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Fixing a family of polynomial degrees on the elements, we 
onstru
t and analyzea S
hwarz-pre
onditioner for linear systems obtained from DG dis
retizations, to beused with a Krylov{type method, like GMRES. Our two{level S
hwarz pre
onditioneris built from a 
oarse solver and a number of smaller lo
al solvers, asso
iated to apartition of the domain 
. While the 
oarse level is designed to redu
e the low-energy
omponents of the error, the �ne level splits the original problem into a number ofsmaller problems, not only to redu
e the problem size but also to enable eÆ
ient par-allel 
omputing. We then generalize the additive S
hwarz theory for non-symmetri
problems, developed by Cai and Widlund in [2℄ and [3℄, to the 
lass of DG approxi-mations in question. Our main result is an upper bound for the 
onvergen
e rate ofthe pre
onditioned system, whi
h is independent of the size of the �ne mesh and thenumber of lo
al problems.Even though the linear systems that we 
onsider 
ome from hp �nite elementapproximations and the proposed pre
onditioner 
an be employed for general hp ap-proximations, the bounds that we prove are for the h version only, sin
e they dependin general on the polynomial degree p.We only know of one previous work on domain de
omposition (DD) pre
ondi-tioners for DG approximations. In [8℄, a two{level S
hwarz pre
onditioner has beenproposed and analyzed for a di�erent type of DG approximations for the Poissonproblem. As opposed to our approa
h, the method in [8℄ gives rise to a symmetri
positive{de�nite problem and the Conjugate Gradient method 
an be employed. In[8℄ an expli
it bound for the 
ondition number for a non{overlapping pre
onditioneris obtained, whi
h grows linearly with the number of degrees of freedom in ea
hsubdomain. The method that we present here is similar to that in [8℄, but designedfor a di�erent DG approximation, whi
h is suitable for adve
tion{rea
tion{di�usionequations. The 
oarse spa
e that we 
onsider is also di�erent, and we believe moreappropriate for the 
ase of overlapping methods. We use GMRES as an iterative solverand prove an upper bound for the number of iterations obtained when a two{leveloverlapping pre
onditioner is employed. Due to the available error estimates for GM-RES and the non{symmetry of our problem, bounds that are expli
it in the relativeoverlap 
annot be obtained in general, similar to the 
ase of 
onforming approxima-tions; see [2, 3℄. Our numeri
al results show however that, as expe
ted, the rate of
onvergen
e improves when the the overlap in
reases.The rest of the paper is organized as follows. In se
tion 2, we introdu
e our modelproblem and the dis
ontinuous �nite element spa
es. After de�ning the bilinear formand the 
orresponding dis
rete problem in se
tion 3, we des
ribe our overlappingS
hwarz method in se
tion 4. Se
tion 5 provides te
hni
al tools like estimates forthe 
oarse spa
e and the lo
al spa
es as well as a stable de
omposition. Se
tion 6
ontains the 
onvergen
e result. We �nally illustrate the performan
e of our algorithmin se
tion 7 by several numeri
al experiments for the 
ase of linear �nite elements intwo dimensions.2. Model Problem and Finite Element Spa
es. We 
onsider problem (1.1)and make some further hypotheses. We assume that a = fai;jgdi;j=1 is a symmetri
positive{de�nite matrix,�Ta(x)� � �0 > 0; � 2 Rd; x 2 
;b and 
 are a ve
tor �eld inW 1;1(
) and a fun
tion in L1(
), respe
tively, su
h that(
� 12r � b)(x) � 
0 > 0 ; x 2 
 ;(2.1) 2



and the right-hand side f is a fun
tion in L2(
). The existen
e of a unique solutionof (1.1) is shown in [9℄. We note that we have 
onsidered only the 
ase of strongly{imposed homogeneous Diri
hlet boundary 
onditions for simpli
ity, but that moregeneral ones 
an be employed, su
h as Neumann, Robin, or weakly{imposed Diri
hlet
onditions. Our analysis remains valid in these 
ases.In the following, the norm, seminorm, and inner produ
t of a Hilbert spa
e H aredenoted by k � kH; j � jH, and (�; �)H, respe
tively.In our analysis we will use some regularity properties for se
ond order ellipti
problems and ta
itly assume that the domain 
 and the subdomains 
onsidered satisfythem. Su
h properties are 
ertainly valid for general polygonal and polyhedral domainswith angles between their edges (or fa
es) smaller than 2�. In parti
ular we will assumethat the Poisson problem on 
 (and 
onsequently Problem (1.1) and its adjoint) withDiri
hlet or Neumann 
onditions has H�+3=2 regularity, for all � < �
, where �
 > 0depends on 
 and the parti
ular type of boundary 
onditions 
onsidered; see, [6, Cor.18.15 and Cor. 23.5℄.We next introdu
e a 
onforming, shape{regular triangulation Th of 
, 
onsistingof open simpli
es with diameter O(h). For a nonnegative integer k, we denote byPk(�) the spa
e of polynomials of total degree k on ��, and de�ne the ve
tor of lo
alpolynomial degrees p = (p� : � 2 Th). We 
onsider the �nite element spa
eSp(
; Th) = fu 2 L2(
) : uj�� 2 Pp�(�)g :Let p be the maximum of the polynomial degrees in p.Given a domain D � 
, whi
h is the union of some elements in Th, we de�ne theprodu
t spa
eH1(D; Th) = fu 2 L2(D) : uj� 2 H1(�) ; � 2 Th ; � � Dg ;and equip H1(D; Th) with the broken Sobolev norm and seminorm, given bykuk2H1(D;Th) = X�2Th��D kuk2H1(�) ; juj2H1(D;Th) = X�2Th��D juj2H1(�) :H10 (
; Th) and Sp0 (
; Th) denote the subspa
es of fun
tions in H1(
; Th) andSp(
; Th), respe
tively, vanishing on �.Our FE approximation spa
e is 
hosen asV h = Sp0 (
; Th) :We denote by E the set of all open (d � 1){dimensional fa
es (edges, for d = 2) ofthe elements Th, and de�ne the set of interior fa
es Eint = fe 2 E : e � 
g and theinterior interfa
e �int, su
h that ��int = [e2Eint�e.For � 2 Th, we denote the unit outward normal to �� at x 2 �� by ��(x) andpartition the part of its boundary that is also 
ontained in �int into two sets:��� = fx 2 �� \ �int : b(x) � ��(x) < 0g (in
ow part) ;�+� = fx 2 �� \ �int : b(x) � ��(x) � 0g (out
ow part) :Given v 2 H1(
; Th), its restri
tion to �D � �
 is denoted by vD = vj �D . Then, forx 2 ��� there exists a unique neighbor �0 with x 2 ��0 and we setv+� (x) = v� (x) ; v�� (x) = v�0 (x) ; bv
� = v+� � v�� :3



Given an interior fa
e e 2 Eint, there are two elements �i; �j , with, e.g., i > j,that share this fa
e. We de�ne[v℄e = vj��i\e � vj��j\e; < v >e= 12(vj��i\e + vj��j\e) ;and � as the unit normal whi
h points from �i to �j . We note, that � and � point indi�erent dire
tions in general and that b�
 and [�℄ are distin
t. While � and b�
 dependon the sign of the adve
tive normal 
ux on an element boundary, � and [�℄ depend onthe element numbering. Similarly, for e = �� \ �, we set[v℄e = vje:Finally, we introdu
e a dis
ontinuity-penalization fun
tion � de�ned on �int:for a fa
e e = �� \ ��0 2 Eint, we denote the diameter of e by he and de�ne�e = �0 �a�p2� + �a�0p2�02he ;where �a = jjajj and �0 is a suitably 
hosen positive 
onstant.3. Bilinear Form and Dis
rete Problem. For u; v 2 V h, we 
onsider thebilinear formB(u; v) = X�2Th Z� aru � rvdx+ X�2Th Z�(b � ru+ 
u)vdx� X�2Th Z���\�int(b � �)bu
v+ds+ Z�int �[u℄[v℄ds+ Z�int ([u℄ < (arv) � � > � < (aru) � � > [v℄) ds ;whi
h has been proposed in [9℄. Our DG approximation of (1.1) is then de�ned as theunique u 2 V h su
h that B(u; v) = (f; v)L2(
) ; v 2 V h :(3.1)Problem (3.1) 
an be written in matrix form asBu = f;(3.2)where we have used the same notation for a fun
tion u 2 V h and the 
orrespondingve
tor of degrees of freedom, and a bilinear form, e.g., B(�; �), and its matrix repre-sentation in the spa
e V h. Similarly, in the following we use the same notation forfun
tional spa
es and the 
orresponding spa
es of ve
tors of degrees of freedom.We next de�ne some additional bilinear forms. It 
an be easily veri�ed thatA(u; v) = X�2Th Z� aru � rvdx + Z�int �[u℄[v℄ds ;de�nes a s
alar produ
t in H10 (
; Th) and a norm k � kA = A(�; �) 12 .4



Furthermore, letD(u; v) = X�2Th Z� b � ru v dx� X�2Th Z���\�int(b � �)bu
v+ds ;S(u; v) = Z�int ([u℄ < (arv) � � > � < (aru) � � > [v℄) ds ;C(u; v) = (
u; v)L2(
) :We note that B(u; v) = A(u; v) +D(u; v) + C(u; v) + S(u; v).An important tool in the analysis of S
hwarz methods is represented by somePoin
ar�e and Friedri
hs type inequalities valid for Sobolev spa
es. The followinglemma provides two generalizations to the dis
ontinuous spa
e H1(D; Th); see also[1, 8℄.Lemma 3.1 (Poin
ar�e-Friedri
hs). Let D � 
 be a domain whi
h is the union ofsome elements in Th. Then there exists a positive 
onstant C depending only on thegeometry of D (but not on its size) and the shape-regularity 
onstant of Th, su
h that,for all u 2 H1(D; Th),kuk2L2(D) � CH2D0B�juj2H1(D;Th) + Xe2Ee�D Ze h�1e [u℄2ds+ Xe2Ee��D Ze h�1e u2ds1CA ;(3.3)where HD is the diameter of D. If in addition RD udx = 0, thenkuk2L2(D) � CH2D0B�juj2H1(D;Th) +Xe2Ee�D Ze h�1e [u℄2ds1CA :(3.4)Proof. Here, we only present a proof for the the Poin
ar�e-type inequality (3.4). Aproof for the Friedri
hs inequality (3.3) 
an be found in [1℄ for the 
ase of a 
onvex Dand 
an be easily generalized to our more general 
ase.We �rst suppose that D has unit diameter and pro
eed similarly to [1, Lem. 2.2℄.Let u 2 H1(D; Th) with RD udx = 0 and v 2 H�+3=2(D), for a � > 0, the solution ofthe following Neumann problem��v = u; in D; �v�n = 0; on �D; ZD vdx = 0:Then there exists a 
onstant C > 0 su
h thatkvkH�+3=2(D) � CkukL2(D):Integration by parts on ea
h � and summation over all the elements yieldkuk2L2(D) = (u;��v)L2(D)= (ru;rv)L2(D) � X��D�u; �v�n�L2(��n�D)�  juj2H1(D;Th) +Xe�D Ze h�1e [u℄2ds! 12�  jvj2H1(D;Th) + X��D Z��n�D h���v�n�2 ds! 12 :5



Using a tra
e inequality for �v=�n as in [1℄ we obtain (3.4).The 
orresponding inequalities for the 
ase of a general D 
an be obtained em-ploying a s
aling argument.We note that (3.3) is the generalization of the 
orresponding estimate for fun
tionsin H1(
) with support 
ontained in �D to dis
ontinuous fun
tions in H1(D; Th). Inparti
ular, (3.3) remains valid for a fun
tion that is 
onstant in D and vanishes in
nD, due to the 
ontributions on the edges on �D. On the other hand, (3.4) requiresthe additional restri
tion RD udx = 0, whi
h a 
onstant fun
tion does not meet.The following inverse inequalities are proven in [13, Se
t. 4.6.1℄.Lemma 3.2 (Lo
al Inverse Inequalities). There exists a positive 
onstant C de-pending only on the shape-regularity 
onstant of Th su
h that for all u 2 Pp�(�) andfor all � 2 Th kuk2L2(��) � C p2�h� kuk2L2(�) ;(3.5) juj2H1(�) � C p4�h2� kuk2L2(�) :(3.6)Using these tools, we obtain the following Lemmata.Lemma 3.3 (Continuity). There exists C > 0 su
h thatjB(u; v)j � C kukAkvkA ; u; v 2 V h :Proof. The bilinear form B 
onsists of �ve 
ontributions I, II, III, IV, and V, allof whi
h 
an be bounded by CkukAkvkA:We easily �nd jI j = j X�2Th Z� aru � rv dxj � C kukAkvkA ;jIV j = j Z�int �[u℄[v℄ dsj � C kukAkvkA :The Cau
hy-S
hwarz inequality and (3.3) with D = 
 yieldjII j = j X�2Th Z�(b � ru+ 
u)v dxj � C X�2Th �jujH1(�)kvkL2(�) + kukL2(�)kvkL2(�)�� C kukAkvkA :Applying the inverse inequality (3.5), Lemma 3.1, and the de�nition of �, we �ndjIII j = j X�2Th Z���\�int(b � �)bu
v+dsj� C  X�2Th h�1� kbu
k2L2(���\�int)! 12  X�2Th h�kv+k2L2(���\�int)! 12� C �Z�int �[u℄2ds� 12 kvkL2(
) � C kukAkvkA :6



Using (3.5), we �nally obtainjV j = j Z�int ([u℄ < (arv) � � > � < (aru) � � > [v℄) dsj� C 0B� Xe2Eint h�1e k[u℄k2L2(e) � X�2Th����int h�k < arv > k2L2(��)1CA 12
+ C 0B� X�2Th����int h�k < aru > k2L2(��) � Xe2Eint h�1e k[v℄k2L2(e)1CA 12
� C  Z�int �[u℄2ds � X�2Th karvk2L2(�)! 12 + C  X�2Th karuk2L2(�) � Z�int �[v℄2ds! 12� C kukAkvkA :Lemma 3.4 (Coer
ivity). We haveB(u; u) � kuk2A ; u 2 H10 (
; Th) :Proof.B(u; u) = X�2Th kparuk2L2(�) + Z�int �[u℄2ds+ X�2Th Z�(b � ru+ 
u)udx� X�2Th Z���\�int(b � �)bu
u+ds=: kuk2A +R(u; u)Therefore, we just have to make sure that R(u; u) � 0. Integration by parts yieldsR(u; u) = X�2Th Z���12(r � b) + 
�u2dx+ X�2Th Z��\�int 12(b � �)u2ds� Z���\�int(b � �)bu
u+ds! :Condition (2.1) ensures that the �rst sum is positive. To deal with the se
ond sum,we 
onsider an interior fa
e e � Eint whi
h is 
ommon to the elements � and �0. Lete be an in
ow edge of, e.g., �0. Then the se
ond sum 
an be written asXe�Eint Ze�12(b � ��)(u�)2 + 12(b � ��0)(u�0)2 � (b � ��0)(u�0 � u�)u�0� ds= Xe�Eint Ze 12 jb � ��0 j(u�0 � u�)2 ds = Z�int 12 jb � �j[u℄2ds � 0 ;where we have used the fa
t that e � ���0 also belongs to �+�.7



Using similar arguments as in the proofs of Lemmata 3.3 and 3.4, we 
an provethe following Lemma:Lemma 3.5. There exists a 
onstant C > 0 su
h that for all u; v 2 V hjD(u; v)j � CkukL2(
)kvkA ;jD(u; v)j � CkukAkvkL2(
) :Finally, we are able to 
ontrol the interfa
e penalization 
ontribution by requiringthat the penalization 
oeÆ
ient is suÆ
iently large:Lemma 3.6. Let H > 0 and �0 � 
0=H for some 
onstant 
0 > 0. Then thereexists C > 0, su
h that for all u; v 2 V hjS(u; v)j � CpH kukAkvkA :Proof. Sin
e ��1 � CHh, using the inverse inequality (3.5), we obtainjS(u; v)j �  X�2Th �k[u℄k2L2(��)! 12  X�2Th ��1k < arv > k2L2(��)! 12+  X�2Th �k[v℄k2L2(��)! 12  X�2Th ��1k < aru > k2L2(��)! 12� C kukApH  X�2Th h k < arv > k2L2(��)! 12+ C kvkApH  X�2Th h k < aru > k2L2(��)! 12� CpH kukAkvkA :We remark that the restri
tion imposed by the previous lemma on � does notappear to be required in pra
ti
e; see Se
tion 7.4. An overlapping S
hwarz Method. In this se
tion, we introdu
e our two{level algorithm. It is the generalization of the 
lassi
al overlapping method with astandard 
oarse spa
e. We refer to [16℄ and [14℄ for further details and some imple-mentation issues. As previously remarked, even though our pre
onditioner 
an beemployed for general hp approximations, the bounds that we prove are for the hversion only, sin
e they depend in general on the polynomial degree p.We �rst introdu
e a shape{regular 
oarse triangulation of 
TH = f
ig1�i�N ;of diameter H > h and suppose that Th is obtained by re�ning TH . We next extendea
h 
i to a larger region 
0i � 
, in su
h a way that 
0i is the union of some elementsin Th. Con
erning the overlap of the extended subregions, we assume that there existsa 
onstant � > 0 su
h thatdist(�
0i \ 
; �
i) � �H ; 1 � i � N :(4.1) 8



In addition, we also assume a �nite 
overing property. We start by de�ning an auxiliarypartition, obtained by augmenting the f
0ig by one layer of �ne elements. Let
00i := [�2Th�\
0i 6=; � � 
0i; i = 1; : : : ; N:We assumeProperty 4.1 (Finite Covering). Every point x 2 
 belongs to at most N
subdomains in f
00i g.We note that 
onforming overlapping methods require a �nite 
overing propertythat just involves the original partition f
0ig (see [14, Se
t. 1.3.1℄). Here, in the dis-
ontinuous 
ase we need a more restri
tive 
overing to 
ontrol the skew-symmetri
part of the bilinear form (see the proof of Lemma 5.7).Before pro
eeding, we remark that more general partitions and 
oarse meshes 
anbe employed in overlapping methods. In parti
ular, the 
oarse mesh does not need tobe related to the �ne one, and the non{overlapping partition f
ig does not need tobe related to the 
oarse mesh TH . Indeed, one only needs to assume that the diameterof TH and the diameters of the f
ig are of the same size H ; see, e.g., [4℄. Our resultsand proofs remain valid in this more general 
ase.The �rst problem we need to address is the 
hoi
e of the lo
al solvers asso
iatedto the f
0ig. Our FE spa
es are dis
ontinuous and at a �rst glan
e there are no tra
esto mat
h! We then pro
eed in a purely algebrai
 way, by �rst de�ning some lo
alspa
es (or, equivalently, by extra
ting some blo
ks from B) and then identifying the
orresponding problems, if any, that they represent.Our lo
al spa
es are de�ned byVi = fu 2 V h : uj� = 0; � 2 Th; � � 
n
0i g ; 1 � i � N :(4.2)We note that a fun
tion in Vi is dis
ontinuous and, as opposed to the 
ase of 
on-forming approximations, in general does not vanish on �
0i. Let RTi : Vi ! V h be thenatural inje
tion operator from the subspa
e Vi into V h. We re
all that the restri
tionoperator Ri : V h ! Vi, de�ned as the transpose of RTi with respe
t to the Eu
lideans
alar produ
t, puts to zero the degrees of freedom outside �
0i. The matrix blo
k 
or-responding to the spa
e Vi is obtained by extra
ting all the degrees of freedom relativeto the elements 
ontained in 
0i and is equal toBi = RiBRTi : Vi �! Vi:It 
an easily be veri�ed that the matrix Bi is the representation of the following lo
al9



bilinear form:Bi(u; v) = X�2Th��
0i Z�(aru � rv + b � ruv + 
uv)dx� X�2Th��
0i Z���\
0i(b � �)bu
v+ds+ Z�int\
0i �[u℄[v℄ds+ Z�int\
0i ([u℄ < (arv) � � > � < (aru) � � > [v℄) ds� X�2Th��
0i Z���\�
0i(b � �)u+v+ds+ 12 Z�int\�
0i (u((arv) � �)� (aru) � �)v) ds+ Z�int\�
0i �uvds ;for u; v 2 Vi. The 
ontributions in the �rst three lines 
ome from the DG approxima-tion of the operator L on 
0i, while the remaining 
ontributions are boundary 
ontribu-tions on �
0i, whi
h appear sin
e we have kept the boundary degrees of freedom in thede�nition of Vi. We �rst 
onsider the purely hyperboli
 
ase a = 0. Following [9℄, wesee that Bi is the approximation of a Diri
hlet problem with weakly imposed bound-ary 
onditions on the in
ow part of the boundary �
0i and it is therefore well{posed.This is opposed to the standard overlapping method for 
onforming approximations,where, by extra
ting lo
al blo
ks, strongly imposed Diri
hlet 
onditions on all �
0iand thus potentially ill{posed lo
al problems are obtained. In the purely di�usive 
aseb = 0, we note the presen
e of the term 1=2 in the skew{symmetri
 boundary 
ontri-bution, arising from the average of the 
uxes. Without this multipli
ative fa
tor, Biwould still be the approximation of a Diri
hlet problem with weakly imposed bound-ary 
onditions on �
0i; see [9℄. Despite the presen
e of the term 1=2, we note howeverthat Bi is positive{de�nite thanks to the presen
e of the penalization 
ontribution,and the lo
al problem on 
0i is well{posed. In the general transport{di�usion 
ase, thelo
al matri
es are still positive{de�nite, even if they do not represent lo
al Diri
hletproblems in general. We will prove that our 
hoi
e of lo
al problems gives an optimalmethod, i.e. a method 
onverging independently of h and H .We also note that, thanks to the 
hoi
e of the lo
al spa
es, the 
ase of zero overlap,
0i = 
i; 1 � i � N;
an be 
onsidered, as was already noted in [8℄. This has no analogue in the 
onforming
ase and is due to the fa
t that we work with dis
ontinuous FE spa
es. Most ofour numeri
al results show that the number of iterations obtained in this 
ase is
omparable, even if larger, to that for the overlapping 
ase.We now introdu
e our 
oarse solver. It is de�ned on TH and is the FE approxi-mation of our original problem on the 
ontinuous, pie
ewise linear FE spa
eV0 = S1(
; TH) \H10 (
) � V h:If RT0 : V0 ! V h is the natural inje
tion operator from the subspa
e V0 into V h, thenour 
oarse solver is B0 = R0BRT0 ;10



and it 
an be easily shown to be positive{de�nite. Other 
hoi
es are possible: we
ould, e.g., 
onsider a DG approximation of the original problem on the 
oarse meshTH with pie
ewise linear �nite elements; see [8℄. Our bounds remain valid in this 
ase.We are now ready to de�ne our S
hwarz pre
onditionerB̂�1 = NXi=0 RTi B�1i Ri:In order to analyze the spe
tral properties of the 
orresponding pre
onditioned systemB̂�1B, we write the latter using some proje
tions; see [14℄. As is standard pra
ti
e inS
hwarz methods, for 0 � i � N we de�ne the B-proje
tions Pi : V h ! Vi byB(Piu; v) = B(u; v) ; v 2 Vi :It 
an be easily shown (see [14℄) thatPi = (RTi B�1i Ri)B;and 
onsequently that the pre
onditioned matrix B̂�1B is equal to the additiveS
hwarz operator: P = NXi=0 Pi :In Theorem 6.1 we will show that P is invertible.We 
onsider the generalized minimum residual method (GMRES) applied to thepre
onditioned system Pu = g;(4.3)where g = B̂�1f . Some 
onvergen
e bounds for GMRES are proven in [7℄, to whi
hwe refer for a des
ription of the algorithm. We denote by
P = infu 6=0 A(u; Pu)A(u; u) and CP = supu 6=0 kPukAkukA ;the smallest eigenvalue of the symmetri
 part and the operator norm of P , respe
tively.Then, if 
p > 0, GMRES applied to (4.3) 
onverges in a �nite number of steps, andafter m steps the norm of the residual of the pre
onditioned system rm := g � Pumis bounded by krmkA �  1� 
2pC2P !m2 kr0kA :5. Te
hni
al Tools. In this se
tion, we provide all the te
hni
al tools neededfor the proof of our 
onvergen
e result 
ontained in Theorem 6.1.5.1. Results for the 
oarse spa
e. We start by de�ning an interpolation op-erator onto the 
oarse spa
e. Let y be a node of the 
oarse mesh TH , and By bethe union of the elements in TH that share y. The following de�nition of the quasi-interpolant as well as the proof of Lemma 5.1 are given for d = 2. Our de�nitions11



and analysis 
an easily be adapted to the 
ase d = 3 and we refer to [15, p. 10℄ for asimilar interpolant onto a 
onforming �nite element spa
e.We de�ne QH : L2(
)! V0;by assigning a nodal value to every vertex a; b; 
 of every 
oarse element K 2 TH . Weset (QHu)(y) = meas(By)�1 ZBy u(x) dx; y 2 fa; b; 
g :The following lemma ensures that QH is stable and provides an error bound.Lemma 5.1 (Coarse Mesh Quasi-Interpolant). There exists C > 0, independentof h and H, su
h that, for all u 2 H1(
; Th)kQHu� uk2L2(
) � CH2 kuk2A ;(5.1) kQHuk2A � C kuk2A :(5.2)Proof. We 
onsider a 
oarse element K 2 TH with verti
es a; b; 
 and denote byeK the union of K and its neighboring elements. We 
learly have,kQHukL2(K) � C kukL2(eK); u 2 L2(
) :Sin
e eK has a diameter of order H , inequality (3.4) ensures the existen
e ofa positive 
onstant C, independent of h and H , su
h that for v 2 H1(
; Th) withReK v dx = 0 kvk2L2(eK) � CH2�jvj2H1(eK;Th) + Z�int\eK �[v℄2ds� :Let now u 2 H1(
; Th) and �u := u � meas( eK)�1 ReK udx. Sin
e QH reprodu
esthe 
onstant fun
tions on K, we obtainkQHu� uk2L2(K) = kQH �u� �uk2L2(K) � C k�uk2L2(eK)� CH2�juj2H1(eK;Th) + Z�int\eK �[u℄2ds� :Summing over all K 2 TH and using the �nite 
overing property for the partitionf ~K : K 2 THg, we have, for u 2 H1(
; Th),kQHu� uk2L2(
) � C XeK2TH kQHu� uk2L2(eK)� CH2 XeK2TH �juj2H1(eK;Th) + Z�int\eK �[u℄2ds�� CH2kuk2A ;whi
h 
on
ludes the proof of (5.1). 12



Using the inverse inequality (3.6) for an element K 2 TH and (3.4), we �ndjQHuj2H1(K) = jQH �uj2H1(K) � C H�2 kQH �uk2L2(K)� CH�2 �kQH �u� �uk2L2(K) + k�uk2L2(eK)�� C �juj2H1(eK;Th) + Z�int\eK �[u℄2ds� :Sin
e QHu is 
ontinuous in 
, kQHukA is equal to the broken H1{seminorm, andsumming over all K 2 TH 
on
ludes the proof of inequality (5.2).We note that we have 
onsidered the interpolant QH instead of the L2{orthogonalproje
tion, in order to make our analysis valid for the 
ase of a 
oarse mesh that isnot quasi{uniform; see, e.g., [4℄.The following lemma 
ontains some bounds for the B-proje
tion P0.Lemma 5.2. There exists C > 0, su
h that for all u 2 V h,kP0ukA � C kukA;kP0u� ukL2(
) � C H
 kukA;where 
 > 1=2 is related to the regularity 
onstant of the adjoint problem with Diri
hletboundary 
onditions.Proof. The 
oer
ivity and 
ontinuity of B, and the de�nition of P0 yieldkP0uk2A � B(P0u; P0u) = B(u; P0u) � C kukAkP0ukA ;whi
h gives the �rst inequality.In order to obtain a bound for the error u�P0u, we 
onsider the auxiliary problemL�w = P0u� u in 
; w = 0 on � ;where L� is the adjoint of L. We have for any w0 2 V0kP0u� uk2L2(
) = (P0u� u;L�w)L2(
) = B(P0u� u;w)= B(P0u� u;w � w0) � C kP0u� ukAkw � w0kA :Sin
e P0u�u 2 L2(
), then w 2 H�+3=2(
) for an � > 0, and the Sobolev embeddingtheorem implies H�+3=2(
) � C(
). Therefore, w�w0 is 
ontinuous, and kw�w0kAis equal to the broken H1{seminorm. Standard approximation estimates yield theexisten
e of w0 2 V0 su
h thatkw � w0kH1(
) � C H
 kwkH1+
 (
) ;with 
 = � + 1=2; see, e.g., [12℄. Therefore,kP0u� uk2L2(
) � C H
 kP0u� ukAkP0u� ukL2(
) ;whi
h gives the L2-bound.As for the analogous algorithm in the 
onforming 
ase ([2, 14℄), we need to 
ontrolthe lower{order and skew{symmetri
 terms of the bilinear form B. Lemmata 3.5, 3.6,and 5.2 set the stage for the proof of the following bounds, whi
h 
an be 
arried outas in [14, Lem. 16, Ch. 5.4℄. 13



Lemma 5.3. There exists a 
onstant C > 0, independent of h and H, su
h that,for all u 2 V h,jC(P0u� u; P0u)j � C H
 kuk2A ; jD(P0u� u; P0u)j � C H
 kuk2A ;and, if �0 � 
0=H, jS(P0u� u; P0u)j � CpH kuk2A :5.2. Lo
al results. We �rst de�ne some lo
al seminorms that we need in orderto 
ontrol the skew{symmetri
 part of B (see the proof of Lemma 5.7). For u 2 V h,i = 1; : : : ; N , we setkuk2Ai := juj2H1(
0i;Th) + Xe2Ee�
0i Ze h�1e [u℄2ds;kuk2A0i := juj2H1(
00i ;Th) + Xe2Ee�
0i Ze h�1e [u℄2ds:The following two lemmata are immediate 
onsequen
es of the �nite 
overing propertyof the subdomains.Lemma 5.4. Let u =PNi=0 ui, with ui 2 Vi, then there exists a 
onstant C > 0,su
h that kuk2A � C NXi=0 kuik2A:Lemma 5.5. Let u 2 V h, then there exists a 
onstant C > 0, su
h thatNXi=1 kuk2L2(
0i) � C kuk2L2(
);(5.3) NXi=1 kuk2Ai � C kuk2A;(5.4) NXi=1 kuk2A0i � C kuk2A:(5.5)The Friedri
hs inequality (3.3) yields dire
tly:Lemma 5.6. There exists C > 0, su
h that for all u 2 V h and 1 � i � N ,kPiukL2(
) � C H kPiukA :We are now ready to prove the key result of this te
hni
al subse
tion.14



Lemma 5.7. There exists a 
onstant C > 0, independent of h and H, su
h thatfor all u 2 V h, ����� NXi=1 C(Piu� u; Piu)����� � C H  kuk2A + NXi=1 kPiuk2A! ;(5.6) ����� NXi=1 D(Piu� u; Piu)����� � C H  kuk2A + NXi=1 kPiuk2A! ;(5.7)and, if �0 � 
0=H,����� NXi=1 S(Piu� u; Piu)����� � CpH  kuk2A + NXi=1 kPiuk2A! :(5.8)Proof. We start with (5.6). We 
an write����� NXi=1 C(Piu� u; Piu)����� � C NXi=1 Z
0i jPiu� uj jPiujdx� C NXi=1 kPiu� ukL2(
0i) kPiukL2(
0i)� C  NXi=1 kPiu� uk2L2(
0i)!1=2 NXi=1 kPiuk2L2(
0i)!1=2 :(5.9)
The �rst term on the right hand side 
an be bounded by using the triangle inequality,(5.3), and the Friedri
hs inequality (3.3) with D = 
. We �nd NXi=1 kPiu� uk2L2(
0i)!1=2� p2 NXi=1 kPiuk2L2(
0i)!1=2 +p2 NXi=1 kuk2L2(
0i)!1=2� p2 NXi=1 kPiuk2L2(
0i)!1=2 + CkukL2(
)� p2 NXi=1 kPiuk2L2(
0i)!1=2 + CkukA :(5.10)

15



Combining (5.9) and (5.10), and using Lemma 5.6, we obtain����� NXi=1 C(Piu� u; Piu)������ C0� NXi=1 kPiuk2L2(
0i)!1=2 + kukA1A  NXi=1 kPiuk2L2(
0i)!1=2� C0�H  NXi=1 kPiuk2A!1=2 + kukA1A H  NXi=1 kPiuk2A!1=2� CH  NXi=1 kPiuk2A + kuk2A! :In order to prove (5.7), we �rst note thatjD(Piu� u; Piu)j � CkPiu� ukAikPiukL2(
0i); i = 1; : : : ; N:We 
an then write����� NXi=1 D(Piu� u; Piu)����� � C NXi=1 kPiu� ukAikPiukL2(
0i)� C  NXi=1 kPiu� uk2Ai!1=2 NXi=1 kPiuk2L2(
0i)!1=2� C0� NXi=1 kPiuk2Ai!1=2 + NXi=1 kuk2Ai!1=21A NXi=1 kPiuk2L2(
0i)!1=2 :Using (5.4), Lemma 5.6, and the fa
t that,kPiukAi = kPiukA; i = 1; : : : ; N;we obtain (5.7).In order to prove (5.8), we �rst need a bound for ea
h term S(Piu � u; Piu).Pro
eeding as for Lemma 3.6, we �ndjS(Piu� u; Piu)j � CpHkPiu� ukA0ikPiukAi ; i = 1; : : : ; N:(5.11)We 
an then write����� NXi=1 S(Piu� u; Piu)����� � CpH NXi=1 kPiu� ukA0ikPiukAi� CpH  NXi=1 kPiu� uk2A0i!1=2 NXi=1 kPiuk2Ai!1=2 :Using (5.5) and the fa
t that,kPiukAi = kPiukA0i = kPiukA; i = 1; : : : ; N;we obtain (5.8). 16



5.3. A stable de
omposition. The following lemma ensures that, for everyfun
tion in the dis
ontinuous spa
e V h, a stable de
omposition 
an be found for thefamily of subspa
es fVig.Lemma 5.8 (De
omposition). There exists a 
onstant C0 > 0, independent of hand H, su
h that for all u 2 V h there exists fui 2 Vig0�i�N with u =PNi=0 ui andNXi=0 kuik2A � C20 kuk2A :Proof. We denote by C(
; Th) = fu 2 L2(
) : uj�� 2 C(��) ; � 2 Thg the spa
e ofpie
ewise 
ontinuous fun
tions. We de�ne the operatorIh : C(
; Th)! V h ;where for ea
h element � 2 Th, the restri
tion Ihj�� to �� is equal to the nodal interpo-lation operator onto Pp�(�).For u 2 V h, we de�ne� u0 = QHu;ui = Ih(�i(u� u0)) ; 1 � i � N ;where f�ig1�i�N is a pie
ewise linear partition of unity relative to the familyf
0ig1�i�N ; see, e.g., [14℄. We re
all, in parti
ular, that �i 2 [0; 1℄, supp(�i) � �
0i,for 1 � i � N , and PNi=1 �i(x) = 1 for all x 2 
. Furthermore, our assumption (4.1)on the overlap of the extended subdomains ensures that kr�ikL1(
) � CH�1, whereC depends on �. By 
onstru
tion, ui 2 Vi for 0 � i � N , and u =PNi=0 ui.Let w = u � u0. The same arguments used in the proof of the de
ompositionlemma for standard 
onforming �nite elements [14, Chapter 5.3℄, yield, for � 2 Thand 1 � i � N , juij2H1(�) � 2 jwj2H1(�) + CH�2 kwk2L2(�) :The �nite 
overing property ensures, that summing over i we obtainNXi=1 juij2H1(�) � C jwj2H1(�) + CH�2 kwk2L2(�) :We next sum over all the elements � and obtainNXi=1 juij2H1(
;Th) � C jwj2H1(
;Th) + CH�2 kwk2L2(
) :Furthermore, we have, for all 1 � i � N ,k[�iw℄kL1(�int) � k[w℄kL1(�int) ;where we have used the fa
t that �i is 
ontinuous and that k�ikL1(
) � 1. Sin
ew 2 V h, we obtain Z�int �[ui℄2ds � Z�int �[w℄2ds :17



The �nite 
overing of the subdomains yieldsNXi=1 Z�int �[ui℄2ds � C Z�int �[w℄2ds :Summing the H1-seminorms and jump terms, we obtainNXi=1 kuik2A � C kwk2A + CH�2 kwkL2(
) ;and the proof is 
on
luded by applying Lemma 5.1.Remark 1. The proof of the previous lemma 
an be 
arried out also in the 
aseof zero overlap: 
0i = 
i. In this 
ase the partition of unity f�ig 
onsists of the(dis
ontinuous) 
hara
teristi
 fun
tions of the subdomains f
ig. However, C20 dependson H=h in this 
ase; see also [8℄ for a similar algorithm.6. The 
onvergen
e result. We have now 
ompleted all the preparations re-quired to obtain a lower bound for 
P and an upper bound for CP . We remark thatthe following proof is similar to those in [2℄, [3℄, and [14, Ch. 5.4℄.Theorem 6.1. There exist 
onstants C > 0, H0 > 0, 
(H0) > 0, su
h that, forall u 2 V h, A(Pu; Pu) � C A(u; u) ;
(H0)A(u; u) � A(u; Pu); H � H0:Proof. First we observe, that Lemma 5.4 implieskPuk2A = 




 NXi=0 Piu




2A � C NXi=0 kPiuk2A :(6.1)Sin
e B is 
oer
ive and 
ontinuous, we �ndNXi=0 kPiuk2A � NXi=0 B(Piu; Piu) = NXi=0 B(u; Piu) = B(u; NXi=0 Piu)� C kukA 




 NXi=0 Piu




A � C kukA NXi=0 kPiuk2A! 12 :(6.2)Combining (6.1) and (6.2), we obtain kPuk2A � C kuk2A, whi
h proves our upperbound.In order to prove the lower bound, we �rst provide a bound for PNi=0 kPiuk2A.The 
oer
ivity and 
ontinuity of B, Lemma 5.8, and the Cau
hy-S
hwarz inequalityyield kuk2A � B(u; u) = NXi=0 B(u; ui) = NXi=0 B(Piu; ui)� C NXi=0 kPiukAkuikA � C  NXi=0 kPiuk2A! 12 � NXi=0 kuik2A! 12� C  NXi=0 kPiuk2A! 12 � C0 kukA ;18



whi
h gives NXi=0 kPiuk2A � C kuk2A:(6.3)Using the de�nition of Pi and B, we have0 = B(Piu� u; Piu)= A(Piu� u; Piu) + C(Piu� u; Piu) +D(Piu� u; Piu) + S(Piu� u; Piu) ;and 
onsequently,A(u; Pu)= NXi=0 [A(Piu; Piu) + C(Piu� u; Piu) +D(Piu� u; Piu) + S(Piu� u; Piu)℄ :Using (6.3), we �ndA(u; Pu) � Ckuk2A � ����� NXi=0 [C(Piu� u; Piu) +D(Piu� u; Piu) + S(Piu� u; Piu)℄����� :Upper bounds for the terms in the sum 
an be found using Lemmata 5.3 and 5.7, fori = 0 and i > 0, respe
tively. We obtain, after applying (6.3),A(u; Pu) � hC � C1max(H
 ;pH;H)� C2max(H
 ;pH;H)i kuk2A:The proof of the lower bound is 
ompleted by 
hoosing H suÆ
iently small.Remark 2. Our analysis is valid for FE spa
es of arbitrary polynomial degree onea
h element, but the 
onstants C, H0, and 
 in Theorem 6.1 depend on p in general.7. Numeri
al results. We present some numeri
al results to illustrate the per-forman
e of our overlapping S
hwarz algorithm for pie
ewise linear �nite elements intwo dimensions. We have tested the two{level pre
onditioner introdu
ed in the pre-vious se
tions, as well as the one{level pre
onditioner built on the same partitions,and we are interested in the performan
e of the two methods when varying h, H , andthe overlap. We 
onsider problem (1.1) in 
 = (0; 1)2 with weakly{imposed Diri
hletboundary 
onditions; see, e.g., [9℄. Our test 
ases are a Poisson problem, an adve
tion-di�usion equation with 
onstant 
oeÆ
ients, and an adve
tion-di�usion equation witha rotating 
ow �eld.We use a two-level subdivision of 
, 
onsisting of a �ne triangulation Th, obtainedby dividing 
 into h�2 squares that are then 
ut into two triangles, and a 
oarsetriangulation 
onsisting of H�2 squares f
ig, whi
h are possibly extended in orderto form a partition ff
ig by adding q 2 f0; 1; 2; : : :g layers of h-level triangles in alldire
tions. We set 
0i = f
i \ 
. The overlap is Æ = qh, Æ � 0.Though our theory requiresH to be suÆ
iently small and the penalization param-eter �0 to be of order H�1, our experiments show that in pra
ti
e these restri
tionsare not required. We have 
hosen �0 = 1 and solved the 
oarse and lo
al problemsexa
tly by using Gaussian elimination.We remark that all our theoreti
al estimates employ the A{indu
ed s
alar prod-u
t, but that our GMRES implementation employs the standard Eu
lidean produ
t.19



Our theoreti
al results are still valid in this 
ase:The inverse estimates (3.5) and (3.6) yield positive 
onstants d0; d1 independent of h,su
h that d0hdkxk22 � kxk2A � d1hd�2kxk22; x 2 Rn ;see for example [10, Se
t. 7.7℄. Therefore, the use of the Eu
lidean norm in
reases theiteration 
ounts only by an additive term of order log10(h), whi
h is hard to observein our 
omputational experiments; see also [11, Se
t. 5℄.In our experiments we stop GMRES as soon as krik2 � 10�6kr0k2 or after 100iterations. Our numeri
al results have been obtained with Matlab 5.3.7.1. Poisson equation. We �rst 
onsider the Poisson equation with inhomoge-neous Diri
hlet 
onditions:��u = xey in 
 ; u = �xey on � :and partitions into N �N squares (H = 1=N), with N = 2; 4; 8; 16; 32.Table 7.1 shows the iteration 
ounts for the one{ and two{level algorithms, asfun
tions of h, H , and the inverse of the relative overlap. We have also 
onsideredthe 
ase of zero overlap, denoted by H=Æ = 1. We note that both methods appearto be rather insensitive to the size of the original problem when H is �xed, but that,as expe
ted, the iterations for the one{level pre
onditioner (table on the left hand-side) grow with the number of subdomains. The two{level algorithm (table on theright hand-side), on the other hand, appears to be s
alable: the iteration numbersappear to depend only on the relative overlap Æ=H and de
rease when the relativeoverlap in
reases. Sin
e our 
onvergen
e bound for the two{level pre
onditioner is notexpli
it in the overlap, we 
an only give the heuristi
 explanation that the subproblems
apture more and more of the entire problem when the overlap is in
reased, and thus
onvergen
e is improved.Finally, we remark that the restri
tions that H be suÆ
iently small and that �0 >C=H are not required in pra
ti
e for all problem types we have 
onsidered. Again, we
an only o�er a heuristi
 explanation: the 
onvergen
e bounds we proved are based onthe known bounds for GMRES, and are therefore not sharp. The restri
tion H < H0was already observed not to be ne
essary in pra
ti
e for 
onforming approximationsof non{symmetri
, positive{de�nite, se
ond order problems; see, e.g., [2, 14℄. We alsoemphasize that the a

ura
y of the DG solution deteriorates, if �0 is 
hosen too large,and it is thus essential, that the theoreti
ally derived restri
tion �0 > C=H does notapply in pra
ti
e.The 
ase of zero overlap requires a spe
ial dis
ussion. Our results show thatthe numbers of iterations are slightly higher than those obtained in the 
ase of Æ >0 for both algorithms, ex
ept for h = 1=128 and H = 1=8, where the two{levelpre
onditioner without overlap has iteration 
ounts 
onsiderably higher than withoverlap. From our numeri
al results, we are unable to dedu
e whether the two{levelmethod without overlap is non{optimal with the number of iterations growing, e.g.,as a power of H=h. We refer to the following tables for a 
learer behavior of the
onvergen
e rate in the non{overlapping 
ase, and to [8℄ for a method with the samelo
al solvers but a di�erent 
oarse spa
e, whi
h exhibits a rate of 
onvergen
e thatappears to grow linearly with H=h. However, we believe that due to the minimal
ommuni
ation between the subdomains and the relatively small iteration 
ounts thatwe have obtained, the two-level algorithm with zero overlap might be 
ompetitive inpra
ti
e. 20



H=Æh�1 H�1 1 16 8 4 216 2 17 - 16 14 1216 4 24 - - 22 1732 2 22 21 17 14 1232 4 33 - 30 23 1832 8 44 - - 38 2964 2 30 27 22 17 1464 4 45 40 32 24 1864 8 60 - 53 41 3064 16 84 - - 73 54128 4 60 54 44 33 25128 8 82 72 57 43 31128 16 100 - 100 78 57128 32 100 - - 100 100

H=Æh�1 H�1 1 16 8 4 216 2 13 - 11 11 1116 4 13 - - 13 1432 2 16 13 12 11 1032 4 15 - 13 12 1332 8 13 - - 13 1564 2 21 16 14 12 1164 4 19 15 14 13 1364 8 16 - 13 13 1464 16 13 - - 13 15128 4 25 18 16 14 13128 8 35 15 14 13 14128 16 15 - 13 13 15128 32 12 - - 13 15Table 7.1Poisson's equation: Iteration 
ounts for GMRES with the one{level and two{level pre
ondition-ers, respe
tively, versus h, H, and the relative overlap.7.2. Adve
tion{di�usion problem with 
onstant 
oeÆ
ients. We next
onsider the adve
tion-di�usion equation��u+ b � ru = f in 
 ; u = 0 on � ;with 
onstant 
oeÆ
ients and zero Diri
hlet boundary 
onditions. We 
onsider thetwo 
ases b 2 f�(k�; k�) : k = 3; 300g :The right-hand side f is always 
hosen su
h that the exa
t solution is u =xexy sin(�x) sin(�y).Table 7.2 presents the results for k = 3, for the one{ and two{level algorithms,respe
tively. As for the Poisson problem with non{vanishing overlap, the iteration
ounts de
rease when the overlap in
reases and are independent of the number ofsubdomains for the two{level method. The use of a 
oarse solver 
learly improves the
onvergen
e properties. Here, for moderate 
onve
tion, the behavior for zero overlapappears to be more regular. As expe
ted, the iteration 
ounts in
rease when thenumber of subdomains in
reases for the one{level algorithm. On the other hand, if a
oarse solver is employed, the number of iterations appears to de
rease with H only,independently of h.Our se
ond set of results is for k = 300 and is shown in Table 7.3. The itera-tion 
ounts obtained with the two{level method are signi�
antly higher than in theexamples above, whi
h is due to the strong 
onve
tion (the Reynolds number is ap-proximately 1000). The one{level method performs fairly well, but our 
oarse spa
eslows down the 
onvergen
e 
onsiderably. Su
h behavior is partly due to the fa
t, thatour 
oarse solver 
omes from a non{stabilized approximation of an adve
tion{di�usionproblem on a 
ontinuous FE spa
e. We believe that a di�erent type of 
oarse solverneeds to be devised for this 
lass of 
onve
tion{dominated problems. Note that theiterations for the one{level method appear to depend only on H , and grow with 1=H .21



H=Æh�1 H�1 1 16 8 4 216 4 25 - - 15 1732 4 33 - 21 16 1732 8 45 - - 25 2264 4 49 28 22 16 1764 8 59 - 36 27 2464 16 84 - - 47 39128 4 43 28 22 16 17128 8 59 36 27 24 24128 16 84 - 47 39 39
H=Æh�1 H�1 1 16 8 4 216 4 15 - - 14 1632 4 16 - 15 14 1532 8 12 - - 14 1664 4 20 16 16 15 1564 8 14 - 13 13 1664 16 10 - - 12 16128 4 20 16 16 15 15128 8 14 13 13 16 16128 16 10 - 12 16 16Table 7.2Case of b = �(3�; 3�): iteration 
ounts for GMRES with the one{level and two{level pre
ondi-tioners, respe
tively, versus h, H, and the relative overlap.H=Æh�1 H�1 1 16 8 4 216 4 13 - - 12 1632 4 14 - 13 13 1632 8 22 - - 16 2164 4 15 13 13 13 1664 8 23 - 21 17 2064 16 38 - - 26 27128 4 15 13 13 14 16128 8 23 21 17 20 20128 16 38 - 26 27 27
H=Æh�1 H�1 1 16 8 4 216 4 32 - - 21 1932 4 32 - 28 21 1832 8 74 - - 32 2364 4 32 30 27 21 1864 8 73 - 47 32 2364 16 100 - - 36 27128 4 33 31 27 21 18128 8 73 47 32 23 23128 16 100 - 36 27 28Table 7.3Case of b = �(300�; 300�): iteration 
ounts for GMRES with the one{ and two{level pre
on-ditioners, versus h, H, and the relative overlap.For both the one{ and two{level methods with zero overlap, they also seem to dependonly on H and to grow with 1=H .7.3. Adve
tion{di�usion problem with a rotating 
ow �eld and bound-ary layers. Finally, we 
onsider an adve
tion-di�usion equation with a rotating windb = 0:5 (y + 1;�x� 1), a 
onstant 
 = 10�4, the right-hand side f = 0, and dis
on-tinuous Diri
hlet boundary data:���u+ b � ru+ 
u = f; in 
 ;u = 1 if (x; y) 2 ℄0:5; 1℄� f�1; 1g [ f1g � [0; 1℄ ;u = 0 elsewhere on � :We note that for small values of �, the solution exhibits internal layers and boundarylayers along the four sides of 
.Table 7.4 shows the results for the two methods for a 
ase of small Reynolds num-ber (� = 1). The remarks made for the example with moderate 
onve
tion (Table 7.2)apply in this 
ase as well.We then 
onsider a 
onve
tion{dominated problem. Table 7.5 shows the results for22



H=Æh�1 H�1 1 16 8 4 216 4 22 - - 14 1632 4 30 - 19 15 1732 8 39 - - 23 2264 4 40 26 20 16 1864 8 53 - 33 25 2464 16 72 - - 42 37128 4 54 28 21 16 18128 8 53 33 25 24 26128 16 72 - 42 37 42
H=Æh�1 H�1 1 16 8 4 216 4 13 - - 13 1432 4 15 - 13 13 1332 8 14 - - 13 1564 4 19 15 14 13 1464 8 16 - 14 13 1464 16 13 - - 13 15128 4 24 18 14 13 14128 8 16 14 13 13 14128 16 13 - 13 15 14Table 7.4Rotating 
ow �eld, 
ase of � = 1: iteration 
ounts for GMRES with the one{ and two{levelpre
onditioners, versus h, H, and the relative overlap.H=Æh�1 H�1 1 16 8 4 216 4 13 - - 10 1332 4 16 - 11 10 1432 8 23 - - 15 1764 4 19 13 10 10 1464 8 28 - 18 15 1864 16 43 - - 25 25128 4 25 13 11 10 14128 8 28 18 15 18 19128 16 43 - 25 25 27
H=Æh�1 H�1 1 16 8 4 216 4 27 - - 19 1632 4 28 - 22 19 1632 8 33 - - 20 1864 4 31 26 23 19 1764 8 36 - 24 20 1764 16 23 - - 17 19128 4 35 26 23 19 17128 8 36 24 20 17 17128 16 23 - 17 19 18Table 7.5Rotating 
ow �eld, 
ase of � = 0:01: iteration 
ounts for GMRES with the one{ and two{levelpre
onditioners, versus h, H, and the relative overlap.a mu
h smaller di�usion 
oeÆ
ient (� = 0:01). As for the the 
onve
tion{dominatedexample with 
onstant 
ow, the results for the one{level method are better than thosewith a 
oarse spa
e, even though, due to the smaller Reynolds number (100 
omparedto 1000) the di�eren
e is not as large as in Table 7.3. On the other hand, similarlyto the example with moderate 
onstant 
ow, the iteration 
ounts for the two{levelalgorithm de
rease when the overlap in
reases and seem to be independent of thenumber of subdomains. For the 
ase of zero overlap, the one{level algorithm showsin
reasing iteration 
ounts, when H de
reases, while for the two{level algorithm theiteration 
ounts do not seem to follow a regular pattern.7.4. Con
luding remarks for the numeri
al results. The numeri
al exper-iments 
on�rm our 
onvergen
e analysis and suggest that the restri
tions H < H0and �0 > 
0=H are not needed in pra
ti
e. For low Reynolds numbers the two{levelalgorithm with zero overlap performs similarly to the analyzed overlapping method,but with larger iteration 
ounts. A 
omparison of overlapping one{ and two{levelmethods in the 
ase of high Reynolds numbers reveals the need for a 
oarse spa
ewhi
h is better adjusted to the 
onve
tion{dominated regime.23
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