - - - 19 (12.3)
128 4 |41 (88.3) 30 (42.0) 20 (20.9) 15 (10.0)
128 8 - 38 (51.9) 30 (30.6) 21 (16.9)
128 16 - - 27 (26.2) 25 (16.1)
128 32 - - - 19 (12.4)
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