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1 Introdu
tionThe purpose of this paper is to present a two{level overlapping pre
onditionerfor dis
ontinuous Galerkin �nite element dis
retization of adve
tion-di�usionproblems in two or three dimensions. Our problem is dis
retized using a dis-
ontinuous Galerkin (DG) �nite element method. The original domain is thensubdivided into overlapping subdomains in order to introdu
e a number of lo-
al problems. We propose two di�erent 
oarse problems. The �rst one is anadve
tion{di�usion problem dis
retized using a 
ontinuous �nite element spa
eon a 
oarse triangulation. The se
ond employs a smoothed aggregation te
h-nique and does not require the introdu
tion of a 
oarse mesh. The performan
eof the 
orresponding two methods is illustrated for two test problems in twodimensions dis
retized with linear �nite elements.Dis
ontinuous Galerkin approximations have been used sin
e the early 1970sand are re
ently be
oming more and more popular for the approximation of alarge 
lass of problems; we refer to [2℄ for a 
omprehensive review of thesemethods. Here, we 
onsider a dis
ontinuous hp-�nite element method proposedin [4℄. As for many DG methods, the approximate solution belongs to a spa
eof dis
ontinuous �nite element fun
tions, i.e., it is pie
ewise polynomial of a
ertain degree on a given triangulation, being in general dis
ontinuous a
rossthe elements. Suitable bilinear forms, whi
h also 
ontain interfa
e 
ontributions,are then employed, in order to ensure 
onsisten
y.We only know of two previous works on DD pre
onditioners for DG approx-imations; see [3, 6℄.�Center for Mathemati
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2 Continuous and dis
rete problemsWe 
onsider the following s
alar adve
tion-di�usion problem with Diri
hlet 
on-ditions Lu = �r � (aru) + b � ru+ 
u = f; in 
 ;u = 0; on � ; (1)where 
 is a bounded open polyhedral domain in Rd, d = 2; 3, and � its bound-ary. Problem (1) des
ribes a large 
lass of di�usion-transport-rea
tion pro
esses.We 
onsider problem (1) and make some further hypotheses. We assumethat a = fai;jgdi;j=1 is a symmetri
 positive{semide�nite matrix,�Ta(x)� � 0; � 2 Rd; x 2 
;b and 
 are a ve
tor �eld in W 1;1(
) and a fun
tion in L1(
), respe
tively,su
h that (
� 12r � b)(x) � 0 ; x 2 
 ; (2)and the right-hand side f is a fun
tion in L2(
). The existen
e of a uniquesolution of (1) is shown in [4℄. We note that we have 
onsidered only the 
aseof strongly{imposed homogeneous Diri
hlet boundary 
onditions for simpli
ity,but that more general ones 
an be employed, su
h as Neumann, Robin, orweakly{imposed Diri
hlet 
onditions. Our methods 
an be extended to these
ases. We also re
all that in 
ase a does not have full rank, Diri
hlet 
onditions
an only be imposed on a part of the boundary; see [4℄.We next introdu
e Th, a 
onforming, shape{regular triangulation of 
 
on-sisting of open simpli
es � with diameter O(h). We denote by Pk(�) the spa
e ofpolynomials on � of total degree k 2 N0 and de�ne the ve
tor of lo
al polynomialdegrees p = (p� : � 2 Th). We 
onsider the �nite element spa
eSp(
; Th) = fu 2 L2(
) : uj� 2 Pp�(�)g :and de�ne Sp0 (
; Th) as the subspa
e of fun
tions in Sp(
; Th) vanishing on �.Our FE approximation spa
e is 
hosen as V h = Sp0 (
; Th).We de�ne Eint as the set of edges that are interse
tions of the element bound-aries and �int as the union of the edges in Eint. For � 2 Th, we then denotethe unit outward normal to �� at x 2 �� by ��(x) and partition the part of itsboundary that is also 
ontained in �int into two sets:��� = fx 2 �� \ �int : b(x) � ��(x) < 0g (in
ow part) ;�+� = fx 2 �� \ �int : b(x) � ��(x) � 0g (out
ow part) :Given v 2 Sp(
; Th), its restri
tion to �D � �
 is denoted by vD = vj �D. Then,for x 2 ��� there exists a unique neighbor �0 with x 2 ��0 and setv+� (x) = v� (x) ; v�� (x) = v�0 (x) ; bv
� = v+� � v�� :2



Given an interior edge e 2 Eint, there are two elements �i; �j , with, e.g.,i > j, that share this edge. We de�ne[v℄e = vj��i\e � vj��j\e; < v >e= 12(vj��i\e + vj��j\e) ;and � as the unit normal whi
h points from �i to �j . We note, that � and �point in di�erent dire
tions in general and that b�
 and [�℄ are distin
t. Similarly,for e = �� \ �, we set [v℄e = vje:Finally, we introdu
e a dis
ontinuity-penalization fun
tion � de�ned on �int:for a edge e 2 Eint, we denote the diameter of e by he and de�ne�e = �0 � < �ap2 >ehe ;where �a = jjajj and �0 is a suitably 
hosen positive 
onstant.For u; v 2 V h, we 
onsider the bilinear formB(u; v) = X�2Th Z� aru � rvdx + X�2Th Z�(b � ru+ 
u)vdx� X�2Th Z���\�int(b � �)bu
v+ds+ Z�int �[u℄[v℄ds+ Z�int ([u℄ < (arv) � � > � < (aru) � � > [v℄) ds ;whi
h has been proposed in [4℄. Our DG approximation of (1) is then de�nedas the unique u 2 V h su
h thatB(u; v) = (f; v)L2(
) ; v 2 V h : (3)Problem (3) 
an be written in matrix form asBu = f; (4)where we have used the same notation for a fun
tion u 2 V h and the 
orre-sponding ve
tor of degrees of freedom, and a bilinear form, e.g., B(�; �), and itsmatrix representation in the spa
e V h. Similarly, in the following we use thesame notation for fun
tional spa
es and the 
orresponding spa
es of ve
tors ofdegrees of freedom.We 
onsider the following s
alar produ
t in Sp0 (
; Th):A(u; v) = X�2Th Z� aru � rvdx+ Z�int �[u℄[v℄ds ;3



3 Two{level overlapping pre
onditionersWe 
onsider pre
onditioners of B of the formB̂�1 = NXi=1 RTi B�1i Ri +RT0 B�10 R0;where the fBig are lo
al operators asso
iated to a partition of 
 into subdomainsand B0 is asso
iated to a global, low{dimensional problem. More pre
isely, we
onsider a non{overlapping partition of 
 into subdomainsFH = f
ig1�i�N ;of diameter H > h. We next extend ea
h 
i to a larger region 
0i � 
, in su
ha way that 
0i is the union of some elements in Th.The �rst problem we need to address is the 
hoi
e of the lo
al solvers asso-
iated to the f
0ig. Here, we exploit the fa
t that we work with dis
ontinuousFE fun
tions and de�ne our lo
al spa
es byVi = fu 2 V h : uj� = 0; � � 
 n
0i g; 1 � i � N : (5)We note that a fun
tion in Vi is dis
ontinuous and, as opposed to the 
ase of
onforming approximations, in general does not vanish on �
0i. Then, RTi :Vi ! V h is the natural interpolation operator from the subspa
e Vi into Vh andthe restri
tion Ri : V h ! Vi puts to zero the degrees of freedom outside �
0i.We showed in [6℄ that, in the pure hyperboli
 
ase a = 0, the lo
al operatorBi = RiBRTi : Vi ! Vi, 1 � i � N , is the approximation of a Diri
hletproblem with weakly imposed boundary 
onditions on the in
ow part of theboundary �
0i, whi
h is therefore well{posed. If some di�usion is present, Bi,although having 
ontributions from bilinear forms de�ned on the boundary, isnot the approximation of a Diri
hlet problem with weakly imposed boundary
onditions on �
0i. However, it is positive{de�nite and the 
orresponding lo
alproblem in 
0i is well{posed.We also note that, thanks to the 
hoi
e of the lo
al spa
es, the 
ase of zerooverlap, 
0i = 
i; 1 � i � N;
an be 
onsidered, as was already noted in [3℄.The �rst 
oarse solver that we 
onsider was already introdu
ed in [6℄. Itrequires that the partition FH is a 
oarse mesh TH . The matrix B0 is then theapproximation of our adve
tion{di�usion problem on the 
ontinuous, pie
ewiselinear FE spa
e V0 = S1(
; TH) \H10 (
) � V h:If RT0 : V0 ! V h is the natural interpolation operator from the subspa
e V0into Vh, then our 
oarse solver isB0 = R0BRT0 ;4



and it 
an be easily shown to be positive{de�nite. In [6℄, we proved that this
hoi
e of 
oarse spa
e leads to an optimal, s
alable pre
onditioner for GMRES.The se
ond 
oarse solver is introdu
ed in the next se
tion.4 Smoothed aggregation te
hniquesThe use of smoothed aggregation (SA) te
hniques allows to build 
oarser spa
eswithout the need of introdu
ing 
oarser triangulations for multi{level and two{level pre
onditioners, and is parti
ular advantageous when dealing with prob-lems on unstru
tured grids; see [7, 1, 5℄. The use of su
h te
hniques also ap-pear to be promising for DG approximations, thanks to the possibility for thesmoothed 
oarse basis fun
tions to 'follow' the dire
tion of the 
ow b.We �rst suppose that the rea
tion term 
 is identi
ally zero. We start byasso
iating a ve
tor to ea
h subdomain. Let ~�i 2 Vh be the 
hara
teristi
fun
tion of 
i. The fun
tions f~�ig span a subspa
e of dimension N and aregood 
andidates for building a 
oarse spa
e sin
e they are able to reprodu
e
onstant fun
tions. Unfortunately, they have a high energy. We note thatwe are working with dis
ontinuous fun
tions and that the term in the energybilinear form A(�; �) responsible for this high energy is the penalization term.Indeed, we have A(~�i; ~�i) � Hd�1h :The idea of SM te
hniques is then to smooth these fun
tions out by in
reasingtheir support using the sten
il of suitable polynomials in B. The property ofbeing able to reprodu
e 
onstants relies on the kernel of the operator L.L1 = 0:For q 2 N0, we de�ne�i = Sq ~�i := (I � !D�1B)q ~�i; 1 � i � N; ! 2 (0; 1℄;where D is a suitable diagonal matrix that 
an be 
hosen, for instan
e, as thediagonal part of B. We note that the smoothed fun
tions are still able toreprodu
e the 
onstants.We �rst 
onsider the pure hyperboli
 
ase a = 0. Given an element � 2 Thand a neighboring element �0 that share an edge e with �, the degrees of freedomof � on e are only 
oupled with the 
orresponding degrees of freedom of �0 on ethrough the upwinding term of the bilinear form. Due to this fa
t:� we need two appli
ations of S, in order to extend the supports of the f~�igof one layer;� the support only in
reases along the streamlines, in the positive dire
tionof the 
ow b. 5



This se
ond property appears to be extremely favorable sin
e the ex
hange ofinformation produ
ed by the 
oarse solve follows the same pattern as that ofthe original problem.If the di�usion is not zero, the degrees of freedom of the element � on e are
oupled to all the degrees of freedom of �0. In this 
ase:� we need one appli
ation of S, in order to extend the supports of the f~�igof one layer and we expe
t the entries of the smoothed fun
tions to behigher in the dire
tion of the 
ow for 
onve
tion{dominated problems;� their support is extended in all dire
tions.If the rea
tion 
oeÆ
ients is not zero, 
onstant fun
tions are not in generalreprodu
ed, but we expe
t this to be balan
ed by the better 
onditioning of B.Our 
oarse spa
e is then de�ned asV0 := span f�ig:We remark that a SA te
hnique provides now all the 
omponents of our pre
on-ditioner:� the 
oarse spa
e, through the matrix RT0 , the 
olumns of whi
h are theve
tors f�ig;� the lo
al solvers, sin
e the overlapping subdomains 
an be 
hosen as thesupports of the fun
tions f�ig.For the last property, we remark that, in the di�usive 
ase the overlap betweenthe subdomains is O(qh).5 Numeri
al resultsIn this se
tion, we show some test 
ases for two simple problems in two dimen-sions. They are for uniform meshes on the unit square, 
onsisting of 2(n � n)triangles, and linear �nite elements. We impose Diri
hlet 
onditions weakly.We have employed GMRES without restart. We have stopped our iterationson
e a redu
tion of the residual norm of 10�6 is a
hieved or after 100 iterations.We note that, for 
oarse spa
es built with SA te
hniques, the overlap Æ = qh isdetermined by the degree q of the smoothing operator.We �rst 
onsider the Poisson equation with inhomogeneous Diri
hlet 
ondi-tions: ��u = xey in 
 ; u = �xey on � :and partitions into n
� n
 squares (H = 1=n
), with n
 = 2; 4; 8; 16; 32. Table1 shows the iteration 
ounts for the two algorithms, as fun
tions of h and theinverse of the relative overlap. We have also 
onsidered the 
ase of zero overlap,denoted by H=Æ =1.Both methods appear to be rather insensitive to the size of the original prob-lem and the number of subdomains, when the relative overlap Æ=H is positive6



two level (I)H=Æn n
 1 16 8 4 216 4 13 - - 13 1432 4 15 - 13 12 1332 8 13 - - 13 1564 4 19 15 14 13 1364 8 16 - 13 13 1464 16 13 - - 13 15128 4 25 18 16 14 13128 8 35 15 14 13 14128 16 15 - 13 13 15128 32 12 - - 13 15
two level (II), ! = 2=3H=Æn n
 1 16 8 4 216 4 21 - - 22 1832 4 28 - 30 25 2032 8 25 - - 26 2264 4 37 40 33 27 2164 8 33 - 35 31 2564 16 26 - - 27 25128 4 48 53 44 35 28128 8 43 47 42 34 27128 16 34 - 37 35 28128 32 26 - - 27 25Figure 1: Poisson problem with standard 
oarse spa
e (left) and a 
oarse spa
ebuilt using a smooth aggregation te
hnique (right).and �xed. The two algorithms appear to be optimal and s
alable. We also notethat the iteration numbers de
rease when the relative overlap in
reases, andthat the iterations for method (II) (smoothed aggregation) are roughly doublethose of method (I) (standard 
oarse spa
e). We remark that for symmetri
positive{de�nite problems, the 
ondition number grows linearly with H=Æ formethod (I), while we expe
t a quadrati
 growth for method (II); see [5℄.The 
ase of zero overlap requires a spe
ial dis
ussion. Our results showthat the number of iterations obtained are generally 
omparable to, but slightlyhigher than, those obtained in the 
ase of Æ > 0 for both algorithms. Fromour numeri
al results for algorithm (I), we are unable to dedu
e whether it isoptimal or non{optimal, with the number of iterations growing as a power ofH=h. We refer to [3℄ for a method with the same lo
al solvers but a di�erent
oarse spa
e, whi
h exhibits a rate of 
onvergen
e that appears to grow linearlywith H=h. On the other hand, we note that for algorithm (II), 
omparablenumbers of iterations are obtained when the ratio H=h is �xed.However, we believe that due to the minimal 
ommuni
ation between thesubdomains and the relatively small iteration 
ounts that we have obtained, thealgorithms with zero overlap might be 
ompetitive in pra
ti
e.We next 
onsider the adve
tion-di�usion equation��u+ b � ru+ 
u = f in 
 ; u = 0 on � ;with 
onstant 
oeÆ
ients and weakly{imposed zero Diri
hlet boundary 
ondi-tions. We 
onsider the 
aseb = �(3�; 3�); 
 = 3�2:The right-hand side f is always 
hosen su
h that the exa
t solution is u =xexy sin(�x) sin(�y). The numbers of iterations are shown in Table 2.7



two level (I): b = �(3�; 3�), 
 = 3�2H=Æn n
 1 16 8 4 216 4 14 - - 14 1532 4 16 - 14 13 1432 8 12 - - 13 1564 4 19 15 14 13 1464 8 13 - 13 13 1564 16 10 - - 12 15128 4 24 19 16 14 14128 8 35 13 13 13 15128 16 11 - 11 11 15
two level (II), ! = 2=3H=Æn n
 1 16 8 4 216 4 22 - - 17 1532 4 28 - 24 20 1632 8 28 - - 22 1964 4 38 33 27 22 1664 8 39 - 32 28 2164 16 31 - - 25 23128 4 50 45 37 30 23128 8 53 45 40 32 23128 16 43 - 37 34 26Figure 2: Adve
tion{di�usion problem with standard 
oarse spa
e (left) and a
oarse spa
e built using a smooth aggregation te
hnique (right).As for the Poisson problem with non{vanishing overlap, the iteration 
ountsde
rease when the overlap in
reases and are independent of the number of sub-domains and the problem size. SA te
hniques also give numbers of iterationsthat are double those for a standard 
oarse spa
e.The behavior for zero overlap appears to be more regular when a standard
oarse spa
e is employed. The number of iterations appears to grow like H=h,when h is �xed. For a �xed value of H=h, slower 
onvergen
e rates are obtainedfor h larger. We 
an then 
on
lude that, for the 
ase of zero overlap, the iteration
ounts are indeed bounded by a C(H=h), with C a suitable 
onstant; see also[3℄. On the other hand, with a SA te
hnique 
omparable numbers of iterationsare obtained for �xed h, regardless the value of H , but the method does notappear to be optimal in this 
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