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Abstract

We consider the standard model problem for a conical intersection of
electronic surfaces in molecular dynamics. Our main result is the construc-
tion of a semigroup in order to approximate the Wigner function associated
with the solution of the Sclidinger equation at leading order in the semiclas-
sical parameter. The semigroup stems from an underlying Markov process
which combines deterministic transport along classical trajectories within the
electronic surfaces and random jumps between the surfaces near the cross-
ing. Our semigroup can be viewed as a rigorous mathematical counterpart
of so-called trajectory surface hopping algorithms, which are of major im-
portance in chemical physics’ molecular simulations. The key point of our
analysis, the incorporation of the non-adiabatic transitions, is based on the
Landau-Zener type formula of Fermanian-Kammerer ada@l [FeGel]
for the propagation of two-scale Wigner measures through conical crossings.



1 Introduction
We consider the time-dependent Sidinger equation
eyt = (—58+V(@) V().
¥e(a,0) = y5(a) € LX(R%CP),

with matrix-valued potential

(1)

. 02 2
V(q) = = R
(q) < P -0 ) ) q (q1>CI2) €

and small semiclassical parameter 0. The eigenvalues of the mathk(q) are
E*(q) = &|q| and meet atj = 0. Their joint graph shows two intersecting cones
explaining the notion of a conical crossing. It is well known, that away from the
crossing region and for smatlthe system (1) approximately decouples into two
scalar equations. We denote )y (q) smooth eigenfunctions & (q) correspond-

ing to the eigenvalueB*(q) and decompose the solution of (1) as

w(ag,t) =¢"(a,t)x (a)+ ¢ (a,t) x (a).

Then, the scalar component$ (t) € L?(R?, C) approximately satisfy the effective
equations of motion

et @) = (-588 +E(@)e (@)
iedo (@) = (~585 +E7(@)o (@)
as long agy(q,t) is mostly supported away from the crossipg: 0. Here,

AN = (—i0g—-AR(@)2,  A(G) = i(x*(a), Dgx* ()2

is the Laplacian of the covariant derivative with respect to the Berry connection
A*(q). This form of adiabatic decoupling is at the heart of time-dependent Born-
Oppenheimer approximation. The smaller the adiabatic parameté€y, the better

the decoupling. Near the crossing point, however, this decoupling breaks down
no matter how smal is, and the main concern of our work is an approximate
description of solutions to (1), which come near or pass thraugiD. To make

this more precise, we recall that the solutigig(g,t) of the decoupled system (2)
behave semiclassically, i.e. they can approximately be described by means of the
classical flowsb!, : R* — R* of

)

at) =pt), pO)=FoL, a0 =g, p0)=po, @3)



which stem from the Hamiltonian functiords®(q, p) = 3|p|*>+E*(q). One pos-
sible way formulating such a semiclassical limit uses Wigner transforms. The
Wigner transform

Wi(t)(ap) = w(eT(t))(ap)
= (@07 [0t (.a- 599710+ 59 Pox

is a real-valued function on phase spa&% encoding position and momentum
distribution of the scalar-valued wave functigrt (t). Basic properties and an
alternative definition as a distribution are discussed in Section 2 later on. The
Wigner functionsa?_ (t) are approximately transported by the respective classical

flows,
()~ (5 2)(80) - (Egees) w
=

Our main result is an extension of (4) to the case where the solution of (1) comes
close to the crossing. While a semiclassical description is still appropriate near
the crossing, the adiabatic decoupling breaks down. Therefore, the gfdup

(4) must be supplemented with off-diagonal terms describing an exchange of mass
betweernw{ andw®. In Section 2, we give (4) a more precise meaning and ex-
tend it to the crossing region by constructingeadependent semigroug. The
semigroup.?} is the forward semigroup of a Markov process based on a family
of random trajectories. The random trajectories are just the deterministic solutions
of (3), which jump from one band to the other with a certain probability whenever
their distance to the crossing attains a local minimum. The jump-probabilities are
obtained from the solution of the classical purely time-dependent Landau-Zener
problem.

The breakdown of the adiabatic approximation near conical crossings of eigen-
value bands has generated a lot of research in the context of molecular dynamics as
well as in solid state physics, see for example the review article [Ya] or the mono-
graph [BMKNZ]. The mathematical results on the propagation through crossings
can be organized into two groups. Firstly, the semiclassical propagation of co-
herent states. In his pioneering monograph [Ha], Hagedorn has classified eleven
possible types of eigenvalue crossings of minimal multiplicity in molecular dy-
namics and has constructed Gaussian wave packets, whose centers pass exactly
through the crossing. The eleven types have crossing manifolds of codimension
one, two, three, or five in the nucleonic configuration space, the conical crossing



being the codimension two crossing. Secondly, the approaches within the frame-
work of microlocal analysis. In [FeGel], Fermanian-Kammerer aacafad have
derived Landau-Zener type formulae for the two-scale Wigner measure passing
through conical crossings. An analogous result for codimension three crossings is
given by the same authors in [FeGe2]. A central role in the proof of their transition
formulae is played by microlocal normal forms for the time-dependent operator
near the crossing manifold. More precise normal forms have also been found by
Colin de Verdére [CdV].

The proof of our result as given in this paper heavily relies on the results
obtained by Fermanian-Kammerer anér&rd in [FeGel]. The key idea is to
lift the Landau-Zener type formula for the two-scale Wigner measure established
in [FeGel] to a semigroup acting on the Wigner function. The main novelty of our
result is that it yields an approximate description of the solution to thed8atger
eqguation (1) combining the following three properties. Firstly, since the effective
semigroup acts on the Wigner function, we obtain an effective description for fi-
nite values ofe > 0. Secondly, we allow for general initial conditions. Thirdly,
the scale\/e associated with the non-adiabatic transitions enters the semigroup
just via the transition rates and does not require the introduction of additional vari-
ables. As a consequence, our description directly translates into an algorithm for
numerical simulations in concrete applications. In contrast, the previous mathe-
matical results have one or more of these points as desiderata. While Hagedorn
constructs approximate solutions to (1) and as such obtains very detailed infor-
mation, his construction is restricted to special initial states, nhamely semiclassical
Gaussian wave packets with center passing exactly through the crossing. The ap-
proach of Fermanian-Kammerer anéi@rd comes with the difficulty that the two-
scale Wigner measure is an object defined only in the semiclassicalelimiQ
and intrinsically associated with an involutive manifold in the cotangent space of
space-timerl * (R x Ra). Moreover, the two-scale Wigner measures depend on an
additional variable introduced to control tk-concentration of the wave function
with respect to this manifold.

We postpone a more detailed discussion of the applicability of our method and
its connection to the trajectory surface hopping algorithms of chemical physics to
a forthcoming publication [LaTe]. There we present, in particular, an implemen-
tation of the algorithm based on our semigroup as well as numerical experiments
comparing true numerical solutions of the Sattinger equation (1) with solutions
obtained by applying our semigroup to the Wigner function of the initial data.

The plan of this paper is as follows. In Section 2 we introduce the semigroup
Zt, that transports the diagonal elements of the Wigner transform through the
crossing region, and in Section 3 we formulate our main result. Section 4 together
with the appendix provides a self-contained discussion of the two-scale analysis of
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the problem, which allows us, in particular, to incorporate the Landau-Zener type
formulae of [FeGel] in the proof of the main result in Section 5.

We end the introduction with some remarks on the origin of the model prob-
lem (1) in molecular dynamics. If the electronic part of the full molecular Hamil-
tonian has a pair of eigenvalue surfaces, which intersect each other but are globally
isolated from the remainder of the electronic spectrum, then the results of [SpTe]
allow for a uniform reduction of the full molecular problem to a two band model
of the form

ieqw(at) = —SAqu(at)+V(Q)w(gtl),

v(,0) = wo(q) € L3(R",C?),

where the semiclassical parameter /me/my, is given through the mass ratio
between the light electrons and the heavy nuclei. The poté?]('r@l is a hermi-

tian 2x 2-matrix with eigenvalues intersecting on a submanifold of the nucleonic
configuration spac®". For time-reversal invariant systemé(q) is real sym-
metric. Generically, for such matrices the crossing manifold is a submanifold of
codimension two. Following [Ha], one first subtracts the trace of the matrix. Then,
a (locally) linear change of coordinates moves the crossing into the submanifold
{q € R" | g1 = g2 = 0}. Taylor expansion around the poigt= 0 provides the
generic form

p-a —oa-q
with linearly independent vectors, B € R". The Taylor expansion is justified,
if one is interested only in the behavior of the solutions near the crossing. An
appropriate rotation eliminates all but the first two componente aihnd § and
thus leaves us with linearly independent vectis< R? and
a-§g b-§
b-§ —a-§

Vmw:<“q B”)+ﬁmﬁ, qeR",

>7 R29q:(elq762(1)7

which is the potential of our model problereit=e; = (1,0)" andb=e, = (0,1)".

2 An Asymptotic Semigroup for the Wigner Function

A straightforward adaption of the Faris-Lavine Theorem to the case of matrix-
valued operators [La] shows the essential self-adjointness of the Hamiltonian

HE = —£Aq+V(q) = —5A (ql qz) 5
708q+V(0) 78q+ A— %)



onCg (R?,C?). By the spectral theorem, the Solinger equation (1) has a unique
global solutiony?(-) € C(R,L?(R?,C?)). We are interested in the leading order
asymptotics of this solution for small values of the semiclassical parametgrto

a global phase factor, a wave functipne L2(R?,C?) can be uniquely represented
by its Wigner functiodVe (y) € L2(R*, Z(C?)) given through

WE(y)(a,p) = (ZE)‘Z/RZW(Q— £X) @V (q+ £x) €XPdx.

For vector-valued wave functions, the Wigner functioWé (y) takes values in the
space of self-adjoint 2 2-matricesZ4(C?). Moreover, the Wigner transformation
We: LY(R2,C2) — L2(RY, Za(C?)),  y i WE()

is bounded, and we also haw (y) € Co(R?*, Z(C?)). One is tempted to think

of the trace of a Wigner function as a probability density on phase space. However,
in general W¢(y)(q, p) may have negative eigenvalues. The analytical power of
the Wigner function stems from a direct relation to expectation values with respect
to certain Weyl quantized observables. A convenient symbol class is

(1) = CGF(RY.2(C%),

consisting of smooth functions with values in the space wf2matrices? (C?),
which are bounded together with all their derivatives. By the Calderon-Vaillancourt
Theorem, the Weyl quantization of an observabdesg(l) is a continuous operator
onL?(R?,C?) with

la(g, —ielg) | g2y < constz [0%alle =: ca(a) forall >0,
lo|<5

where the index i, reminds us of the four dimensions of phase space. Thus, for
wave functionsy € L?(R?,C?) and observables € (1) we have

| <II/7 a(q7_i8|]q>w>L2(R2) | < C4(a) HWHEZ(RZ)’

and the mapping — (y,a(q, —iedq)y) is a continuous linear functional on the
spaceCy (R*, £(C?)). For Schwartz functions € .7 (R*,£(C?)) an explicit
calculation yields

(v, a(q, —ielq)y¥)Lome) = /]R ,tr(a(a, p)W*(y)(q, p)) dqdp. (6)

Hence, we can view the Wigner functi@¥f (y) as a continuous functional on any
subspace of admissible observabiés (1),

2 — C, ar (W(y),a) 4 4 -

6



In the following, various test function space$ will appear. The dual pairing
(WE(y),a) % 2 will always be well-defined by either the left or the right hand side
of (6).

2.1 Propagation Away from the Crossing

Roughly speaking, as long as the solutigfi(t) of the Schédinger system (1) is
mostly supported away from the crossifig= 0}, its leading order asymptotics

can be characterized conveniently in terms of classical transport equations for the
diagonal elements of its Wigner functiaii® (y*(t)). For a more precise state-
ment, we need to fix some notation. €Y, p) = %|p\2+V(q) denote the symbol

of the operatoH¢ in (5). LetA*(q, p) = 3|p|?>+ E*(q) be the classical Hamilto-

nian function corresponding to the eigenvakie(q) = +|qg| of V(q). We denote

by M*(q) € Z4(C?) the orthogonal spectral projection f&*(q), and observe
thatMn* € C*(IR?\ {0},.%Z4(C?)). Since the eigenspaces are one-dimensional, the
diagonal components of a Wigner function are conveniently written as

MEWE(y) N = tr(WE(y) N5 NE = wE (w)MF e L3R4, .2(C?)).

We first study the classical dynamics associated with the Hamilton functions
and A, that is, the Hamiltonian systems (3). Away from the crossing manifold
{q = 0}, the solution curves of these systems are well-defined and smooth. Due
to the rotational symmetry dE*(q), we have two conserved quantities, energy
A%(q, p) and angular momentum

gAp = g"-p = qip2—Gp1,  (g,p) €R:.

Trajectories passing through the $gt= 0} at some timé, must have zero angular
momentum. As long ap(tp) # 0, these trajectories have a unique continuous
continuation througH{q = 0}. Denoting the zero-energy shell B *)~1(0) :=
{(q,p) € R*| A%(q, p) = 0} and the hypersurface of zero angular momentum by
I = {(qg,p) € R*|gA p =0}, we define fot € R

@', (o, Po) = (g™ (1), p*(t)) for (do,po) & (A*)H(0) NI,
@', (do, Po) = (Co, Po) for (o, po) € (A*)"H(0)N1I.

We note, thaf @', (g, p) }tcr forms a group for al(q, p) € R*. Since(A+)~1(0) =
{(0,0)}, the mappingR* — R4, (g, p) — @', (q, p) is continuous for alt € R. For
the dynamics associated wil1, however, we only have continuity of the map-
ping (g, p) — ®! (q, p) outside the codimension two st~ )~(0) N1 = {(q, p) €
R* | g= =+(|p|/2) p}. Nevertheless, for any wave functign € L2(R?,C?) the
functionsw (y) o ®1' are well-defined in.?(R*,C).
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Now, lety?(t) be the solution to the Scbdinger equation (1). For the moment,
we work on time intervals for which the solution is mostly supported away from
the crossing. Such finite time intervd® T] can be characterized by the existence
of an open sefq = 0} c U c R* containing the crossing manifold such that for all
te[0,T]

| Wy ) (0, p) dadp = e). ™

On such intervalf), T], one recovers the leading order Born-Oppenheimer approx-
imation, that is

L, (W (0) ~ e (vo) 0 @) (6,P) ala, p) dadp = O(e) ()

for all observables € .7 (R*,C) with supp(a) N {q = 0} = 0, uniformly int €

[0,T]. For a stronger result, which implies the above approximation, we refer to
Theorem 4 in [SpTe]. Equation (8) means, that away from the crossing the diagonal
elements ofV¢(y%(t)) are approximately transported like classical densities on
phase space. This motivates the definition of a Born-Oppenheimer function

WG () = (WE (o) oY) MF + (WE (yo) o @-H) M~ € L3R, 2(C?))
for t € R. Rephrasing the preceding remarks, we have for all finite time inter-

vals [0, T] satisfying (7) and for all diagonal observabtes .7 (R*,.Z(C?)) with
[a(a, p),V(q)] = 0 and supga) N {q =0} =0

Lt (W (v () ~Weo())(@. p) ala.p) dadp = Oe) (@)

uniformly for t € [0, T]. This is one way to formulate the leading order time-
dependent Born-Oppenheimer approximation: away from the crossing, where the
eigenvalue bands are separated by a gap, one has adiabatic decoupling of the asso-
ciated subspaces and within the decoupled subspaces semiclassical behavior of the
solutions of (1).

2.2 Propagation Near the Crossing

It is expected that near the crossinggat O certain solutionsy®(t) of (1) exhibit
transitions between the subspaces Ramand Raril_ even in the limite — O.
The goal of our analysis is to modify the transport equation (4) by taking transfer
between the diagonal componenfs(y) andw (y) into account.

Following Remark 5.2 in [Ne], we observe that the Hamiltom’a‘ngq +V(q)
is unitarily equivalent to the semiclassical Weyl quantization of

1(n(2 ~1( 9P qu)
= + . 10
5/p| p| <Q/\p —g-p (10)
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Figure 1: We see the projections of three neighboring trajectddqés, p(t)) onto config-
uration spac&é. The crossing manifolflg = 0} is therefore projected onto the origin. The
trajectories attain their minimal distance to the crossing at thettimbenq(t.) - p(t.) = 0.
The points in phase space wherep = 0 build up the jump manifol&®.

Remark 2.1 This unitary equivalence is achieved byFourier transformation,

a change to polar coordinates, ¢ ), conjugation by thep /2-angle rotation ma-

trix, and the observation that the Weyl quantization of the tempered distributions
o(q,p) = |p|~X(q- p) andz(q, p) = |p|~1(gA p) reads in Fourier transformed po-

lar coordinates as

o(q,—iedq) ~ —ied, —ie g,  7(q,—iedq) ~ —ietd,.
o

We note, that the Weyl operator of the symbol in (10) is the first step for an
orbital decomposition of the Hamiltoniad¢, see [Ne] and for a related result
also [AvGo]. The symbol in (10) carries two key signatures of the classical dy-
namics: the angular momentugn p, which is preserved by the Hamiltonian flows
@', and the functiorg- p, which characterizes the hypersurface

S= {(aq,p)eR*|q-p=0}

containing the points in phase space, at which the classical trajectories attain their
minimal distance to the crossimpg= 0, cf. Figure 1.



The heuristic picture underlying our result is to replégsp) in (10) by classi-
cal trajectoriegq(t), p(t)) related to the classical flows!, and to solve the purely
time-adiabatic problem

eao) = po L AP0 WD Yo, ewect a

Since the transitions happen only in the region where a trajectory has minimal
distance to the crossing, we linearize the flows arad8nthe linearizations of the
classical flowsb, at a point(g., p.) € Sare

G (t) =g +tp.+0(%) and  p(t)=p.Fta./|al+O0F).  (12)
The system (11) becomes

t q;f/\%
o7 do(t) = < QAP @t )(p(t):: < (ts ft > o(t), (13)

s

=. €

where we used that).|/| p.|? < 1 near the crossing. We note, that this last expres-
sion does not depend on whether we empfdyor ®' . However, (13) is nothing
but the famous Landau-Zener problem [Ze]. It is well known, that for

(£629)-(3) = (0)-(9)
the solutiong (t) of (13) satisfies

< |67 (e0)|? ) _ ( 1-T(a,p.)  TE(0k, Ps) ) < |67 (—o0)|? )

9= (@) )\ T%a,p) 1-T%(qPp.) |9 (—)[?
with
£ . 7 82 . T (Q*/\p*)z . T |Q*|2
T, ps) i= exp<—,§> —eXp<—8 W —eXp<—8 0] > - (14)

¢*(+) are the components of the solutign when ¢ is decomposed into the
eigenvectors of the Landau-Zener matrix, for large positive respectively negative
timest — +o. For a concise review on Landau-Zener type problems we refer
to [JoPf]. The subsequent analysis will indeed show, that the heuristic picture of
classical transport in combination with the transition probability (14) yields a cor-
rect description of the leading order dynamics. To incorporatestbdependent
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transition probability (14) into the transport of the Wigner function, we first ap-
pend to phase space a laljet {—1,1} indicating, whether the description refers
to Ran1~ or Ra1™. We introduce a Markov process defined by the random
trajectories

where 74P (t) = (®'(q,p), j) aslong ag(t)- p(t) # 0. Whenever the determin-
istic flow thj (g, p) hits the manifoldsa jump occurs with probability ¢ (q(t), p(t)),

i.e. j changes to-j with probability T¢(q(t), p(t)). After the jump the trajectory
follows again the deterministic flow depending pantil the trajectory hits again

S. At the jump hypersurfac8, the trajectories are chosen right continuous. On
the submanifolds = {(q, p) € S| |p|> = |q|} of closed circular orbits o', the
trajectories do not jump.

Remark 2.2 We emphasize, that the underlying physics is of course not one of
instantaneously jumping particles. Indeed, for (13) it is known that the transition
occurs smoothly within agye-neighborhood of = 0, cf. [Be, LiBe, BeTel, BeTe2].

¢

In each finite time intervald, T| C [0, ) each pathq, p, j) — /E(q*p’j)(t) has
only a finite number of jumps and remains in a bounded region of phase space.
Moreover, the pathgg, p, j) — _Z.*"?(t) are smooth away fror, i.e. on(R*\
S) x {—1,1}. Hence, the random trajectorie&.*"! define a Markov process

{POPV ] (q,p, ) € R*x {~1,1}}

onR* x {—1,1}, see for example lI§1 in [Dy]. With the transition function of a
Markov process one associates a backward and a forward semigroup, which act on
function spaces respectively spaces of set functions, cf. [Dy] or [Li]. We define the
corresponding Markov (backwards) semigroup on the following space of functions.

Definition 2.3 A compactly supported functionef C¢((R*\ S) x {—1,1},C) be-
longs to the spac#’, if it satisfies the following boundary conditions at the jump
manifold:

5lim f(a—dp,p+dja/lal,j) = T(a,p) lim f(q+dp,p+dja/lal,—i)
—10 5—+0

= T%a,p) f(a,p,—j)
and
alim f(g—op,p+dja/lal,j) = (1-T%q,p)) lim f(q+dop,p—4ja/ldl,])
—40 5—+0

= (1_T8(q7 p)) f(q> P, J)
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forall (q,p) € S\ &1

Remark 2.4 The limits in the preceding definition are taken along the lineariza-
tion of the unique trajectory of (3) passing through a point NS when hitting
the jump manifold S, see also (12). &

By construction, the backwards semigroup acting on functioass’
f; - F, (fg f)(q,p,j) = E(q,p7j)f(/‘€(qap»1)(t))

leaves invariant the spa&8. We write continuous compactly supported matrix-
valued functions € C;(R*\ S .Z(C?)) as

a=an"+an +Ntan +nN-ant

with a* := tr(an*). We denote by6aiag the space of diagonal test functioags
Cc(R*\ S.Z(C?)) such tha = atM* +a M~ with a",a~ € ¥, and set for such
a € Gdiag

Lia= (L@ha)), La= (LN + (L an-.

With this definition the semigrouf} acts invariantly origiag, and we can now
define its action on Wigner functions by duality.

Definition 2.5 Let WE(y) be the Wigner function of a functiop € L?(R?,C?).
We defineZ} We () as the linear functional

LIWE(Y): Gaag—C, am [ it (WE(y)(ap) (£4a) (o, p)) dadp.

SinceWe (y) € Co(R*, £ (C?)) and Zta € Gyiag, We clearly haveZ!We(y) €
C(R*\ S, .Z(C?)). Moreover,ScC R* has zero Lebesgue measure. Hence,

ZeWE(y) € Ligo(R*,2(C?)).
Analogously to the Born-Oppenheimer functd,(t), we name
WIfZ(t) = -iﬂetWS(V/O) € LIJE)C(R“?"%(CZ))? te [0700)’

the Landau-Zener function. The Landau-Zener funciMi(t) incorporates clas-
sical transport an@d-dependent non-adiabatic transitions near the crossing. Our
main result Theorem 3.2 states, thE, (t) approximates the Wigner function
WE(y#(t)) of the solution to the Scbdinger equation (1) in the lim& — O.

12



Remark 2.6 The heuristic argument yielding the Landau-Zener formula (14) also
applies to the generic potential discussed in the introduction

vo=( 54 aq)

If we denote by M= (a',b") the 2 x 2-matrix with row vectors ab' € R?, then
the jump manifold is given by(qg,p) € R* | Mg-Mp = 0}, and the transition
probability reads as

7 (Mg, AMp.)?
T %y Px ) — TV .
S(q p ) eXp( e ‘Mp*’?’
However, our proof only works for the case=a(1,0)!, b= (0,1)!, since it relies
on conservation of angular momentum Q. &

3 Main Result

The non-adiabatic transfer of mass between [Rarand Rar1~ in the crossing
region is realized in the semigroug} by jumping at the manifolds with the
Landau-Zener transition probabilify¢. Clearly, #! does not correctly resolve

the dynamics directly at the manifolg but it gives an approximate description

of the total non-adiabatic transfer, when the solution has passed by. Hence, the
Landau-Zener functioiVj%, (t) can only be a sensible approximation to the true
Wigner functionW?®(y#(t)) away fromS. Therefore we restrict ourselves to test
functions supported away fro®and we also have to assume that the initial data
have negligible mass near the jump manifgld

Definition 3.1 A sequence of wave functiong®).-o in L2(R?, C?) is said to have
negligible mass near the jump manifold S, if there exdsts0 such that

im [ We(y*)(a. p)|dadp = 0
e—0 Js;
with § = {(g,p) € R*| |g- p| < 8} the closed-tube around S.

Initial data with negligible mass ne&are, for example, associated with semi-
classical Gaussian wave packets

(2me) Y2 exp(— 2 [a— ol*+ L po- Q)
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with center(qo, po) € R?, |go- po| # 0, or WKB type states (q) €59/¢ with ampli-
tudef € L?(R? R) and phas&e CY(R?,R) such thatq- [0qS(q)| > & on supg(f).

Though incorporating non-adiabatic transitions, the semigré{igstill gives
a semiclassical description of the dynamics. Hence, we do not obtain information
about the off-diagonal terms of the Wigner function, which are highly oscillatory
and vanish when averaged over time, see Lemma 4.9 later on. By choosing ob-
servables which are diagonal with respect to the pote¥itig), we conveniently
suppress the uncontrolled off-diagonal parts\§f(y*(t)). This restriction to the
diagonal components, however, prohibits the resolution of possible interferences
between parts of the wave function originating from different levels. Such inter-
ferences might occur if classical trajectories arrive with the same momentum at
the same time at the jump manifold on the upper and the lower band. A simple
condition ruling out such a scenario is the choice of initial data just associated with
RanM™*, that isyg(q) = ¢&(a) x ™ (q) with ¢¢ € L2(R2,C). In this case, all tra-
jectories associated with the flo®" originate from trajectories of the flow",
having passed the jump manifoRl Since such trajectorigg (t), p (t)) do not
come back t@, there are no interferences.

The last issue to be addressed before formulating our main result is rather tech-
nical. Since we must allow fog-dependent initial data, we have to make sure
that the family of initial wave functiongyg).~o behaves properly as — 0. It
turns out that the appropriate condition is that the sequence of two-scale Wigner
functionals(Wj (y§))e>0 converges to a two-scale Wigner measpge We post-
pone the definition and discussion of two-scale Wigner functionals and measures
to the following section. However, we note that this assumption is satisfied by all
standard families of initial wave functiorig/ )¢~ like semiclassical wave packets
and semiclassical WKB states and also by initial conditions not dependiagbn
all. Moreover, the assumption can be dropped completely, if one is willing to work
with subsequences of the initial sequegsg).-o.

Theorem 3.2 Let (y¢)e~0 be a bounded sequence iR(R?,C?) associated with
Ranr*, that is with v (y§) = O, with negligible mass near the jump manifold
S. Assume that the sequence of two-scale Wigner functionglayg)).~o has a
weak*-limit pg as defined in Definition 4.6.

Then, for all T> 0 the solutiony?(t) of the Schodinger equation (1) with
initial data y*(0) = y§ satisfies

im sup | tr ((We(y*(1) ~W(1)(@,p)a(g,p) ) dadp = 0 (15)
e=0+¢coT) /R

for all observables & CZ (R4, .Z(C?)) withsupp(a) c R*\ S anda(q, p),V(q)] =
0for (g, p) € R%.
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Remark 3.3 We emphasize, that Theorem 3.2 extends the Born-Oppenheimer ap-
proximation in a non-trivial way. The transition probabilities®{[g, p) incorpo-

rated into the semigroug?! result in leading order non-adiabatic transitions for

a large class of initial data. All initial wave functions with phase space support in
an y/e-neighborhood of the zero angular momentum hypersur{dqep) € R* |

g/ p = 0} exhibit order one transitions. &

4 Two-scale Wigner Functionals and Measures

In this section we provide a self-contained discussion of the necessary two-scale
analysis required for our proof. Two-scale Wigner measures are measures on an
extended phase spaﬁf’p x Ry, using the extra variablg < R to resolve con-
centration effects on certain submanifolds of phase space on the finen4cale
They have been introduced by Fermanian-Kammerer [Fe] and Miller [Mil]. In
this section, we review and extend a number of notions and results from [FeGel],
which we then will use in the proof of Theorem 3.2. In particular, we pursue three
issues. Firstly, we present a self-contained construction of two-scale measures,
which just relies on the Calderon-Vaillancourt Theorem andaadi®dg-type in-
equality. Secondly, the two-scale Wigner measures used in [FeGel] are measures
on an extended phase space of space-Tif{&; x Ra) xRy = R’. Here, we pro-

vide a detailed discussion of the necessary tools to incorporate their Landau-Zener
type formula into a description, which is pointwise in time. Thirdly, the space of
observables used in [FeGel] consists of functions, which are constant for large val-
ues of the additional coordinate That space is not invariant under multiplication

by the two-scale transition rate expr n2/|p|), and we have to enlarge the space

of admissible observables to obtain a well-defined description of the dynamics by
means of a semigroup. To proceed in a transparent way, we quickly fix the sym-
bol classes we are working with and recapitulate a suitable definition of Wigner
measures.

4.1 Symbol Classes and Wigner Measures

With the notation of Chapter 7 in [DiSj], we denote by
Sm= { aeC’(R".Z(C?)|
Vo € N§"3Cy > Ovx € R™M: |9%a(x)| < Cem(x) }.

The functionm: R — [0,0] is an order function, that is, there exist positive
constant€,, > 0 andNy, > 0 such that

VXY ER™: m(x) < Cn(x—y)Nmm(y),
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where (x) = (1+|x[?)/2. The spaceS(m) is a Fechet space. Let € R and
8 €[0,1/2]. The spac&k(m) consists of functiona: R2"x]0,1], (x,&) — a(x;€),
which satisfy the following two conditions. Firstlg(-; ) € S(m) for all € €]0,1],
and secondly,

Vo e N3"3Cy > 0V (x,€) € R?"x]0,1] : [0%a(x;€)| < Cqm(x) eIk,

For us, the two extreme casés= 0 and$ = 1/2 are the relevant parameters.

We note, than ) is a symbol class, within which the semiclassical Moyal
producti, does not have an asymptotic expansion. However, Moyal multiplication
of symbols mﬁ m) with symbols |n58 ) and vice versa is unproblematic, as

the following Iemma illustrates.
Lemma 4.1 For all order functions mand n, the bilinear map
S (R 2(C?) x L (R, £(C?)) — S (R, .2(C?)),
(ateb)(a, p) := (exp(5 (DpDy — DgDp))a(a, PIb(A', P)) la—q.p—p

extends continuously to a ma(8y) x Q/Z(mz) — Q/Z(mlmz) and has an asymp-
totic expansion in §Z(m1mz)

[ee) (o)

(ateb)(a,p) ~ %ﬂ(%(D pDq —DeDy))'a(d, pb(d', P)) la=¢.p=p =: %Cb
i= i=
meaning that g Sl_/jz/z(mlmg) forall j € Ng and that
N (N+1) /2
(aeb - Z)cj) e 85V (mumy) (16)
=
forall N € Np.

The proof of Lemma 4.1 follows standard arguments and we postpone it to
Appendix A.1. In Section 2, we have already mentioned that the Wigner function
WE(y) of a wave functiony € L2(R", C?) is a tempered distribution with

[(WE(W),8) 5 o | < cal@) [[W]E2en)

for all a € .7 (R?",.Z(C?)) uniformly in ¢ > 0. Hence, for bounded sequences
(w)e=0 in L2(R",C?) an application of the Banach-Alaoglu Theorem, see The-
orem 3.17 in [Ru], gives existence of a subsequgi¢& (y))g -0, Which con-
verges with respect to the weak*-topology .ii’ (R?",.#(C?)). We denote the
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weak*-limit points of such subsequencesoyThe positivity ofu is provided by

the semiclassical sharpa@ling inequality. In the matrix-valued case, the sharp
Garding inequality has first been proven in [LaNi]. Its semiclassical version states
that for non-negative & a € (1), that is for symbols € CZ(R?",.#(C?)) with

Yue C?V(q,p) € R*": (u,a(g,p)u)cz > O,

there is a positive consta = C(a) > 0 such that for alle > 0 and ally €
L2(R", C?)
<W7a(q7_i£Dq)W>L2(Rn) Z _CSHWHEZ(R”)

Thus, a weak*-limit poinfu of (W®(y?))e~0 is a positive distribution and there-
fore a positive matrix-valued Radon measure on phase spétealled Wigner
measure. For an alternative construction of matrix-valued Wigner measures us-
ing smooth square roots and composition of pseudodifferential operators we refer
to [GMMP].

4.2 Two-scale Wigner Functionals

We want to analyze concentration effects with respect to a submanifold in phase
space

lg := {(a,p) €R*|g(q.p) =0} .

For the Schidinger equation (1), we will chooggq, p) = gA p, which is angular
momentum, a conserved quantity under the associated Hamiltonian dynamics. We
recall, thatg A p also appeared explicitly in the Landau-Zener transition rate (14).
This rate indicates, that only trajectories withir/a-neighborhood ofg in phase
space, i.e. in a set

{(a,p) €R*| |gA p| < const/e },

experience order one transition probabilities when coming close to the crossing.
The Wigner measure, however, does not resolve\tlaisieighborhood, and a more
detailed two-scale analysis becomes necessary. For the general statements about
two-scale Wigner functionals and measures, we only assumg tha@t’(R* R) is

a smooth polynomially bounded function, that is for @lE Ng there is a positive
constanC = C(f3) > 0 and a natural numb@& = M() € Ng such that

v(a,p) € R*: |9Pg(g, p)| < C((a,p))™.

The functiong provides us with a notion of (signed) distance to the manifgld
throughd((a, p),lg) = g(a, p). In the following, the variable) € R measures this
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distance scaled witk/s, i.e.n(q, p) = 9(q, p)//€. Since we are interested in the
limit € — O, the variablen is viewed as an element of the one-point compactifi-
cationR of R. We will use observables depending @pp) and onn to test the
Wigner transform nedg with respect to the/e scale. For € C7(R®,.Z(C?)) let

(P) VaeNo, B eNg: [[((ap)* Hpqa(dp.n) o<,
Ja, €CP (R}, Z(C?))Ya e N3, BeN:
00 o |05 (1) = Bo) oo = M g o 05 95 A1) [0 = O
We define the relevant test function space as
o = {aeCy(R>.Z(C?)| asatisfies propert(P)}
and equip it with the topology, which is induced by the family of semi-norms

||<(qa p)>aaﬁa‘(q> pvn)||°°? (XENO, ﬁ GNg (17)

We note, thateZ is a Fechet space with the Heine-Borel property, that is, closed
and bounded sets are compact. Therefareis a Montel space. In the dual’
of such spaces, every weak* convergent sequence is strongly convergent, meaning
that for a sequenc@)ney in &7’
Vac o . rI]im Ih(a) = 1(a) = Vbounded C &/ : rI]im sup| In(a)—I(a) |= 0,

— 00 — 00 acB

see for example Proposition 34.6 in [Tr]. We will use this strong convergence
property later on. LeMs := maxg|<s5|M(fB)|. Fora € <7, we denote by

s@ = Y [{@p)*’a@p.n)l,
o <M B/<5

the finite sum over Schwartz norms, which are of the form (17). For observables
a € o/, the scaled function

(a,p) = 3 (q, p) == a(q, p, 292

lies in the symbol clasgf/z(l), and we observe thai(a;) cannot be bounded by

ss(a) uniformly in € > 0. Therefore, as in the proof of the Calderon-Vaillancourt
Theorem for symbol classﬁ(l) with § € [0,1/2], see e.g. Theorem 7.11 in
[DiSj], we use the unitary scaling

S LP(R%,C?) — LX(R,C?),  w(q) — (S'y)(a) = Ve y(Veq)
and the alternatively scaled symbol
(6, P) — @ 2(q, p) = a(v/&q, v/&p, WL )

which belongs to the symbol clas§(1).
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Lemma 4.2 Letac o and¢, y € L?(R?,C?). Then,
<¢7a8<q7 —iEDq) W>L2(R2) = <§¢>a€,2(q> —iDq) S W>L2(]R2) : (18)

Proof. Sincea, andag» are Schwartz functions, we just have to carry out a
calculation. We have faop, v € .7 (R?,C?)

(9,2¢(0, —1e0q) ) 252 = (27€) / 9(q)e I P/ea, (BT, p)y(q)di/dpdg
Substitutingg = /ex, = ex, andp = /€ £, we obtain
(9,8¢(0, —ielq) V) (g2
= e(2m) 2 [ Ve da(VERE, VEE oVERE VEE)/VE) .
w(vex)dxdEdx

= <S€¢7 ae,Z(qv —i Dq) s W>L2(R2) .

Since||ag,2(g, —ilg)[| #(L2) < Ca(@¢,2) < 0, we can conclude (18) also for, y €
L?(IR?,C?) by density. O

Fora e o/ we havecs(ag 2) < consts(a) uniformly in e > 0 and thus, with
Lemma 4.2,
|2e (g, —ie0q)[| #(L2) < consts(a) < . (19)

As a consequence
=Q{_>(Ca ar— <W7a8(qa_i8|:|q) W>L2(R2)

defines a continuous linear functional eon, called two-scale Wigner functional
W5 (y) of y, see also Definition 1 in [FeLa]. We note, that by identity (18) the
duality pairing betweelV} (y) anda can also be expressed as

WS (¥ = [ 10 (WEw) (P ala,p, 9%2))) dadp.

Therefore, sinc®/é(y) € Co(R?*, £ (C?)), the two-scale Wigner functionds ()
can be viewed as the distribution

WE(y)(g, p) 8(n — L92)).

The above representation of the two-scale functiddaly) also illustrates its de-
pendance on the functianchosen to parameterize the distance to the submanifold
lg. In general, the two-scale functionak (y) inherits from the Wigner function
WE(y) the non-positivity. However, when passing to the semiclassical §imit0,

the following Garding-type inequality guarantees positivity of the limit points.
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Proposition 4.3 For each non-negative symb0I< a € .« there is a function c
[0,1]— [0, 1] with c(¢) — 0 monotonically ag — O such that for all wave functions
¥ € LA(R?,C?)

<1;/,as(q,—i8Dq)v/>L2(R2) > —c(g) HWHEZ(Rz)‘

Proposition 4.3 is proved in Appendix A.2. The key observation for the proof
is that for symbols ineZ C $/2(1) the Moyal product has, at least on the formal
level, an asymptotic expansion. This is due to a cancelation of “bad terms” of order
1/1/€. Our proof uses this fact by approximating the non-negative symbby
a Moyal squarep.fic p. of a polynomialp, for which the formal expansion agrees
with the Moyal product.

Remark 4.4 The above @rding-type inequality, which can be proven by symbolic
calculus, is enough for our purpose, the self-contained construction of two-scale
Wigner measures. However, by Fourier integral operator techniques, one can im-
prove to a bona fide sharp &ding inequality: Let gc C*(R4 R) be such that
Og(q, p) # 0 for all (g, p) € lg. For each non-negativé < a € .« there is a con-
stant C> 0 such that for ally € L2(R?,C?)

<W7a€(qu_i8Dq)W>L2(R2) Z _C\/EHII/HEz(Rz)

This stronger inequality’s proof is also indicated in Appendix A.2. &

4.3 Two-scale Wigner Measures

The Calderon-Vaillancourt Theorem and the previodsdig-type inequality are
all we need to study the semiclassical limit of the two-scale Wigner functional
WE (y#) for bounded sequenceés®)e-o in L2(R?,C2).

Proposition 4.5 Let (y¢).-o be a bounded sequence iA(R?, C?).

1. (W (y*))es0 has weak*-limit pointg in <7’. All such limit pointsp are
bounded positive matrix-valued Radon measureRbdr R.

2. Let(Wf (yf))e~0 converge tg with respect to the weak*-topology ow’.
Then, (WE(y#¢))e~0 converges to a Wigner measyeein . (R4, .#(C?)),

and there exists a bounded positive Radon measuane Iy x R, such that
/ _a(q, p,n)p(dp,dg,dn) =
R4xR

/ a(q,p,w)u(dq,dp)Jr/ _a(q, p,n)v(dg,dp,dn)
R4\lq lgxR
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for all a € Ce(R* x R,.Z(C?)), and we haveg v(-,dn) = pl,.

Definition 4.6 The measureg introduced in Proposition 4.5 are called two-scale
Wigner measures of the bounded sequecd.-o in L(R?,C?) with respect to
the submanifoldgl

Proposition 4.5 is the analogue of Theorem 1 in [FeGel]. There, admissible
observables are required to be constant with respegtfto largen. That prop-
erty, however, prevents the definition of a semigroup comparahié!tacting on
two-scale observables. Thus, we provide a self-contained proof for the construc-
tion with observables inz in the Appendix A.3, which in contrast to the proof
of [FeGel] avoids the use of Fourier integral operators.

The measurep andv depend on the functiog(q, p) chosen to describe the
submanifoldg. If g C*(R4,R) is another function withy = {g= 0} sharing the
same growth properties gsthen fora € o7 the scaled function

a(a,p) = a(a,p, =)

isinCy (R4, £(C?)). Moreover, there existse C* (R4 R) with f(q, p) # 0 for all

(g, p) suchthafi(g, p) = f(g, p)a(a, p), and settingy¢ (a, p, 1) :=a(a, p, f (4, p)n)
we clearly haveé, = (at)e. Thus, repeating the corresponding two-scale construc-

tion and denoting the resulting measurespbgndv, we obtain

p(a.pfHapn) = p(a.pn),  viap fHapn) = v(apmn).

4.4 Propagation of Two-scale Wigner Functionals

Let wé(t) € C(R,L?(R? C?)) be a solution of the Schdinger equation (1) with
initial datay¢ € L?(R2,C?) andg(q, p) = gA p. The two-scale Wigner functional
inherits the solution’s continuous time dependence, that is

WS (yé(t) € C(R, &),

where continuity is understood with respect to the strong dual topology/on
Indeed, for bounded subseBsC .7, that is sup.g||{(q, p))?d7a|j. < o for all
B € Np andy € N3, we have fott,t’ € R

sup| WS (v (1) —Ws (v (t)),a) ., | <

supss (@) [| (1) = ¥ () gee) (19 Olliee) + 1 @) iz )
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and thus the asserted continuity with respect to time. However, passing to the limit
€ — 0, we are confronted with the possibility that different points of tinoeuld
require different subsequencigs(t))ken for convergence to a two-scale measure.

In that case, neither continuity with respect to time nor other properties of the two-
scale Wigner functional would carry over to the two-scale measures. This difficulty
is dealt with by restricting the analysis to diagonal observables.

Proposition 4.7 Let yé(t) € C(R,L?(R?,C?)) be the solution of the Sdbdinger
equation (1) with initial data(yg)e-o bounded in B(R2,C?) such that the two-
scale Wigner function8/\5 (y§))e~0 converge to a two-scale measyrgin 7',

1. Then, for every T O there is a subsequenée)ken such that
lim (W (y(0),2) 0, and lim (WD), a0,
exist uniformly in te [0, T] for all a € o7 and ac .7 (R*, #(C?)), respec-
tively, with vanishing commutatda,V] = 0 andsupp(a) N {q =0} = 0.

2. For scalar-valued a with the same properties, the limits

lim <W28k<‘/’8k(t))vani>m.lof =. <Pti’ani>mw

k—s 00

and
Ml, <W8k(‘/’8k(t))’ani>y',y = <“tivani>y'y

define positive bounded scalar-valued Radon meagyjfeand ™ on (R*\
{g=0}) xR andR*\ {q = 0}, respectively, for all £ [0, T].

3. For scalar-valued observables a with the same properties, we have conver-
gence of the full sequence

lim (WS (ye(1) —WE (y§) o @1t ,alm™) , , =
lim (W (y*(t) —We(y§) ot ,an®) , , =0

e—0

uniformly on time interval$0, T| such that for all te [0, T]

U {®}(a.p)|3n €E:(q,p.n) € supp(po)} N {q=0} = 0.
je{£}
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Remark 4.8 Without incorporating non-adiabatic transitions, convergence of the
full sequence is only obtained on time-intervals, where the leading order dynamics
can be described purely by classical transport. However, the uniform convergence
of subsequences on arbitrary time intervglsT | will later on be extended to con-
vergence of the full sequence in the proof of Theorem 3.2. &

Proof. We writea= M*al* +M~al~ and study
<W28(‘l’£(t))aniar|i>_ = <‘l/ ﬂiafﬂi)(q,—iequ) ‘I’s(t)>L2(R2) .

The assertions for the one-scale Wigner transform will follow immediately from
the corresponding statements for the two-scale transform. As a first step, we estab-
lish the claimed uniform convergence with respect to timm@utting off the singu-

larity of the projector$1* at the crossing manifolfig = 0}, we choose a function

¢ € CP(R?,]0,1]) such thaty = 1 on{q e R? | 3(p,n) € R3: (g, p,n) € supp(@)}
and¢(0) = 0. We then have by Lemma 4.1

M acn® — (>N%) feac e (9°N%) € S 5 %(1)

and therefore
(Wg (ve(1),n*an®) ,

((97M1*) (0, —iellg) (1), 3¢ (0, —ieUq) (9°M*) (g, —ieTg) y* (1)), . + O (Ve)
We choose initial datay§ in D(H®). We observe, that the first summand on the
right hand side of the previous equation defines a continuously differentiable func-
tion fqﬁg ‘R —C,

0
fie (1) 1= ((#2M%)(a, ~ie0q) y* (1), 8 (0, —ie0q) (#°M)(q, ~ie0) y* (1)) - -

We have for the derivative
afy (0=

(ie) "1 ((92M*)(q, —ie0q)H Y (1), 8 (0, —iellg) (9N (0, —ieClg) y* (1)) .

—(ie) " ((9?N*)(q, —ieOg) y* (1), ae (0, —ie0q) (9M*)(q, —ie0g)H W (1)) - -

We want to show that sypy || G d Fe ( )|l < o0 to apply the Arzela-Ascoli Theorem.
Sincea, decays superpolynomlally ify, p), semiclassical calculus gives

8 fe (92M%) feh—ag te (PA7) te (911F) € S (1)
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Thus, it remains to prove a uniform boundsrandt for

(ie) " ((9M)(a, —ieDq) y*(t), [#2, aels, (A, —ielq) (9M1F)(a, —iSDq)llfs(t)(éch))
However,[pA*, ag);, eq/z ), since[pA*, a.] = 0 and

{p2* .2} = {A*,a:} = (OpA™)(0q@)e — (OgA ™) (Opa)e € ) (1)

where the last identity uses thgt*,gA p} = 0 onR*\ {q= 0}. Choosing general
initial datayg € L?(R?,C?) andy € D(H¥), we clearly have fos,t € R

18— 15| < [ F5(9) — 15(9) |+ | £5(9) — F5(0) |+ 15(0) — fEe(t) |

Denoting the strongly continuous one-parameter groudoby (U¢(t))icr, we
obtain for the first term on the right hand side of the above inequality (and analo-
gously for the third one)

e (9~ 158 | < | (Y6 — y.US(~9)(M*aen*)(q, ~ie0q)U* (Y8 2z |
+ [(wUE(=9)(M*aeN™) (g, —ieba)U () (¥ — ¥5)) 2 |
< constys — Yl (I1V8llees) + 1Vl ) -

while for the second term we have by the bound on the first derivative

| fy(s)— fy(t) | < const/s—t|.

Thus, regardless of the choice of initial data, the sequéﬁ%@wo is pointwise
bounded and equicontinuous. By the Arzela-Ascoli Theorem, we then have uni-
form convergence of a subsequence on compact subs@&swhich shows the
claimed uniform convergence on intervgdsT| for all T > 0.

Secondly, we prove that the two-scale limits define positive bounded scalar-
valued Radon measurpg for all't € [0, T]. Clearly, the limits define linear forms
on the space of functions i with support away fror{q = 0}. By the standard
arguments, which have already been invoked in the proof of Proposition 4.5, they
extend to linear forms on compactly supported continuous functiori®‘onR
with support away fron{q = 0}. Such functions, however, are dense with respect
to the sup-norm ilC;((R*\ {g= 0}) x R, C), and we obtain the measurgg on
(R*\ {g=0}) xR.

Thirdly, we show the asserted transport properties. Omitting the subsggyipt
of the functlonf8 for notational simplicity, we have for scalar-valued observables

ac o/ with support away fror{q = 0}
lim (W (y¥(1)),an*),, , = lim (1)

K—oo
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uniformly int € [0, T]. As already noted, the above uniform limit defines a measure
pi-on(R*\ {q=0}) xR forallt € [0, T]. Forinitial datay§ € D(H¢), the function
t — f£(t) is continuously differentiable with a first order derivative, whose leading
order term ine is given by the commutator expression in equation (20). Thus,

lim & 19(t) = Jim ((pN1*)(q, e y*(t).
({2*,8})a (0, —ieTa) (9M1*) (a, —ieTq) Y™ (t)) -
= Jim (W (y*(t), {A%,a}n%) , , = /{l*,a}(q,p,n)pti(dqdp,dn)-

On the other hand, by the uniform convergencéfdf(t))en,

lim & fo(t) = 4 lim f%(t) =

k— 00

which implies

fort € [0,T] such that

U {®i(a,p)|3n €R:(a,p,n) € supp(po)} N{g=0} = 0,
jelt)

or equivalentlyp™(a, p,n) = pg (PL.(q, p),n), or
H —t +
lim (W (y(1)) —W*(yg) o @,an™) , , = 0.
The assumption on the measpggguarantees thdtWy (§),arn*)),_, converges
to measurepoi without extraction of subsequences. Thus, every convergent subse-

quence of (W (y*(t)),aln=)),. , converges to the same limit point, and therefore
the whole sequence itself has to converge. Observing that

LA(R?,C?) x LAR2,C?) - €, (f,0) = (U*()f.8c(q, —ie0q) U (1)9) 2z,

is a bounded bilinear form, we conclude the proof of the transport equation also
for the case of general initial datg € L2(R?,C?) by a density argument. O

The previous Proposition 4.7 also shows for the Wigner meagujfeghat
i = uy o ®1' on time intervalgd0, T] such that for alt € [0, T]

U {®(a,p) | (a,p) € supp(po)} N{q=0} = 0.
je{£}
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Sinced!, leaves = {gA p = 0} invariant,

e [rey = (g 0 @) [gay (21)

for all timest € R. While the diagonal components of a two-scale Wigner func-
tional approximately satisfy classical transport equations, its off-diagonal elements
vanish when taking time averages. For a similar statement in a slightly different
context see [Mi].

Lemma 4.9 Lety?(t) € C(R,L?(R?,C?)) be the solution of the Sobdinger equa-
tion (1) with arbitrary initial datay§ € L2(R2,C?). Then, for all ac </ and all
t1,to € R there exists a positive constant€C(a,V,t3,t2) > 0 depending on a, V,
t1, and & such that for ally§ € L2(R?,C?)

t2
\ \ (WS (y* (7)), V. &) vy A7 | < VEC | S|P g2 -
1

Proof. Lety§ € D(H®) andac «/. We have for allt € R
&g WE(We(0),2) 1y = (V(7),[H",8e(Q,~ie0a)| ¥ (7)) 2(g2) -

Thus, we analyze the commutatet®, a.(q, —ielq)| = [h,a¢;, (4, —ielq). Since
ae is a Schwartz function, we hawg € Q/z (q)~1(p)~2), and applying Lemma 4.1

we obtainh, a];, — [h,ac] =: v&re € S, J(1). Thus, with[h,a] = [V, ac],

e 5 (WS (W(2)),8) 0y = (22)
WS (v*(7), [hal) o o + VE (WE(7),1(0, —ie0g) Y¥(T)) o ) -

Integration fromty to ty gives

el | FMEW(D).a),dt] = e (W (¥(t2) ~Wa (¥ (1)), @) |

ty

IN

€s5(a) ||WS||EZ(R2)

NG ,/ 0, —i€0q) W (7)) (o) A | < Ve €a(r) It —to] [[W6 1 oz

which together with equation (22) yields the claimed boundyi§re D(H?). A
density argument concludes the proof also for general initial gigta L2(R?,C?).
|
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Remark 4.10 The proof of Lemma 4.9 applies to general matrix-valued &tihger
equations with essentially self-adjoint Hamiltonian, whose symbol is polynomially
bounded, and to two-scaled Wigner functionals associated with more general sub-
manifolds than the hypersurface of zero angular momentas{gAp=0}. &

Purely off-diagonal symbola € <7 with supp(a) N {q= 0} = 0 can be written
asa=M"al~ +M~an", which implies|V,a] = (A" — A" )aanda=|V,(A 1 —
A~)~1a]. Thus, we have for such off-diagonal observables

t2
|| O (vF(2).2) oy AT | < VEC W e

1

2 4
4.5 Measures oriRf ; x Ry, xRy
We fix some time-interval of interef, T] with T > 0 and define a set of admissible
observables on an extended phase sfadd; x R; x Rg,p as
o = {ae Cy(R’,.£(C?))| asatisifes propertyPr)} ,
where
(Pr) supp(a) C [0,T] x R® anda(t, z,-) € o for allt,t € R.

Fora e o4 we setag(t,q, 7, p) =: a(t,q, 7, p, (gA p)/+/€) and choose a cut-off
function yt € CZ(R,R) such thatyr(t) =1 fort € [0,T]. Then, we define for
v € C(R,L2(R2,C?))

Wor(w): @ —C, am (xry,ae(t,q,—ie0q) XTV) 2 (gs) »

which is a bounded linear functional by the rescaling identity (18) already used
before. The alternative approach followed up in [FeGel] applies to observables
ac.7(R’,.Z(C?)) and treatsy € C(R,L?(R?,C?)) as a tempered distribution on
R3. Then,a, € .7(R® £(C?)), and the Weyl quantized operator is regularizing,
that is

a(t,q,—ielrq) € Z(S'(R3,C?),.7(R3,C?)),

see for example Remark 2.5.6 in [Ma] or the proof of Proposition 1I-56 in [Ro].
For symbolsa € o4 N.7(R’, £ (C?)) we have by Lemma 4.1

XTﬁsaetteXT ~ Qg in §/2(1)>
and therefore

ae(t7q7_i8[|t,q) = XTae(t,%—iSDt,q)XT € f(y/(R3’C2)7y(R3,(C2)),
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Consequently,

(xryae(t,0, —ielhq) XTV) 253y = (V,2e(t,0,—1e0q)¥) 0 -

For different cut-off functiongr, x1 € CZ(R,R) with x7(t) = xr(t) =1 fort
[0,T], we have

Xrhe@ete X1 ~ Xriedetexr N S)5(1),

and thus the independencelf (y) from the choice of the cut-off function. Bal-
ancing the benefits of the two equivalent approaches of using a cut-off function in
L?(IR3) versus working with tempered distributions, we have preferred the natural
setting ofL2-theory.

For sequence@y®).-o in C(R,L%(R?,C?)) with sup., ||y (t)|| 2g2) < e, the
Wigner transformed sequend@s+(y€)).~o0 has weak*-limit pointspr in <7,
which are bounded positive matrix-valued Radon measuré® i x R® x R. As
before, we denote by the restriction of a measugg to the set{(t,q,7,p,n) €
[0, T]xR*xR | (q,p) €l}.

The following lemma addresses the localization of the meaguteghe anal-
ogous statement for semiclassical measures has been given in Section 3 of [Ge].

Lemma 4.11 Let yé(t) € C(R,L?(R2,C?)) be a solution of the Schdinger equa-
tion (1), whose initial datgyg).~o form a bounded sequence iA(R?,C?). Then,
we have for the weak*-limit poinisr € < of (\W;1(y*))e=0

supp(pr) C {(t,7,0,p,n) € [0, T| xR xR | 7+ 3|pf>=£|q|} .

For the proof of Lemma 4.11, we refer to the Appendix A.4. It remains to
clarify the relation between two-scale measure®fp x R, and their pendant on
RZ; x Rg p x Ry.

Lemma 4.12 Let yé(t) € C(R,L?(R? C?)) be the solution of the Sdbdinger
equation (1) with initial data(yg)e-o0 bounded in B(R?,C2). Letpr be a weak*-

limit point of (W5 +(w*®))e-0, and letpi~ be the scalar measures introduced in
Proposition 4.7. Then,

(pr.n*an®),, . = [ a*(t.a..p.n)pi"(da.dp.dn)3(c 3P F fa)t

for all a € <4 with supp(@) C [0,T] x R®\ {q= 0} and & = tr(an®).

28



Proof. Let (&)ken be a subsequence, such that
Wk (p) = pr,  tr (We*(y*(t))N*) = p° uniformlyin t € [0,T].

Sincepr (t+ 3|p>+V) = 0, one has supfpr (prN*)) C {T+ 3|p|2£|g| =0}
and

tr (pr(t,q,7,p,n)M*(q)) = /Rtr (pr(t,q,dz,p,n)N*(q)) 8(z+ 3|p|*+]al)

as measures d0,T] x (R3\ {0}) x R? ; x R, . Thus, it remains to show that

pi(a,pn) = /Rtr (pr(t,q,dz, p,n)MN*(q))

as measures g0, T] x (R3\ {0}) x RZ x R;. We have fom = a(t,q, p,n) € 2,
which do not depend onand have support away frofig = 0},

Lo, (alt.0.p.m)1* () p (ct.d.dr.dp.in)
= Jim Qery®, (MFaeM*) (1,0, —iao) xr¥™) 2 e c2)
= fim [ Br(R (p 0, (T8l 0, i85 W(0) 2 e o
= /Rsx@” (a(t,q, p.m)N*) p"(da, dp,dn) dt.

which concludes our proof. O

4.6 Measures Near the Crossing: the Results of Fermanian andégard

In the following, we summarize the part of the results of [FeGe1l], which we will
use for the proof of Theorem 3.2, tacitely using some of the simplifications worked
out in [FeLa]. Fermanian-Kammerer an@f@rd introduce the involutive manifold

lre := {(t,7,q,p) €R® | gA p=0},

which contains all the classical trajectories hitting the croséing 0}, and a space
of admissible observables

kg = {ac C*(R’, Z(C?) |supp(a) C K x R, K ¢ R®\ {(t,7,0,0)} compact
Ja, € C*°(R® x {+1},.2(C?) 3R> 0Vme R®V|n| > R:

a(m, 1) = ax(m,sgn(n))} -
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Theorem 1 of [FeGe1] shows, that for a bounded sequéufde.o in L?(R3,C?)
there exists a sugsequer(ceg)bo of positive numbers and a positive Radon mea-
sureveg on lgg x R with values in%s,(C?) such that for alb € 24c

lim [t (W) (t.7.q.p)alt, 7.q.p. %)) chrdadp =

/| ﬁtr (a(t,7,q9,p,n) Vee(dt, dz,dg,dp,dn))

FGX

/ tr (& (t, 7,0, p,Sgn(qA p)) u(dt,dz,dg,dp)) ,
R8\lrG

where(W¢(uf)).~o andu are Wigner transforms and a Wigner measur@ibfe-o.
Theorem 2’ of [FeGel1] associates with the solutipf(t) € C(R,L?(R?,C?)) of
the Schoédinger equation (1) a measwgs onR® x R, which decomposes as

with scalar measuregs;; supported inJ*P U J*. For the definition of the sets
J*=P, J* they choose a poirity, 70,0, Po, No) inside the crossing manifold

Se = {(t,7,0,p,n) eR°xR|teR, 7= —3[pf’ p#0,1n €R},
a neighborhoodto, 70,0, po) € U C R® and set

J*P = {(t+s7,9%(0,p),n) € R®xR| (t,7,0,p) €U, s< Osuff. small,

I = {(t+s71,9%(0,p),n) e R*xR| (t,7,0,p) €U, s> 0 suff. small,

where ®'_ are the classical flows associated with the Hamiltonian systems (3).
Outside the crossing set ¢a+PUJ* ")\ S, the measuresz; satisfy transport
eqguations

VIZ:tG(t7 T, q7 pa 77) = VIZZIZG(Oﬂ T, q)t:i: (qv p)? n) )
see Theorem 2’ of [FeGel] or Proposition 2 of [FeLa]. Denoting restrictions of
the measures;; to J*PN S and J* ' NS by va” and v, respectively,
Theorem 3 of [FeGel] shows the Landau-Zener type formula

+.1 +.p
1 _ -p
Vss T 1-T Vsa
with T = T(p,n) = exp(—x L), if ve.P andvg P are mutually singular ofec.

R
A sufficient condition to meet this singularity requirement for positive tilme<)

is the choice of initial datay§ € L?(R?,C?) satisfyingl~y¢ = 0, since then
Verlizop = 0.

30



4.7 A Semigroup for Two-scale Measures

In complete analogy to the definition of tlledependent semigroug; for the
diagonal componentav® (y/(t)),w® (y(t))) of the Wigner function, we define a
semigroup for the two-scale Wigner measufes, p; ) and (v;", v, ) in the fol-
lowing.

We introduce the right continuous random trajectories

F@PNI) 10 0) — R* x Ry x {—1,1},

where_7 (4P (t) = (®}(q, p), 7, j) as long ash (g, p) ¢ S Whenever the flow
CDtj (g, p) hits the jump manifold, a jump fromj to —j occurs with probability

T(p.n) = exp(—7L).
The random trajectoriey? (@pr.n.J) define a Markov process
{va’"w” (4,7, §) €RY xRy x {1, 1}} .
The pendan®? to the space of observabl&sis defined as follows.

Definition 4.13 A continuous compactly supported functiog €;((R*\ S) x R x
{—1,1},C) belongs to to the spac&?, if the following boundary conditions at
(S\ &) x R x {—1,1} are satisfied:

Jm t(q-&p,p—dja/lal.n.j) =
T(p.n) fim f(q+8&p.p—3ja/lal.n.~i).
lim f(a—3&p,p—&ja/lal,n,j) =
6—+0
(1=T(p.m)) lim #(a-+6p,p+3ja/lal,n.j)-

By construction, the semigroup
(7)) (@ p,n.J) = EGPTIE(_gaPni)), t>0,

leaves the spacg? invariant, that is7' : €2 — €2 for all t > 0. We denote the
space of functiona € C((R*\ S) x R, .Z(C?)) such thaa = a*M+* +a M~ with
(at,a”) € €% by G4, and set fom € 65,

Tta = (7%a"a))*, J'a:=(Zlant + (Jan~, t>0.
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We note, that7' leaves the spac%iﬁag invariant. To work exclusively on the

subspaces Ranl*), we will also need
Tta = Zf(@n®)

for scalar-valued € C;((R*\ S) x R, C). By duality, we define for matrix-valued
Radon measurgs on R* x R with supp(p) N (Sx R) = 0 the matrix-valued mea-
sure.7'p on (R*\ S) x R, that is, we set

[v ot (ala pm) () (ddp.dn) =
(RS xR
/RW” (('a)(a,p,n) p(da,dp,dn))

forac %Oﬁag. Having fixed these notations and definitions, we can formulate the
key observation for the proof of Theorem 3.2.

Lemma 4.14 Let yé(t) € C(R,L?(R? C?)) be the solution of the Sdbdinger
equation (1) with initial data(y§)e~o bounded in B(R?,C?). Let T > 0 andp;",
t € [0,T], be the scalar measures ¢i®R*\ {q = 0}) x R introduced in Proposi-
tion 4.7. If

po =0 and  supppg)N(SxR) =0,

then the restrictions;" of the measureg;™ to | x R satisfy

/Ixﬁa(q, p,n) vi~(dg,dp,dn) =/ (ZLa)(a, p,n) vy (dg,dp,dn)

IxR
for all scalar-valued ac .« with supp(a) N (Sx R) = 0 and for all t € [0, T].
Proof. We have to work with measures @f x R and on[0,T] x R® xR in

the following. For all such measures which have support away from the jump
manifold S, we define the measur&! m by

a0 (im0 = [(7ia)omiay.

where the scalar-valuetis either ingZ with support away fronsor an observable
in o N o/ With the same support property. The measdi vy §(t — A*+)dt)
satisfies the same transport properties and jump conditions &t {q = 0} as
the measure?;. Hence,

yit(voi(%f—li)dt) = VEEG on o NG
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Since the Hamiltonian flowp!, conserves energy*(q, p) = 3|p|2+|q|, and since
A*(a,p) =27 (q,p) for (g, p) € I NS= {q= 0}, we have

TL(vg(t—A%)dt) = (Zivy) S(t—AF)dt  on .
On the other hand, by Lemma 4.12
Vig = i 8(t—AF)dt  on ANk,
and therefore
Vi S(t—A%)dt = (Fivy)S(t—A%)dt on  rNarG.
By continuity with respect to timg we then have
vi = Zlvd on  CZ(R%,.2(C?)

for all timest < [0, T], and sinces™ is a positive distribution, by density the claimed
identity on.. O

5 Proof of the Main Theorem

With the preparation of Section 4 the proof of Theorem 3.2 is now straightforward.

Proof. [Proof of Theorem 3.2] We will establish (15) by proving separately that
uniformly int € [0, T]

lim [ tr (W (y*(t))(q, p)a(q, p)) dqdp =

e—0 JR4

(24)
t
...t (a(a.p) (7*po) (ca.dp.in))
where the key ingredient is Lemma 4.14 , and
lim [ tr (WZ(t) (g, p)a(a, p)) dadp =
0 R (25)

t
/R .. (a6, P) (7"po) (o, dp.dn))
uniformly int € [0, T], which basically holds by construction of the semigroups.

We write the diagonal observablesunder consideration again in the form
a=tr(al*)A*+tr(al )N~ =:a*tMN*+a M. Note that such observables can
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be viewed agj-independent elements of. By Proposition 4.7, there exists a
subsequence)ken depending o > 0 such that

lim (W (y*(1).a),,, ,

exists uniformly int € [0, T]. In the following, we will show that all such conver-
gent subsequences of

(W5 (W (1),@) 1 s ) e (26)

converge to the same limit point

/RWU (a(a.p) (7"po) (dg,dp, dn))

uniformly in t, and thus the whole sequence itself has to converge towards this
limit point uniformly int. By the definition of the measuregs™ andvi", we have
uniformly int

fim | (W (y™(t) a(q, p)) dadp = lim (WS (y*(t)).a) .,

= > (/4 al(d, p) { (da, dp) +/aj(q,p)vtj(dq,dp,dn))-
By the identity (21) following Proposition 4.7
a*(q, p) * (dg, d :/ a* o ®7Y) (g, p) 5 (dg, dp).
/Rm (0, p) ;" (da, dp) R4\|( o ®.") (q, p) g (da,dp)

Since [, (W#(y§)(d, p)|dgdp — 0 ase — 0, we also have
. W(¥)(a.p)a(q, p)dqdp — 0

ase — 0 for all a € .7 (R?*, £ (C?)) with supp(@) C Ss. This means supio) N
Ss = 0, which in turn implies supfpo) N (S5 x R) = 0. By Lemma 4.14, we then
have for the two-scale measungs

/Ixﬁai(q, p) vi" (dg,dp,dn) = /.x@ (Z1a) (a,p,n) vg (dg,dp,dn).
Thus, uniformly int

lim tr
k— 00 R4

je%t} < /Rzl\I (al o ®j")(a, p)ug(da,dp) + /| x@ (7ta) (g, p,n) Vv (da,dp, dn)) ’

(W (y(t))a(q, p)) dgdp =
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and by definition of the measupg and the semigroup’

; /,(Z-ta) (0, p, 1) v(dg,dp,dn) =
jE i} |><]R

/RW” ((7'a)(q, p) po(da, dp, dn))
R ie%} /R4\| (7/2) (0, p,) pto(da dp)

SinceT (g, p,») = 0, we have

/]Rzl\I (Zta) (g, p,») ug (dg,dp) = /

o (a* o ®3") (a, p) g (da,dp),

and therefore, uniformly i,
lim

lim [ Wy (1) a(a.p) dadp = [ _ir (ala.p) (7*po) (da.dp.dm)) .

The preceding arguments show that all convergent subsequences of the bounded
sequence in (26) converge to the same limit, and thus the sequence has to converge
itself. This proves (24).

In order to establish (25), i.e. to lift the semigroup acting on the measures to a
semigroup acting on functionals, we first have to remove a neighborhdad_ et
x € C*(R,R) be a smooth function such that=0 on[-§/2,5/2] andy = 1 on
R\ [-38,8]. Since supjpo) N (Ss x R) = 0, we have

/Rllxﬁ” (a(a, p) (7'po) (da,dp,dn)) =

L.t (x(@-p) (73) (@ p.m) poca,dp.cn)

Denoting (g, p) := x(q- p), the set{y (7'a) |t € [0,T]} is a bounded subset
of «7. Since weak*-convergence and strong convergence’itoincide, we get
uniformly int

/R . 7 (8(@.P) (7'po) (da,dp,cm)) = lim (W5 (y5). % (7'8)),,., -
Since the initial data have no mass near the jump man8olee find that
lim (W5 (v§). % (7)) ., =

fim [t (WE(w5)(a, ) 2(a- p) (Z:a)(a, p)) dadp =

fim |t (W*(y6)(. P) (Z:8)(q,p)) dadp =

lim [ tr (W& (t)(q, p)a(q, p)) dgdp,
e—0 RA
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uniformly int. This shows (25) and the proof is complete. O

A Two-scale Semi-Classical Calculus

Here, we collect proofs of some of the two-scale results used in Section 4.

A.1 Moyal Multiplication with Symbols in §/2

We start with the proof of Lemma 4.1, which concerns the asymptotic expansion
of the Moyal product between the symbol clasSg{sm ) andﬁ/z(mz).

Proof. [Proof of Lemma 4.1] By Proposition 7.6 in [DiSj], the map
exp('€(DpDg — DDp)) : 7 (R*, 2(C?)) — 7 (R*™, 2(C?))

extends continuously to an opera@;z(mléé mp) — ﬁ/z(ml ®mp). Thus, we
only have to show the asymptotic expansion. Observing, that every differentiation

of b produces a factog /2, it is clear thatc; € SI/jZ/Z(mlmz). Proving (16), one
defines the smooth mapping

E: R—.2(S,(mem)), t—E(t):=exp(}(DpDy—D¢Dy))-

Taylor expansion of orddd aroundt = 0 gives

E(e) = Jigijl!(atilz)(O) + eN+1N1!/01(1—t)N(atN+lE)(et)dt.

The first summand is nothing else than

N , .
%ji! (’£(DyDy —DgDy))’
j=

while the remainder term can be rewritten as
! i N-+1
ﬁ/o (1—t)N (i£(DyDy — DgDp))" M Eet) k.

SinceE(et) preserves the symbol cla$/2(m1 ®my), and since every differenti-
ation ofb produces an extra facter /2,

1 .
/0 (1-t)N ((DpDg —DeDp))" " E(et)a(q, p) b(d/, P et [g_qp—p (27)
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(N+1)/2

is a symbol mSl/ (mimp), and we are done. O

For the proof of the @rding-type inequality we need the following observation
on the Moyal product of-scaled polynomials.

LemmaA.1 Letabe C°(R® Z(C?)), g C*(R* R) be polynomials and mm,
order functions such that.ac Q/Z(ml) andh € Sf/z(mz). Then, there exists NN
depending on the polynomial degrees db and g such that

(Qeflebe)(Q, p) =
N N

Z)r.((%(D pDg —DqDp)) ae (@, P)be (d, P)) |y ppy = %C;(q p)
1= J

with¢j € S ] 12 ().

Proof. The proof of Lemma 4.1 already impliegfi:b. = ZE\I::LCJ'. Hence, it
remains to show that; € SI/JZ/Z(mlrm). One computes that

{ae,be} = (dpadgb— dqadpb), +
% (dpadnbdqg+ dnadpgdyb — dgadybdpg — dnadygdpb), .

This identity shows a cancelation of “bad terms” of ordége,1which multiply
n-derivatives ofa with n-derivatives ob. Thus,

1/2

g{a,;b}es1 (mmy).

The same reasoning yields

¢! (DpDy — DaDp) '3 (0, P)be (. B g oy € Sy/a 2 (Mimy)

forall j € N. O

Remark A.2 An extension of Lemma A.1l to non-polynomial symbols would re-
quire control on the remainder term (27) in the asymptotic expansion, which we
have not been able to achieve. &
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A.2 Garding Inequalities

The following proof of the Grding-type inequality, Proposition 4.3, relies on
Lemma A.1 and an approximation of the non-negative synabddy the Moyal
productp. ¢ pe of a polynomialp.

Proof. [Proof of Proposition 4.3] We proceed in several steps by defining a smooth
square root, taking a cut-off in the-component, approximating polynomially, and
finally expanding a Moyal product.

FIRST STER A SMOOTH SQUARE ROOT Let § > 0. Sincea € & decays
super-polynomially in(g, p), one finds a cut-off functiop® € C?(R*,[0,1]) such
thatss(a— (x%)%a) < 8. One defines

b%(a,p,n) :=x°(q, p)vala,p,n) +8 € «,

where,/- denotes the positive square root of the strictly positive matiixp, n) +
6. By the upper bound (19),

a&‘(qa _iEDQ) =
(b2)%(a, —ie0q) + (2 — (2°)@e)(a, —ie0q) — 8(x°)*(a, —ieDq) =
(b2)%(a, —ie0q) + €(8)
uniformly ine > 0 asé — 0.

SECOND STER A CUT-OFF IN7. LetR> 0 andy € CZ (R, [0,1]) with x(n) =
1for|n| <1/2andy(n)=0for|n| > 1. We set

>R(q.p,n) == x(n/R)(0°(q.p,n) —b(a,p)) +b3(a,p) € &,  (28)

where the smooth function, stems from the defining proper) of the symbol
classe7. We note, that®R is compactly supported ifg, p) and constant as a
function of n for |[n| > R. There exists a positive constant cgnst0 such that

||c§’R(q, —ielg)|| #(L2) < consg for all € > 0 andR > 0. (In the following, const
will denote anyx-dependent positive number, which might divergexas 0 or
x — 00.) We have

s5(b%(a,p,n) — P R(a,p,1)) = ss((1—x(n/R)) (b%(q, p, 1) —BE(q, ) =50

and thus
(03)2(q, —ie0q) = (c2™)?(q, —iely) + consp or(1)

uniformly in € > 0 asR — oo.
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THIRD STEP. POLYNOMIAL APPROXIMATION. According to the definition

(28), we write 5 5
R R
(g, p,n) = €1 (a, 1) +6;7(a P)
with ¢>R € C2(R5,.2(C2)) andcS R € C2 (R4, .Z(C?)). We choose =r(8,R) >0
such that
SUPP(CY™) C Bys(1/2),  SUPP(CS™) C Bra(r/2),

whereBga(p) denotes the closed ball iR with radiusp. Let y > 0. There

exist smooth#(C2)-valued functionsp ™" on RS and p5"*” on R4, which are
componentwise polynomial such that

sup | 9%(SR(q, p,m) — PSR

(qvpvn)eBRS (I’)

—0
(@,pm) =0

for all a € N3 with || < 5 and

0
sup | 9P (cSR(a,p)— PSR (g, p)) |5 0
(9,p)€BRa(r)

for all B € N§ with || < 5. Moreover, we employ another polynomial function
g’ € C*°(R* R) with

—0
sup | 9% (g(a,p)—g"(a,p)) | == 0
(@P)Ba(r)

for all B € N§ with || < 5. We set

J,RY o,RY

pg_’gy (q7 p) = pl 5,Ry

(a, p, CE) 4 p3R7(q, p)

and introduce a cut-off functiog®R € CZ(R4,[0,1]) such thaty®R(qg, p) = 1 for
(g, p)| <r/2andy®R(q,p) = 0for|(q,p)| > r. Then,

—0
o 197 (e (e, Vep. SR — (1R ) (VEq,VER)) | 0

uniformly in & > 0 for all § € N§ with |3| <5. According to Lemma 4.2, this
convergence translates to

(c2)?(,~ie) = (R pe,")?(a, ~ie) +const 0y (1)

uniformly ine > 0 asy — 0.
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FOURTH STER MOYAL PRODUCT. Sincey?R ¢ (1) is scalar-valued and
cutting off the polynomial growth op®R?, one has by Lemma 4.1 that

SR, . S,R, :
(xé,R p&,gy]/)Z _ X&Rﬁs (p&ng)Zﬁgx&R_’_ \/gré,R,y,s

with r®R7¢ € § ,(1). By Lemma A.1, one then obtains

§,R 0,RY\2 S§.R J,R, 4R, S§.R S.R7,
(X’ pg7g}’y) :X ﬁ&‘ pg,g}’yﬁé‘ p&g}’yﬁé‘x' +\/ES e

with SR € ) ) (1).

FIFTH STEP CONCLUSION. Putting all the previous pieces together while
using the real-valuedness respectively symmetry of the sympidfsand p?R?,
one obtains

. _ . 2
<W7a8(q7_|8DQ)W>L2 = H(X&Rﬁ&' pg,g’/y)(q,_|8DQ)WH|_2

+(0(8) + consg 0r(1) + consk r0y(1) +consk g, O (Ve)) |w]|Z

asé,y,e — 0 andR — o. Since the first summand on the right hand side is non-
negative, we have

(v,a¢(q, —ielg)y) 2 >
—| 0(8) 4 consf oR(l)+consg_’Roy(l)+consng’yﬁ(\/E) y ||‘I/HEz

asd,y,e — 0 andR — «. Forn € N we choosed,, Rn, 1, &n > 0 (exactly in this
order) such that

|6(67)]. |cons, or, (1)]. [const, g 05 (1)]. [cons, g, 1,0 (Van)| < 4

and definee(e) := g Uje,., o (€) & With €1 = 1. Then,

(W, 8e(0, —1e0q) W) L2r2) = —C(€) V]| Fa(re) -
O
Using Fourier integral operators, the sharp two-scaled{ag inequality of Re-

mark 4.4 can be proved along the following lines, which have been communicated
to us by the anonymous referee.

Proof. [Proof of Remark 4.4] First, one assumg$), p) = p1. In this easy case
one has

ac(q, —ielq) = a¢ 3(q, —ively)
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with a¢ 3(g, p) := a(q,v/ep,9(g, p)) = a(g, vep, p1). For symbolsa € <7 one has
|0%a¢ 3]l < Cqv/€”. Therefore, the claimed sharpa@ling inequality can be

proven iny/g-symbolic calculus.

For arbitrary functiongy one uses a canonical transformationwhich maps
{p1=0}NQ into {g(qg, p) = 0} with Q c R*. LetU denote the Fourier integral
operator associated with (see for example subsection 2.2 in [FeGel]). Then, one
has for alla € <7 with supp(a;) C Q

(y,8¢(d, —ielq) ¥) L2 m2) = (Y, (a0 K Nea(a, —iVedg) W) 2(r2) + O (VE)

for all y € L2(R?,C?). For arbitrary symbols € <7 one must use a partition of
unity on the support of to prove the sharp &ding inequality. O

A.3 Two-scale Wigner Measures

Next, we present the self-contained construction of two-scale Wigner measures
(Proposition 4.5). We proceed analogously to the standard construction of Wigner
measures, using the Calderon-Vaillancourt Theorem and dingii®y-type inequal-

ity in Proposition 4.3.

Proof. [Proof of Proposition 4.5] We proceed via different steps, firstly showing
a uniform bound, secondly positivity of the limit points, then extending the linear
form to continuous functions, and finally proving the claimed relation to the Wigner
measureu.

A UNIFORM BOUND. The upper bound (19) resulting from the Calderon-
Vaillancourt Theorem gives a positive const@nt 0 such that

[ (W5 (W), @) oy | < C55(a) [1W°| o) -

Since.« is a separable topological vector space, an application of the Banach-
Alaoglu Theorem, Theorem 3.17 in [Ru], gives a subsequéWgé(y))q,~o,
which converges with respect to the weak*-topology to spnee<’.

PosITIVITY. By Proposition 4.3, we have for non-negative @ € .o/

@)y = Jim (W (y%).a),, ,, = lim (y™ 8 (g, —1ee) ¥™) 2z

— Jim c(ei) [ ey = ©.

v

Thus,p is a as bounded positive linear form an.
EXTENSION TO C¢(R* x R,.Z(C?)). The following considerations coincide
literally with the standard arguments showing that positive distributions are Radon
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measures. However, since we have to work with matrix-valued measui@$:on

R, we follow up the usual argumentation ensuring that the matrix-valuedness and
the set{n = «} do not enforce any alterations. RoE o7 with values inZ,(C?)

we havel|all» ==a > 0, where||al[e = SURq p.n)ers [[A(T, P 1) .#(c2). Therefore,
llallep(ld) £ p(a) >0, thatis

lp(a)] < p(ld)[|a]le.

For arbitrarya € <7, we choos® € R such that €p(a) € R. Sincep(a*) = p(a),
we have by the preceding observation

p(@)] = 3lp(e°a+e®a’)| < p(id) } |€°a+ea"||o < p(Id)|lall. (29)
Clearly, we can identifiC(R* x R, .Z(C?)) with the space

{acC(R®.Z(C?):  supp(a) C K x R for some compact sét c R*,
Jan € C(R*,.Z(C?)) 1 Im_[la(-,1) ~ 2]l =0},

and thus we can viewy as a subspace @:(R* x R, .#(C?)). Foré§ > 0 and

05 € o With [ps ¢s(X)dx = 1 and suppgs) C {x € R®: x| < §} one immedi-
ately checks that the convoluti@x @5 is a function ine’, and thate is dense in
Co(R* x R,.Z(C?)) with respect to the supremum norm.

By the bound obtained in (29, extends uniquely to a bounded positive linear
form onC.(R* x R, .Z(C?)). By the Riesz representation Theorgnis a bounded
positive Radon measure &f x R.

RELATION TO THE WIGNER MEASURE Let the sequenc@V; (y*))e~o con-
verge top € «/’. Since any test functioa € .7 (R%,.#(C?)) can be viewed as an
n-independent observable ix, we have for such functiores

.!;ILnO <W8(‘I/8)aa>y'.,y = lILnO <W28<W8)7a>(01’,,@7'

Thus, ((W(y*),a) 5 )0 converges for alb € .7 (R*, £ (C?)). Forac 4,
with

o, = {ac . [supp@)n(lgxR) =0, lim cs(a(-,n) —as) =0}

|-

there existx = c(a) > 0 such thatg(q, p)| > c for all (g, p) in the support of,

and hencég(/€q, vep)/v€| > c/+/€ for all (1/€q,/€p) in the support oh. We
obtain for allo € N3 with |a| <5

yng< S;Jr% | 0%a(v/eq,vep,g(vVeq, Vep) /V'e) — %ax(VEq, Vep) |
q,p)eR?
< lim c(a(+,n) —as) = 0.

[n|—00
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Denoting(d, p) ~— 8w £ (0, P) = 8 (1/€0, /€P), One has linp_.oCa(ae 2 — awe) =0
and therefore by the Calderon-Vaillancourt Theorem

(p.a) .y = lIm(SYF,ac2(q, —ig)SV)
= lim0<8€we,am,g(q,—iDq)§w8>L2
= lim (v*.au(q,~ie0q) ), = [t (au(@, P) u(d,dp)).

By the same arguments as employed before, we can approximate furgtions
Cc(R* x R, Z(C?)) with support away fronlg by observables iffa* ¢5)s-o in
<, with support away fromg, since|g(q, p)| > ¢ for (g, p) in the support ofa
implies |g(q, p')| > ¢ for somec = ¢/(§) > 0 for all (¢, p') in the support of
ax ¢s, and since for albx € N§ with |a| <5

lim [|0% ((@* 95)(-,17) — 8 * 95 o) [ o

|n|—o0
< “;ilrjw\lao‘(a(m)—aw)llm |95 lL1rs) = O.
Thus,
/ _tr(a(g,p,n)p(dg,dp,dn)) = / tr (a(q, p,o) u(dg,dp))
R4xR R4
and

/ _a(q, p,n) p(dg,dp,dn) :/ a(q, p,) u(dg,dp),
R4xR R4

which means
p|(R4\|g)><R(q’ P, TI) = :u|]R4\|g(q’ p) ® 6(” - oo) ) (qa p>n) € R*x R.

Definingv := p|, . as the restriction of the measipeo Ig x R, we obtain

p(a,p,1n) = Hlgey,(d,p)® (N —) + v(g,p,n).
Fora(qg, p) = a€ &/ just depending oKq, p) we have

[, tr(@app(dadp.dn) = lim (v, —ie0gye),,
~ [, (a(a.p)u(da.dp)).

and thusfg v(-,dn) = uly,. O
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A.4 Localization of Two-Scale Wigner Measures

Finally, we provide the proof of the localization property of two-scale Wigner mea-
sures in the cotangent space of space-time, Lemma 4.11.

Proof. [Proof of Lemma 4.11] We define a linear operator
HE := —ieq —H® = (z+h)((t,q), —ie0q)
with domain
D(H?) := {y € LA(R3,C?) | y(-,q) €CL(R,C?),qe R?; y(t,-) € D(H?),t € R}.

For initial datay§ € D(H?) the solutiony?® is in CY(R,D(H¢)). Thus, xTy* €
D(H¢?) and

~ _ 0
IHEQerw) lees) = ll(—ieduxr) Wellizes) — O.

The symbola, need not have any decay properties for latgeHowever, since
T+ his linear int, the reasoning of Lemma 4.1's proof gives o€ o4

Bete(T+) —ac(t+h) € 5%(1).

For a well-defined pairing witlpy, we restrict ourselves to symbase 7 with
support supga) C [0, T] x R x [71, 2] X R3 , for somer;, 72 € R and have

(pr.a(t+h)ogoe = Jim (rry® (ae(z+M))((t,a), —ieTha) (XTV)) 2(p)

— i £ i ) € £ —

= |lim <le// 8 ((t,0), —iexeq) H* (xry )>L2(R3) 0
Sincepr is a distribution of order zero, and since the set of symbols used in the

preceding lines is dense@(R® x R, #(C?)), we havepr(t+h) =0 as measures,
provided initial datay§ € D(H®). A || - [| 2(r2)-density argument proves

(pr.a(t+h) ez s =0

for general initial datay§ € L2(R?,C2?) and observables € </ with compactz-
support, while anothelf - ||.-density argument givesr (7 + h) = 0 in the sense of
measures. Observing thdtq)? = |g|?Id, we finally obtain the claimed assertion
on the support opr. a
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