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Abstract

We study the resonant set of a two-level Schrédinger operator with a linear conical intersection.
This model operator can be decomposed into a direct sum of first order systems on the real half-
line. For these ordinary differential systems we locally construct exact WKB solutions, which are
connected to global solutions, amongst which are resonant states. The main results are a generalized
Bohr-Sommerfeld quantization condition and an asymptotic description of the set of resonances as a
distorted lattice.

1 Introduction

This paper is devoted to the study of the following two-dimensional, two-level Schrodinger operator

P=—h?A, +V(z) = —h*A, + (”31 2 ) :
T2 —I1

Our aim is to compute the asymptotic distribution of resonances of P with real part in an h-independent
positive interval ]a, b[, 0 < a < b, as the semiclassical parameter h — 0 tends to zero.

Two-level Schrodinger operators appear naturally in the study of molecular spectra: if the positions
of a molecule’s nuclei are denoted by x € R™, and 0 < h < 1 is Planck’s constant devided by the
square-root of the nuclear mass, then a full molecular Hamiltonian reads as Hyo = —h2A, + He(z).
For every nucleonic position z, the electronic Hamiltonian He () is an operator on the electronic degrees
of freedom. The full operator Hy,, acts on nucleonic and electronic degrees of freedom, that is on wave
functions in L2(RY, C), where N = 3- (number of nuclei+electrons) is a notoriously large number. If one
considers two eigenvalues of the electronic Hamiltonian Hg (), which are well separated from the rest
of the electronic spectrum o(Hej(z)) uniformly for all z, then Born-Oppenheimer approximation allows
to reduce the study of the full molecular problem to the case of two-level systems acting solely on the
nucleonic degrees of freedom. The justification of this approximation can be found in [7, 19] for the
time-independent and in [14, 16, 29] for the time-dependent case.
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Chapter 2 in Hagedorn’s monograph [15] gives the standard classification of matrix Schrédinger opera-
tors with eigenvalue crossings of minimal multiplicity, where our model operator P appears as the normal
form for a codimension two crossing: the real symmetric potential matrix V(z) = V(z1,x2) depends
smoothly on the two real parameters 1 and xo. It has two eigenvalues

+y/2? + 23 = £z,

which coincide on the codimension two manifold {x = 0} C R?. The graph of the mapping x — +|z|

shows two cones intersecting at the origin, which explains the term conical intersection, which is used in

the chemical physics’ literature (see for example [5, 8]). Such a degeneracy, geared by two parameters, is

generic in the sense, that it cannot be removed by symmetry preserving perturbations. The matrix V (x)

is in essence Rellich’s celebrated example of a smooth matrix, which is not smoothly diagonalizable [27].
Let us consider the two scalar Hamiltonians

Pt = —h2A, £ |z].

The upper level operator Pt is a Schrodinger operator with confining potential, and it has pure point
spectrum only (see Appendix A). The lower level operator P~ , however, has a linearly decreasing negative
potential, and one sees by a Mourre-type argument, that P~ is of purely continuous spectrum. The full
operator P inherits the continuous spectrum of P~, while spectrally echoing the discrete spectrum of P+
with resonances close to the real axis.

The study of some general systems without intersecting eigenpotentials has revealed resonances, which
are exponentially close to the real axis with respect to h — 0, see [23, 24, 4]. In our case, however,
resonances have larger imaginary part because of the conical intersection. In fact, we will show that the
imaginary part is of O(hln ).

Remark 1.1 By the scaling transformation = — h?/3z, the operator P is unitarily equivalent to the
h-independent operator P’ = —A, +V(z). We note that an h-dependent complex number E = E(h) is a
resonance of P if and only if E(h)h =2/ is a resonance of P°. The semiclassical distribution of resonances
of P with real part in an h-independent interval ]a, b] corresponds to the high energy asymptotics of
resonances of P. <&

In the mathematical physics’ literature, zero energy wave functions close to a conical level crossing
[2, 3] have been studied, and conical intersections have also been addressed as generators of resonances
[5]. Our work is complementary to the results of Avron and Gordon [2, 3], who have studied the resonant
states of the linear model operator P in an energy range close to zero, using generalized hypergeometric
functions.

A first mathematical proof of existence of resonances for the matrix operator P has been given by
one of the authors [25]. She crucially used that P is unitarily equivalent to the direct sum of ordinary
differential operators

D P.(r.hDi:h), Prph) = (T’jv/’“p hy/r> !

r? + P
I/EZ-‘,—%

where (r,p) € RY x R and D, = —id/0r. In fact, let

1

a(é) = 3 e e My () da



be the h-Fourier transform of u, and & = r(cos ¢, sin ¢) the polar coordinate. If we expand () as the
Fourier series with respect to the angular variable ¢,

a(&)zr-m(“’“’ ‘Siw) T ity (),

sing cos¢ e

then the equation Pu(z) = Eu(z) is reduced to a family of first order ordinary differential systems
P,w,(r) = Ew,(r), v € N —1/2, see also §2.
The resonances of the operator P are defined by complex dilation. They are the eigenvalues of the
complex scaled Hamiltonian
Py = —h%e 0N, 4+ eV (),

which is a non-selfadjoint operator with discrete spectrum independent of the dilation parameter 6 €]0, 5|
(see for example [1, 18, 28, 31] for general theory of resonances and [25] for the model operator P). In
terms of the reduced operators P,, resonances are then characterized as follows:

Proposition 1.2 E € C is a resonance of the operator P = —h2A + V if and only if there exist
veN-— % = %, %, ...} and a non-trivial solution w to the equation
P,w=Fw (2)
satisfying . ‘
lim w(r) =0, 72w ), w'(e*r) e L2(RT,C?), (3)

r—0+
for some 0 €]0,7/3|.

We will see later in §4, that the second and third conditions of (3) on the behavior of w on e~ *R*
can be replaced by an incoming condition on R*.

Definition 1.3 E € C is called a resonance of P with angular momentum number v € N — %, if
equation (2) has a non-trivial solution satisfying (3) for some 6 €]0,7/3].

Let v € N— % If 0 < a < E < b for h-independent positive numbers a, b, and if h is sufficiently small,

the energy surface
{(r,p) € RT x R; det (P,(r,p;h) — E) =0},

consists of two connected curves, one a closed simple curve and the other unbounded, see Figure 1.
Let A(E,h) be the action associated with this closed curve,

"2 (E = 12)2 = h2?
r

A(E,h) =2

dr,

o

where 0 < rg < r; are the two positive zeros of r2(E — r2?)? — h?12, and the square root is positive. As
a function of E, the action A(F,h) is extended analytically into a complex neighborhood of the interval
(a,b). We easily see that A(F,h) — §E3/2 as h — 0. More precisely, Proposition 8.2 shows

A(E,h) = 4E*? + 7vh + O(R*|Inh|) (R —0). (4)
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Figure 1: The energy surfaces {(r, p) € Rt x R; det (P,(r, p;h) — E) = 0} for E = 2 and different values
of hv € {%7 i, %}

Our main result is the following Bohr-Sommerfeld type quantization condition of resonances with
fixed angular momentum.

Theorem 1.4 Let Ey >0 and v € N — % = {%, %, ...} be given. Then there exist ¢ > 0, hg > 0 and
a function 6(E,h) : {(E,h) € Cx Ry; |[E— Ey| <€, 0< h < hy} — C with §(E,h) — 0 uniformly in E
as h — 0, such that E is a resonance of P = —h?A + V with angular momentum v if and only if (E,h)
satisfies the following quantization condition:

h . ,
VG ve BT AN L1 = 6(E, h). (5)

Combining this result with Proposition 1.2 and the asymptotic formula (4), one obtains the asymptotic
distribution of resonances as h — 0. Here, we take A = E3/2 as the spectral parameter and look for

resonances in the strip
{AeC;a<ReAr<b, —c(h)<ImA<O0,}

for arbitrary h-independent numbers 0 < a < b and ¢(h) > 0 which tends to 0 as h — 0. For each



I/EN—%,WG define

7TV2 )’

Ty(a,bh) = {AEC;A:Amh—i%UHn%—hm2Akh

kezspa<xmh<b}
where A, = 3%(8k — 4v + 5).

Theorem 1.5 Let N € N and 0 < a < b be given. Then there is hy > 0 and a positive function
r :]0, ho[— R with r(h) = o(h) as h — 0 such that there exists one and only one resonance of P =
—h*A+V in

{EGCNE—AWﬂ<rm%

for each A € U, < I'v(a,b; ).

Remark 1.6  Since a < A, h, the second term of the imaginary part of A € T',(a,b;h) is of O(h)
and smaller than the first term —2h1In+. Thus, T, (a,b; k) is an almost horizontal sequence of complex
points in the A-plane, and |J, . I'v(a,b; h) is a lattice which consists of N almost horizontal sequences.
Theorem 1.5 implies that for a fixed positive interval ]a, b[, we can find as many horizontal sequences of
resonances as we want for sufficiently small h. <

Or—

b o s
-0.5F *****%********

—
* ¥ ¥ ¥ ¥
£ lxoxox XXX XX X K s e A LSRR A S SRR R Ak
1000000000000 0.0 00 OO OOk X x XX B
000000000000000 pigiioly
sl ‘ ‘ : 000000 000000000POOT
15 20 25 30 35 40
0
* ¥ %
— * Ok kK
pa * K KKK

O R K o o o P P

23

XX X x Ty
_0.2 XX XX X % X X xx
T 0000055 XXX XX ) XX X X X )
0000000 OLOOOO OOOOOOOOOOOOOOOOOXOXOXOXOXOXSOXOXO%
1 L L : .

3 4 5 6 7 8 9
0 T
* %
P * ok ok ok %y
o HK K kK K K
s XXXk x5 0 S S Rk K I R A AP
S 00500000 XXX X XX X KX KX KRR % A
0.05 OOOOOOOOOOOOOOOOOOOOOOOOOOOOOX O  v=15h
L L L L I
0.6 0.8 1 12 14 16 x  v=25h
v=3.5h
* —
o Loy v=4.5h
o L * %
& -—0.005] * ok ko kK Ky Ty =
> * ¥ v=5.5h
= RIS KKK KK KK H KK A K A KA A A A A
£ -0010 000000 X X x X X x X

xxxxxxxxxxxxxxxxxxxxxxx%

[SHeeXe} OOO‘O OOOOOOOCPOOOOOOOOQOOOOOOOOO

-0.015 :
0.15 0.2 0.25 0.3 0.35 0.4

Figure 2: Resonances of the model operator P = —h?A + V. The parameter k lies in {11,12,...,60},
while v is chosen in {1.5,2.5,...,5.5}. The semiclassical parameter h varies from 1073 to 1.



The plots in Figure 2 illustrate the distorted lattice of resonances given by Theorem 1.5. The larger
the angular momentum v € N— %, the closer the resonance to the real axis and the longer the life time of
the corresponding resonant states. Studies of the dynamical properties [9, 21, 22] of the model operator
P complement this observation:

The one-level operators P* = —h?A + |z| induce Hamiltonian systems conserving angular momentum
x A& = x1&2 — x2&1, which also encodes how close classical trajectories arrive near the crossing manifold
{z = 0}. On the one hand, a high angular momentum number v of a resonance mirrors a periodic
orbit of the upper level with high angular momentum. Such orbits in turn imply existence of localized
quasimodes and long-living resonant states. On the other hand, small angular momentum numbers v
correspond to orbits close to the crossing manifold. Nearby the crossing, non-adiabatic transitions to the
unbounded motion of the minus-system are possible. In this regime shorter life-times and resonances far
away from the real axis have to be expected. The prefactor before the exponential of the action integral
in the Bohr-Sommerfeld condition (5) stems from these non-adiabatic transitions.

The proof of our main results, Theorem 1.4 and Theorem 1.5, proceeds as follows: In §2, we reduce
the study of the full operator P to that of the ordinary differential operators P,, v € N — %, and prove
Proposition 1.2. Then, we construct exact WKB solutions of P,w = Ew, which are not only asymptotic
solutions with respect to h but also exact solutions. Several theories of exact WKB analysis for ordinary
differential equations have recently been developed and applied. In §3, we extend the method of Gérard
and Grigis for scalar Schrodinger equations [13] to a family of 2 x 2 first order differential systems. These
exact solutions are locally defined in turning point free complex domains. A turning point r satisfies
det(P,(r,0) — E) = 0. That is, turning points lie in the intersection of the energy surface with {p = 0}.
We have three positive turning points ro < 71 < 72, where 7o tends to 0 while 71 and r, tend to VE
as h — 0. The strategy to otbain globally defined solutions by connecting the exact WKB solutions at
the turning points is outlined in §4. More precisely, the aim is to construct an exact solution, which
vanishes at the origin, and to represent it after several connection procedures as a linear combination
of Jost solutions, which are defined at infinity. The quantization condition of resonances will then be
given as the condition that the connection coefficient of the outgoing Jost solution vanishes (Proposition
4.1). §5 defines Jost solutions and represents them as exact WKB solutions. The origin is a regular
singular point of the equation P,w = FEw of indices +v. In §6, we construct an exact WKB solution in a
small complex neighborhood of » = 0, which corresponds to the index +v, that is satisfies the boundary
condition at the origin. Studying the two parameter asymptotics of this solution as (r,h) — (0,0), we
face the same difficulties, which are met in the context of the so-called Langer modification at a regular
singular point (cf. [12, 20]). The bad error estimates in Theorem 1.4 and Theorem 1.5 come only from
here. The connection procedure at r = \/E, where the second and third turning point coalesce, is the
core of our construction. r = v/E, or microlocally (r,p) = (\/E, 0), is a double turning point or an
unstable fixed point and is similar to a non-degenerate barrier top of scalar Schrédinger operators. Note
that the conical intersection at x = 0 of the original operator P corresponds to this point. Hence, roughly
speaking, the transition at the conical intersection of the partial differential operator is reduced to that at
an unstable fixed point of a family of ordinary differential operators. The connection formula at r = VE
is calculated in §7, using a microlocal reduction to a normal form [17, 6, 26], which passes by the famous
Landau-Zener problem for non-adiabatic transitions. The term v/ in the quantization condition (5),
which gives the principal part of the imaginary part of the resonances, comes from the connection here.
In §8, we compute the quantization condition (Theorem 1.4) from the connection formulae obtained in
the preceding sections. This condition is given in the form of Bohr-Sommerfeld using the action A(E,h).
Analysing the asymptotic behavior of the action A(E, h), we finally get the semiclassical distribution of
resonances (Theorem 1.5).
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2 Reduction to the first order system
Let

P=-h?A, +V(z), V()= < o > (6)

If one equips its complex scaled counterpart
Py=—e 202N, +eV(z),  0€0,Z]

with the domain
D = {u € H*(R*,C?); |z|u € L*(R*,C?)},

then Py is a closed operator with purely discrete spectrum, o(FPy) = oqisc(Ps), see Theorem 2.1 in [25].
The spectrum is independent of the scaling parameter 6 €]0, Z[ in the sense that
UdiSC(Pg) = Udisc(Pg/) (0 <0<l < %) .

The eigenvalues of the dilated operator Py are the resonances of the operator P = —h%A, + V(x).
We note, that the choice of the dilation angle 6 €]0, %[ is crucial: under x — —z, the dilated operator
P 3 is unitarily equivalent to the original operator PP, which has absolutely continuous spectrum.

By Theorem 5.1 in [25], the resonances of P can be characterized as follows: Let us fix 6 €]0, Z[.
Then E € C is a resonance of P if and only if there exists v € Z + % such that E € C is an eigenvalue of
the operator

_ ( e 20p2 _oifp . ehv/r )
P, = i0 —2i6,.2 | _i0
ehv/r e 2r2 4+ ehD,

with domain
D, = {we H'(RT); r'w, r’w e L*(R")}

if v #£ %, and

1 ={w e L*(RT); (~Dyw; £ 5=ws), (Dyws £ 5=wy),r’w € L*(RT)}.

Proof of Proposition 1.2: Let E be a resonance of P = —h?A + V. Then, there exist v € Z + % and
wy € D, such that Py ,ws = Fwg. The origin r = 0 is a regular singular point for the operator Py, with
indicial roots £v. Hence, by the theory of Fuchs, wy is a linear combination

we(r) = Cow (1) + Couw™ (1)
of the two solutions w®(r) and w*(r) to the equation Py ,w = Ew such that

WO(r) ~ Y] ( _Sgi(y)i ) w(r) ~ ¥l ( Sgniy)i ) (r —0),



see also §4. Then, the condition wy € D, implies Cse = 0, and wy behaves like /¥l near the origin. In
85, the construction of exact WKB solutions with base points at infinity shows

wo(r) = Cow (r) + C_w™(r),

where w3°(r) is exponentially growing and w®(r) is exponentially decaying as r — oco. Hence, C = 0,
and wg(r) decays exponentially as r — oo. Setting w(r) := wg(e?r), one obtains a solution to P,w = Ew
with the claimed properties.

Let E € C and w be a solution of P,w = Ew for some v € Z + 1 such that lim, o+ w(r) = 0 and
r?w(e?r),w'(e=®r) € L?(R*,C?). The preceding arguments yield, that wy(r) := w(e™*%r) is a solution

to the equation Py ,wg = Ewy with wg € D,. Hence, E is a resonance of P = —h2A+ V. O

Remark 2.1 Let £ € C and v € Z + 5. Then the following equivalence holds: u = (uy,us) is a
solution of P,u = Fu, if and only if & = (—uj,us3) is a solution of P_, 4 = E%. The same holds for the
dilated operators P, g and P_, g, 6 €]0, 5[. Hence, we will restrict our studies to the case v € N — % O

3 Exact WKB method for 2 x 2 systems

We now aim at a representation formula for the solutions of P,w = Ew, from which it is possible to
deduce an asymptotic expansion in i. The method we will extend in the following is known as exact WKB
method. We derive it in a somewhat more general context, and then apply it to our specific equation.

We study 2 x 2 systems of first order differential equations in a complex domain D, which are of the
form

<p1<x>—’;d$ w@) )u@):o, (7)

w(z) p2(®) + 745

hdu(x):( p(z) - w(z) )u(m). (8)

or equivalently

i da —w(x) —pa(x)
The functions p1, p2, and w are holomorphic in D. The following considerations will lead to the construc-
tion of exact WKB solutions for this type of systems.

3.1 Formal construction

A usual change of variables (using oscillatory part) and some other basic transformations reduce the
operator to a more computable one. Let us put

g+ (z) = 5(p1(@) +p2(2)) + w(z),  g-(2) = =3 (p1(2) + p2(x)) + w(z).

After conjugation by

M(z) = exp <2h /Ol(m(t)—pz(t))df) ( _11 1 > = m(‘r)( —11 1 >

the system (7) is transformed into the trace-free system

=l 70w



with u(x) = M (z)v(z). Introducing a new complex coordinate

o(2) = i) = [ V@@ dt.  aeD, (9)

+

we look for solutions of the form e® 7w (2).

Definition 3.1  Let py, p2, and w be holomorphic in D. The zeros of the function gy (x)g_(z) =
—1(p1 +p2)? + w? are called the turning points of the system (7).

We note that due to the possible presence of such turning points the square root in the definition of
z(x) might be defined only locally.
By formal calculations, the amplitude vector w4 (z) has to satisfy

M) - ( e T ){Ei(z%

where the function H is given by

H(z(z)) = (9(:1:))1/4 |

g+(z)
The preceding system’s matrix is degenerate. For a decomposition with respect to image and kernel,
we choose eigenprojectors Py (z), such that the matrix Py(z)dPy'(2)/dz is purely off-diagonal. We
conjugate by

H(z)"" H(z)™

H(z) +iH(z)™! ) o Pei(e) = ( FiH(z) +iH(2) )

_ -1
P =2 (1) ey
and obtain a system for wy (z) = Py (2)w4(2),

d 0o e
wi(Z)=< we G | wi(z),

N

where H'(z) is shorthand for dH (z)/dz. The series ansatz

mo=3 () ()

n>0

with wp + =1 and for n > 1, the recurrence equations

(jz + }QL) w2n+1,i(z) = Ig((j; w2n,i(z)7 (11)
%w2n+2,i(z) = II_LII/((ZZ)) w2n+1,i(z) (12)

give us a formal solution up to some additive constants, which are fixed by setting

wp+(z2)=0, n>1,



for a base point z = z(Z) where T € D is not a turning point. We note that the preceding equations for
wy, 4+ are the same as the ones obtained by an exact WKB construction for scalar Schrédinger equations.
See for example the work of C. Gérard and A. Grigis [13] or T. Ramond [26].

Let €2 be a simply connected subset of D which does not contain any turning point. Then the function
z = z(z) is conformal from  onto z(€2). Assume that Z € z(Q2). If 'y (Z, 2) denotes a path of finite
length in z(€2) connecting z and z € z({2), we can formally rewrite the above differential equations for
n >0 as

H'(¢)

m Waon,+ (C) dCa

wna) = [ L epERe-2)

Wony2,+(2) = /F(~ )Z-((g)) Wan+1,4(¢) d¢

/ / / d(y ... dCan+1
It (z,2) JT+(Z,C2n+1) 't (z,¢2)

H'(G1)  H'(Cnt1)
H(G) " H(Cany1)’

Wonyo,+(2) = / / / dgy ... dCanyo
It (z,2) JT+(Z,C2n+2) 't (z,¢2)

H’ H’ n
exp (£7 (G2 = G+ - - — Cans2)) H((éll)) H((gj :22))

or after iterated integration as

w2n+1,i(z)

exXp (i%(CQ — Cg + ...+ <2n+1 — Z))

3.2 Convergence, h-dependence, and Wronskians

We now give the preceding formal construction some mathematical meaning in turning point-free compact
sets Q C D.

Lemma 3.2  For any fixed h > 0, the formal series (10) converges uniformly in any compact subset of
Q, and

wivcn(x, h) - Z w2n,i(z(x))a widd(‘r’ h’) = Z w2"+1’i(z(x)) (13)

n>0 n>0
are holomorphic functions in D.

Proof: In €, all the functions defined above are well-defined analytic functions. For compact subsets
K C Q and %,z € z(K) there exist positive constants C?(K) > 0 depending on the semiclassical
parameter h and the compact set K such that

sup
CET+(Z,2)

exp (£20) fl'((g)) ' < ChK). (14)

If we denote the maximal length of the paths I'y1(Z,:) C K in the preceding iterated integrations by
0 < L < oo, then

Ch(K)"L"
sup |w, +(2)| < %

' , n>0
z€z(K) n:

)

10



where the bound Ln—T,L comes from the volume of a simplex with length L. O

Thus, we have uniform convergence of the series (10) for w4 (z) and exact solutions
L@ wq" (z) )
ur(x) = e+ m(x)T1(z(x ps
L) @) Talete) ( ae)
of the original problem (7) on turning point free sets ), where
B 11 H(z)™* H(z)™!
Te(z) = ( -1 1 ) ( TiH(z) +iH(z)

( H(z)"'FiH(z) H(z)"'+iH(2) ) 7 e Q).

—H(() " 'FiH(z) —H(z)"'+iH(z)

We write these solutions uy (x) as
uy (x; 20, T)
indicating the particular choice of the phase base point xg in (9), which defines the phase function
z(x) = z(x;x0), and the choice of the amplitude base point Z = z(Z), which is the initial point of the
path Fi(g, )
For a fixed T € Q, let Q4 be the set of x € Q such that there exists a path I'y (2(), z(z)) along which
x — Re z(x) increases strictly. Then,

Proposition 3.3  The identities in (13) for w$*"(x, h) and w3d(z, h) give asymptotic expansions in
Q4. More precisely, we have for any « € N and N € N

aa( even Zw2ni O(hN+1),

aa odd Z Waon i1, :I: )) — O(hN+2).

uniformly in compact subsets of Q4. In particular,

w§ (2, h) =1+ 0(h), wi'(z,h) = O(h).

The proof is just the same as that of Proposition 1.2 of [13]. The key point is the following: Since
the iterated integrations defining wy, 1(z) contain terms of the form exp(+({/h), one has to make sure
that ¢ — £Re(() is a strictly increasing function along the path I'y1(Z,z). In other words, the paths
'y (2(Z), 2(z)) have to intersect the Stokes lines, that is the level curves of x — Re(z(x)), transversally
in a suitable direction.

One defines the Wronskian of two C2-valued functions u,v as W(u,v) = ujvs — ugvy. If 2 = au + Bv
with a, 3 € C, then
W(z,v) W(z,u)

W(u,v)’ W(u,v)
Elementary computations give the following exact Wronskian formulas for WKB solutions with different
phase and amplitude base points, using w$*" and ded

ﬁ:_

o =
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Lemma 3.4  Let z,x9, Yo, 2,y € . Then,

W(ut (2520, %), us (w3 90, 9)) = £2im(x)? exp (£ (2(320) + 2(2570)))

X (wiven(x; Zo, i)widd(x; Yo, g) - w?l:dd(m; Zo, ‘:E) iven(x; Yo, iJ)) ) (16)

W(u (2520, @), uz (340, 9)) = £2im(x)? exp (£ (2(x320) — 2(2570)))

even odd

x; o, T)wF " (590, §) — wi (w; w0, B)wE (x5 40, 7)) - (17)

% (wiven (

In particular, if p; = p2, then m = 1, all the Wronskians are independent of x, and we have for solutions
with the same phase base point

W(ug (320, ), us(-;20,9)) = F2i exp (£22(y;20)) w4 (¥ 20,7), (18)

W(Ui(' ;1‘0755)7 u;(- ;90075)) = £24 wiven@;xoﬁ) . (19)

4 Formulation of the resonance condition

We now go back to our system
P _E_hd hy
By = (7R L Ju =0 rewe, (20)

for F€eCand v € (N— %), and study in particular their behavior as r — 0 and r — oco. In what follows,
we use x instead of 7 and rewrite the equation (20) in the form

22— F hy
hDu = Au, A:( _h% g2 ) (21)
The origin is a regular singular point of the equation with indicial roots +v. Indeed, (21) can be rewritten
as
d 0 w
T U= (Ag+O(x)u (x—0), Ag= ( iy 0 ) ,
and +v are the eigenvalues of Ag, and ¢(1, Fi) are the corresponding eigenvectors. Let ug(z) be a solution
corresponding to the index +v,
v 1
up(z) ~ i

as * — 0. We will see in §5, that there exist Jost solutions f¥(x), which are characterised by their
asymptotic behavior at infinity,

f+($(:) ~ €+i(x3_3E9c)/3h( (1] >’ f_<LL‘) ~ e—i(x3—3E90)/3h( (1) ) (22)

12



as & — +oo. If 6 €]0,7/3[, then the dilated solution f*(ze~%) is exponentially growing and f~(ze~")
exponentially decaying as x — +o0o. Since f* and f~ are linearly independent, uo can be expressed as
a linear combination of these solutions,

uo(x) = ¢ (B, h) f*(z) +c (B, h) f~(2). (23)
By Proposition 1.2, we obtain the following characterization of resonances:

Proposition 4.1  The energy E € C is a resonance of P if and only if there exists v € (N — %) with
¢t (E,h) =0.

To calculate the coefficients ¢+ (E, h), which connect the solution ugy defined at the origin with the
Jost solutions f* defined at infinity, we need some intermediate solutions, which we will construct as
exact WKB solutions. Let us recall the WKB construction of §3 in this case. Note that tr A = 0 and so
m = 1. Exact WKB solutions are of the form

sl ) = (o) () ). (24)

where the phase function z(x) is defined by

o) = 2lmsen) = [ Vor@o- Bt gale) = L5 B

for a phase base point zg, T4+ (z(x)) is a 2 X 2 matrix defined by (15) with

wew - ()" - (e pss)

and w(z,h) = 37, 5 wan,+(2(2)), wldd(z, h) = > n>0 Want1,+(2(7)) are constructed by recursive

integrations with an amplitude base point Z.

There are at most six turning points, the zeros of x — g4 (x)g_(z), in the whole complex plane C,.
They are point-symmetric with respect to the origin and denoted by {%r; }5:0. For E > 0 fixed and
hv > 0 sufficiently small, they are real and satisfy

O<rg<ri<vVvE<rsg.

As hv — 0, 7o tends to 0, while r; and 75 tend to VE, where VE denotes the square root of E € C in
the right half-plane. Notice that rq and r; are zeros of g4 (), while r5 is a zero of g_(x).
We put branch cuts as in Figure 3 for the multi-valued functions

2,2 _ 22(F — 22)2 v r— 23 1/4
V@@=t EZF ) = (M) ,

x hv — BEx + a3

and suppose that

hv + Ex — a® 14
N A (e

13
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- —'r‘I ™ \ 1 ‘l
00 r, o\ n
L]
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L
- v =
. I.I' .| .'r?'

Figure 3: The Stokes curves, that is the level curves of x +— Rez(z), which emanate from the turning
points rg, r1, r2. The arrows indicate the directions along which Re z(x) increases. The dashed lines show
the branch cuts. xli and 7 are the amplitude base points for the constructed exact WKB solutions.

Let FE > 0 be positive, and let hv > 0 be sufficiently small. Then, for example, v/g+(z)g_(z) € iRT for
ro < <7 and ry <z, and H(z(z)) € e /4 R* for 7y < & < r1, while H(2(z)) € e"™/*R* for ry < .
Choosing amplitude base points J;li, xF as in Figure 3 (a:li are supposed to be purely imaginary for

a technical reason in the proof of Lemma 6), we define the following six exact WKB solutions

U(ﬁ):(x) = Ui(l’;?”o,l’lﬂ:),
uf (r) = ug (371, 27),
uE (z) = ut(w;re, 27)

with the turning points 7y, r1, r2 as phase base points.
The three pairs (ug (z),ug (z)), (v (z),u; (x)), (u;} (z),u, (z)) are all linearly independent and they

are connected with uy and (f*, f7) by transfer matrices *(cg (E,h),cy (E,h)), Ti(E,h), To(E, k), and
Tg(E, h)

_ ([ GER
wie) = (@) (S (25)
(ug (@), ug (@) = (u (x),u; (x))T2(E, h), (26)
(w (@), uy (2)) = (u)(2),u; (2)T2(E,h), (27)
(u) (@), u; () = (fF(2),f (@)T5(E,h). (28)
Then, the coefficients ¢t (E, h), c™(E,h) in (23) are given by

< zf ) =TT, ( zgf ) (29)

Now we can describe the strategy for the remainder of this article: The matrix T3 for the transfer at
infinity is computed in §5, the coefficients ca—L for the connection at the origin in §6, and the matrix 15
for the transfer near z = v/E in §7. The matrix T} is the easiest one, and can be determined right away

14



using Lemma 3.4. As uZ and uli differ only in the base point of the phase, one uses (16) and (17) for

T = xli to obtain
So1/h
T, = < o efs?u/h ) (30)

where

So1(E,h) = /Tl 9+ (z)g—(x)de = " /h2? — 22 (E — mz)de.

o T

Recalling the branch of the square root, we have

So1(E,h) = %A(E,h). (31)

5 Jost solutions

The Jost solutions of P,u = Eu are characterised by their behavior (22) at infinity. They can be expressed
as exact WKB solutions with base points of both phase and amplitude placed at infinity. This fact allows
us to calculate Tj.

First we define the phase function with base point at infinity,

z(x,00) = /w <\/h2V2 —12(E — )2/t — i(t? — E)) dt + (2 — 3Ex).
+oo

Taking the branch of the square root into account, we see that the integral converges absolutely, hence
z(x,00) = %(x3 —3Ez) +o(1) (x — +00).

Next, one notices, that the Stokes curves are asymptotically like horizontal lines {Imz = const.}, see
Figure 3, and that
H'(z) hv E — 3x2
=— =O(z™* .
H(z) 2 (hw — Ez + x3)? (@) (= +o0)

Hence, proceeding as in Section 3 of [26], one can construct well-defined exact WKB solutions uL (z)

(o]
with base points at infinity. Up to a constant prefactor, uX (x) are the previously defined Jost solutions:

Lemma 5.1  Let uZ be the exact WKB solutions with phase and amplitude base point at infinity, f*
the Jost solutions defined in (22). Then,

fi(x):i%em/‘lu;(x), x>0.

Proof: We just check the asymptotics of uZ at infinity. Since H(z(z)) — e™/*

an elementary calculation

. —mi/4 —mi/4 1
+ ~ +i(2®—3Ex)/3h 1 1 € Z_ € ]
uoo(x) e ( -1 1 :Fie7r1/4 :I:Z‘eﬂ'l/4 0 ’

as r — 400, we get by

15



that is,
o0 1

as r — +oo. O

Uk () ~ 26Tt —3B) /3h <(1)) L us(z) ~ _9g—i/4,—i(z® ~3Ex) /3h (O)

+

Remark 5.2  As an immediate consequence of the behaviour of the solutions uI

observes the discrete spectrum of the full operator P = —h2A + V is empty. <

(z) for  — 400, one

The main result of this section is the following proposition.

Proposition 5.3  There exists a positive § > 0 independent of E € C and h > 0, such that the transfer
matrix T5 defined in (28) satisfies

O Ca AL NS
3 ) = z€

O(e=%/h) e~ 52 (BR)/h (1 4+ O(h))

as h — 0, where Sz (F, h) Is the action between 19 and 400,

So0o(E, h) = /+°<> (\/h2y2 —22(FE —22)2 /2 —i(2? — E)) dz + L(rj — 3Ery).

T2

Proof: 'We use the Wronskian formulas of Lemma 3.4 and the asymptotic expansions of Proposition 3.3
to calculate T5. Setting }
(wf ur) = (ul,uy ) Ts,

the previous Lemma 5.1 gives

The difference of the phases z(x;r2) and z(z; +00) is the action Saoo(E, k), and we have

Wt ul) = +2iet%2=/" (1 4+ 0(h), Wi, ul)==+2i(1+0(h).

T oo [o oB) oo

Since there exists 6 > 0 with

one obtains

- eS2e</M (14 O(h O(e=%/m
B ( 0(2’;")( ! *6*S2°°5h(1+)0(h)) )
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6 Asymptotics of the solution near the origin

We recall that the origin is a regular singular point of P, with Fuchs indices £v, and that ug is a solution
corresponding to +v, which is unique up to a constant multiple. The purpose of this section is to calculate
the connection coefficients i (E, h) in (25), that is to connect ug with the exact WKB solutions ug (z)
and ug ().

Let us look at the asymptotic behavior of the phase z(z) = z(z;79) as * — 0 for a fixed h > 0. Since
Vh2? — 22(E — 22)2 = hv + 2¢(z) with ¢(x) holomorphic near x = 0,

2@/ oxp, ( / " (hw )t + o(1)) dt/h) — Cppa” exp ( /0 ’ ¢(t)dt/h)

To

where Cpp, = rq”exp(— [,° ¢(t)dt/h) > 0 is a positive constant. Moreover, H(z) is a holomorphic
function at = 0 with H(O) = 1. Thus,

@/ T, (2(x)) ( (1) ) ~ CE,th< _1. ) 2 — 0, (32)

while h > 0 fixed. This suggests, that wug is collinear to an exact WKB solution of the type +. However,
the amplitude base point Z of the WKB solution should be placed at the origin to have

wCVCn (:Z:) 1
+ ~
(i )~ (o) om0
since x +— Re z(z) is decreasing as x tends to 0 in radial directions (see Figure 3). Moreover, the origin is
a singular point for the equation and we need to check that the exact WKB solution w4 (z;79,0) is well
defined, i.e. the recurrence equations (11), (12) with initial value wf , =1, w) , (0) = 0, n > 1, define

a sequence of holomorphic functions {w) | }n>0, and the series Zn>0 wy, (x) and Y ~qwd, i (x)
converge in a neighborhood of the origin. We rewrite (11), (12) with respect to x:

(4 + 3 Vo @ ) b0 = 2 o (o), (33)
Tt @) =l (o) (3)

where H) stands for the derivative of H with respect to .
These equations are of the form

dw  b(x) B
e + Tw = f(z), w(0)=0

with b(z and f(x) glven holomorphic functions at the origin. In our case, b = 0 for (34) or b(z) =
2x+/ g4 (x x)/h, b(0) = 2v for (33). This Cauchy problem has a unique holomorphic solution if
Reb(0) > —1 and the solution is given by

w(z) = /0 1tb(0) exp(—x /t 1 b(“)_b(o)ds> f(xt) dt. (35)

s

17



Hence, {w% 4} are uniquely determined and given by the recursive integrals

0 0 0 0
Won+42,+ = IO<w2n+1,+)> Won+1,+ = L (w2n,+)»

where
* H{(§) 1 [  h(E -3¢
W) = [ e HOk =5 [ e O
x 5 e H/
ny = [ et Ve led o

_ 1/1 o 7 JE /IR 12— (E—12)2dt hv(E — 3¢%)
0

e S EIGL

It is not difficult to see that for any fixed positive h > 0, the series

)
even o 0 odd
wig (@, h) = Z Wy, 4 (),  wH( Z w2n+1 +(z

are absolutely convergent in a sufficiently small neighborhood of the origin. Hence, the function

ﬂdz)>—e“f”hT+@cw>( wiifx)>

wio ()

defines a solution to (21). Next, we study the asymptotic behavior of the connection coefficients c(jf (E,h)
as h — 0, using the exact WKB solution tg. For that purpose we will need some bounds on weve“(ac h)
and wﬁ’r‘fg(% h). Since we will finally use those in the Wronskian formulas, it is enough to deal with the
case when z is purely imaginary, x = iR with R > 0. We start by the following elementary estimate.

Lemma 6.1  For any k > 0, m > 0 and 7 > 0, one has

T m—1 m
/ s I WS S S
0 (14 r)ym+l m\1+7
Proof: One integrates by parts,
T m—1 KZ(’I‘ T)
wr-my_"_ g - T _ / d
A e (1 +T)m+l r (1 _|_7- m+1 m )m+1 r

» ()

O
Lemma 6.2 Forany E >0, 7 > 0, and n € Ny, one has
) K(m)" 7 \"
0
hvt /E)| < , 36
/) < S0 (1) (36)



where K (1) = 1+ 3h%v272/E3.
Proof: For x = iR, R > 0, we have by the changes of variables t = is, £ = ip,

hv(E + 3p?) .
Io(f)|a=i dp,
0(f)la=ir = 22/ h22 1 p2 E+p)f(ZP)P

( )| _ 1 Rei% pr }12u2+352(E+52)2 ds hV(E+3p2)
w=iR = o h2v2 + p2(E + p?)?

Since
hv(E + 3p?) < hv(E + 3R?)

h22 2E 22>E22
v+ s (E+s7) 5% h20% + p2(E + p2)2 — h212 + p2E?’

we have for R =v7/E,

K(r) [T
o(f)|e=invr el < ; )/0 T2 |f (Ghvr/E)|dr, (37)
K(r) (7 1
|Il(f)‘w:ihl/T/E| < é)/o 621’(7’77—)@ ‘f (Zhl/T’/E)| dr. (38)

We now proceed by induction over n € Ny. Since w8, 4 = 1, inequality (36) is trivially satisfied for n = 0.
Next, we assume that (36) holds for n = 2k. Then, from (38) and Lemma 6.1, one has

|wgk+1,+(ih’/7/E)| = |Il(wgk,+)\x=ihur/E|

K(T) T v\r—r
T/o o2 )1+ 5 [why. | (ihvr/E)|dr

2k+1 T 2k
< K(T) / eQu(r—T) ( r dr
0

<

2k! 1+ 7)2k+2
K(T)2k+1 - 2k+1
< .
- (2k+1)! <1 +T>
Thus (36) holds for n = 2k + 1. In the same way, we can show that it holds for n = 2k + 2. |

Proposition 6.3  There exists a non-zero constant a(E,h) # 0 such that
uo(z) = a(E, h) o (z).
The connection coefficients ¢ (F,h) in (25) are analytic in E near Ey > 0 and behave as
cd (B, h) = a(E,h)(1+0(1)), c5(E,h)=—ia(E,h)(1+o0(1))

uniformly for E near Ey > 0 as h — 0.

Proof: The first part is a direct consequence of (32) and the construction of the solution ().

The second part is an Airy type connection formula at least at the level of the principal term. Let us
review briefly how to derive this by the Wronskian formulas (18) and (19). The coefficients cg, c¢; are
given by

+ W(ﬁov Ua)
Co =05+ —»
W(ug , ug )



Since all the solutions involved just differ in the choice of the amplitude base point, we can apply formulas
(18) and (19) to get

even

e"e“(x;;ro,x;r), W(tg, vy ) = 20w

W(ug ,ug) = 2iws (a7 570, 0).-

The Wronskian W(ﬂo,ug ) is more delicate, since there is a branch cut between the origin and x;r, see
Figure 2. Hence, uj should be considered on the other Riemann surface. Let us denote by 4 the point
on the Riemann surface continued from z to the same point turning around r¢ by the angle —27. Since
g1 ()% = =g (#)"/? and g ()'/* = ig, (£)'/*, we have

2wr0) =~ r0), H(2) = —iH(@), Ti(z) = iT-(2),
and for the series summands we get w,, 4+ (&) = wy, (). Consequently, we have
ug'(xl_i_,rg,()) = ?:U_(QA?Z_;To,O),
which yields
Wiig, ug) = —2w" (2] ;70,0).
On the other hand, we know that
wi (27 503 27) = 1+ O(h),

because we can take a path from xl+ to x; , along which x — Re z(z) increases and which passes far away
to the right from the turning point ry. Hence

cg = aw" (z;310;0) (L+O(h)),  ¢g = —iaw™ (& 370;0) (1+ O(h)),
and it is enough for the proof to show

li even/, ,—. . — i even /4. . =1.
lim wS (% 370;0) Lim w (2"570;0) (39)

Let E > 0. Recall that w'g" = 7 ((Io o 11)™(1). Hence, if we write z;" = iR, then
wi (@] 70;0) = WG (iR) = 1+ (Jo © 1) (w('G")lo=ir

1 - E + 3h21/27”2/E2 even
=t 2E /0 X(0,58(1) 1+72(1+ h2y2r2/E3)211(w+,0 No=inwr/E dr,

where X(0,BR) is the characteristic function of the interval (0, %) The integrand is dominated by an

integrable function: indeed, Lemma 6.2 gives for r € (0, ££)

ven [ n /- K(T)Qn T 2n ~
|wi% (ihvr/E)| < Z|wi’0(zhuE/r)| §§) @n)l ( ) < cosh K,

n>0

I (W) (ihvr /E)| < K cosh K,
with K = 1+ 3R?/E, and

o< - E + 3h202r2 | B2 EK
NG .
= X(0, 82 14721+ h2v?r2/E3)2 = 1412
On the other hand, the integrand tends to 0 as h — 0 for any fixed » > 0, since I;(w$'G")|z=0 = 0.

By Lebesgue’s dominated convergence theorem, we obtain the second identity of (39) for £ > 0 and by
analyticity for E near Ey > 0. The first identity of (39) is proven just in the same way. |
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7 Connection formula near the critical point

In this section, we compute the transfer matrix 75, which connects uljE (z) = ut (2571, xli) with uf(z) =
+ (e +
u™(x;re, ),
(" (@), u; () = (uf (@), u, (2))To(E, D),
see (27). We will show

Proposition 7.1  For all E € C near Ey > 0, the transfer matrix T, is of the form

t(E,h)  s(E,h)
—s(E,h) —t(E,h) >

TQ(E’h) = (

and the asymptotics of t(E, h) and s(E,h) for h — 0 are given by

t(E,h) = — %huE—3/4e—”/4+0(h\1nh|), s(E,h) =i+ O(h).

The proof of Proposition 7.1 is given in Section 7.5.

Remark 7.2  From the symmetry properties

0 1 \— _ (0 1 \—
uj:z(l O)ur, ul:—z<1 O>ul+, (41)

we know a priori that Ty is indeed of the claimed form (40). Hence, it remains to prove the asymptotic
behaviour of t(F, h) and s(E,h) as h — 0. &

The exact WKB method is not enough to compute the h-asymptotics of To(FE, h), because the two
turning points 7; and o coalesce at © = VE as h — 0. In other words: The Wronskian of two exact
WKB solutions, say ul+ and u, , is given in terms of w$'*" computed along a path from xl"’ to z,  passing
between 71 and 73, but the h-asymptotic formula for w$" (Proposition 3.3) does not hold because of
the singularity of the function H at r; and 7.

Hence, one resorts to a microlocal study of the equation P,u = Eu near the point (z,&) = (VE,§)
for £ > 0, where ¢ is the dual variable of . The equation P,u = FEu is reduced to a simple microlocal
normal form Qw = 0 (see Section 7.1), whose solutions are well studied. From these solutions we obtain
two basis sets of microlocal solutions (fT, f7), (g%, ) of P,u = Eu, which are related via a constant
matrix R:

+ VR — (ot o (P 4
Gir=ara). m=(2 1),
q p
see Section 7.2. The exact WKB solutions uli, uF are expressed in terms of these basis sets by

(u?_aul_) = (er,fi)Al = (g+a§7)Bla

(uj’u;) = (ijva)Ar = (!Tragi)Brv

where the constant matrices A;, and B, satisfy

A, = RB,, A, =RB,. (42)
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Then, the matrix T is given by

T, =A'A, = B7'B,. (43)
Hence, the h-asymptotics of t(E, h) and s(E, h) can be obtained from the study of the connection matrices
A and By, (see Sections 7.3 and 7.4).

7.1 Normal form

We now transform the equation (P, — E)u = 0 near (z,£) = (VE,£), E > 0, to a simple microlocal
normal form Qw = 0. As an intermediate step, the reduction will pass by the famous Landau-Zener
system (46), the prototypic ordinary differential problem for non-adiabatic transitions due to an avoided
eigenvalue crossing.

Theorem 7.3 Let E > 0 and u(z, h) be a solution of (P, — E)u = 0. Let V be the metaplectic operator

associated with the 7 -rotation in phase space

kr: T'R—=T'R, (2,€) = J5(@— &2 +).

jus
4

There exists a locally diffeomorphic change of coordinates x — ¢(x) =y, © > 0, with qb(\/E) =0 and a
matrix-valued C*°-symbol M (y, h) = Id + O(h) such that for any cut-off function x € C°(R) identically
equal to 1 in an interval around y = 0

w(y, h) =V (x(y)M(y, h)u(¢~" (y), h))

-%  —hD,

v = v(E,h) is a constant with v(E,h) = %E‘B/‘*h + O(h?), and r(y,h) = O(h*) uniformly in an
interval around y = 0 together with all its derivatives.

satisfies Qw = r, where

Proof: 'We proceed in three steps to reduce the equation P,u = Fu, that is

hDu(z) = A@)u(z),  Alz) = ( fzh; /i iz, ) (44)

First step. One turns the quadratic diagonal entries of A(z) into linear ones. Let y = ¢(x) with
1/2
é(z) = (z — VE) (g(x —VE) + 2\/5) .
In the right half-plane, the function ¢(z) is a biholomorphic map with ¢(vE) = 0 and ¢(z)¢' (z) = 2> —E.

The function
(2(z — VE) + 2VE)'/?
z(z +VE)

is analytic in a neighborhood of y = 0, satisfying 1(0) = E~%/*/y/2 and 9 (¢(x))¢' (x) = 1/x. Moreover,
if u(x) satisfies (44), then v(y) = v(¢(x)) = u(x) satisfies

w0 = (2 "W ) et

U(y) = (o(x)) =

(45)
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Second step. The second step makes the off-diagonal entries constant modulo O(h*°) by a change of
the unknown function
w(y, h) = M(y, h)v(y, h).

Lemma B.1 constructs a matrix-valued C*°-symbol M (y, h) = Id + O(h) such that w(y, h) satisfies

hDy, —y - ~ _ ~
("0 ) @) = o )@, 1) (40
where v = %E*Q)’/‘Lh + O(h?) and r(y, h) = O(h*) uniformly in an interval around y = 0 together with
all its derivatives.

Third step. Multiplying a cut off function x and then operating the metaplectic operator V' from the
left to equation (46), we obtain by Lemma B.2

1

\/EV (x(y)r(y, h)w(y, h) —ihx'(y)w(y, h)) .

The right hand side is of O(h®) uniformly in interval around y = 0 together with its all derivatives. O

Qw(y, h) =

Remark 7.4  The proof of Theorem 7.3 shows, that v, ¢, and M depend analytically on E for £ € C
near some Fy > 0. &

7.2 Solutions of the normal form

Here we compute the solutions of the normal form. The equation
Qu =0, w="(wy,wy)

is equivalent to

v h o, |’7|2
W= - Wy, YWy = W (47)

V2y

2
This is a well-studied saddle point problem (see for example [17], [6], or section 5 in [26]). The system
(47) has two maximal solutions

FE) =" W), 5 (),
with

2 v1?
b

fily) = *f%yx(o,oo)(iy) |y

%}LMQ’

£ Y) = X(0,00) (£Y) |y

where X(0,00) is the characteristic function of the interval (0,00). Moreover, we have two additional
solutions

sw=(1 g )erro. (15)

where Fru(n) = ﬁ fR e~ W/hy(y)dy is the h-Fourier transform and Cu = @ is the complex conjugate.
Indeed, we have the following identity:

0 1 0 1
(1 O)C}—hQZ—Q<1 O)th.
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Since CFp, = fglc, we also have

—_

r =y )erato. (19)

These four solutions are linearly dependent, and as in Proposition 5.5 in [26] one obtains the following
connection formula.

Proposition 7.5  The solutions f* and g* of Qw = 0 are connected by

(6+.97) = (I 1R, R:(_p k ) (50)
q —p
where
hz_#h/ﬁ . e
S N iy
p P (1= g5 )exp(4h|7| ),
h3—zxhl? , T
= T T(1—= |42 — )~
q P (1 — 55 77) exp( 4h|7\ )

Remark 7.6  In view of the relations (48) and (49), the matrix R satisfies RR = Id, that is |p|?>—|q|?> = 1
and pg = pq. <

7.3 Frequency sets of the microlocal and WKB solutions

Let us study the frequency set of the microlocal solutions f*, g% and the exact WKB solutions !, u}..
First, the frequency set of the microlocal solutions are subsets of R, x R, as follows:

FS(fi) C {y=0}U{n=0,%y> 0},
FS(gf) € {n=0}U{y=0,%n>0}.

Second, let Ufl C R; x R¢ be the Lagrangian manifolds defined by

01i ={ro<z<r, £=+(E - a:Q)}, a;t ={ro<uz &= +(2% — E)}. (51)

Since 2/(z) = \/h?v2 — 22(E — x2)2/z, one has
FS(uf)N{ro <z <m}Cof, FS(uf)n{z >r} Co.

Now we transform to the normal form of Theorem 7.3, that is operate N to the exact WKB solutions
+
U where

Nu(y,h) =V (x(y) M (y, h)u(¢~" (y), h)) .

Since ul{[r are solutions of the equation (P, — E)u = 0, we see that for any k > 0

DyQ(Nujf,) = O(h™).
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Hence, N ulir are microlocal solutions of Qw = 0 near (0,0). Since the vector space of such solutions is
two-dimensional, see Proposition 17 of [6], there exist matrix-valued C*°-symbols

A= (O‘é‘k‘)7 Ar = (a;k)v B, = ( é’k)v B, = ( ;k)’ (52)
such that microlocally near (0, 0)
(Nuf,Nuy) = (fY /)4 = (¢%,97)Bi,
(Nuf, Nu) = (f5,f7)A = (¢7,97)B,.
Returning back to the (z,£) variables, i.e. operating N~! from the left, we have microlocally near (v'E, 0),
(ufuy) = (5 F)A = G5,57)B,
(uiuy) = (S f)A = (3%,97)Br,

where ~
FE=NT(ST) g =N ReY) (53)
and ¥ € C°(R) a cut-off function, which is identically equal to 1 near y = 0 and satisfies supp(y) C
supp(x). By Lemma B.2, we have
FS(f*) = rg' (ks FS(Xf*)),  FS(7F) = sy ' (ks FS(X9™)),
where
Kyt T'R—= TR, (,8) — (¢7'(2),£¢'(¢7 " (2)))
is the inverse of the canonical transformation g (x,§) = (¢(x),{/¢'(x)) associated with ¢. Clearly,
kzFS(fi) C {n=-y}U{n=y, £y >0},
kzFS(gf) C {n=ytu{n=—y Fy >0}
Since ¢(z)¢'(z) = 2% — E, this yields
FS(fH)NU C oy Uo) Uoa,, FS(f)NU Cof Uo; Ua,,
FS(g")NU C ot Uo Uo,, FS(g7)NU C o Uo, Ua,

with U = {ro < & < rj or & > 13}, see Figure 4. ¢, is neither contained in FS(u; ) nor in FS(f*), while

it is contained in FS(f~). Hence, ab, = 0. Analogously one obtains

ayy = al22 =02 = 531 =0 (54)

7.4 Connection between microlocal and exact WKB solutions

We now compute the remaining coeflicients of the matrices A;, and B, connecting the microlocal
solutions f*, §g* with the WKB solutions uli, uF of P,u = Fu, E > 0. As a first step, the stationary
phase method gives the following formulae for the microlocal solutions, whose proof is to be found in
Appendix C.
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> X

FS(f) FS (84
FS(E) FS(*)

Figure 4: Frequency sets of the microlocal solutions f * and gt defined in (53).

Lemma 7.7 For the microlocal solutions fi of P,u = Eu, E > 0, defined in (53), one has microlocally
near the Lagrangian manifolds o;” and o, defined in (51) that

fi(ili) _ ei'fr/S 21/46+Z(1;T1)/h < (1) > (1 +O(h)) near O,l-i-, (55)

f+(a:) = eim/8 21/4e—z(z;r2)/h< (1) >(1+O(h)) near o . (56)

It remains to connect e**(@m)/h and e*=@r2)/h o the WKB solutions uli and ur.

Proposition 7.8  With the notation of Lemma 7.7, we have microlocally

ulJr = lir near o}, w’ =k g" near o},
u, =k g~ near oy, wu, =k f" near o,
where ) )
k=24 (14 0(h), k=247 (14 0(R)),
and
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Proof:  To prove these relations, say the first one, it is enough to calculate the asymptotic behavior of
f~ and ulJr near Jl+. First, recall the exact WKB formula

. even x
uli(x) _ eiz(ac,m)/hTi(z(x;rl)) (wﬁdd(x))

eiZ(QI;Tl)/h T:t(2<x;7ﬂl)) <(1)> (]. + O<h))

with
HY2)FiH(z) H l(z)+iH(z) )

Te(2) = (Hl(z) TiH(z) —H-\(2)+iH(2)
and "
hv + Ex — 23
H = —
(2(2)) <h1/—Ex—|—x3)
Let = €]rg, 1] be fixed. With the branches of the fourth root chosen in Section 4, one has H(z(z)) =
e”/4 + O(h) as h — 0. Hence,

reetad (o) = (i) iy ) =2 () oo,
() = (D )= e (o vom
and therefore
wia) = —2emhentni () o). 7
u(z) = +2e”/4eZ<m>/h( ; )(1+O(h)).

Comparing (57) and (55), we immediately obtain
k" = —23/4"/8 (1 4 O(h)).

Similarly, for fixed z in the interval ]ro, co[, H(z(z)) = e™/* + O(h) as h — 0, and
u+(a:) — +267i7r/4€+z(z;7’2)/h ( é ) (1 + O(h)),
u(z) = _9p—im/4g—2(zir2) /R < (1) ) (1+O(h)). (58)

Comparing (58) and (56), we immediately get
k'r‘_ — _23/4e—i37r/8 (1 + O(h)) .
For the computation of k;f and k;” we use some symmetry properties. Recall that
0 1
#w=(1 ¢ )R,
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and

CF,=F,'c, cvi=ve, VIF1l=V,

where the last identity comes from F, ! being the metaplectic operator of the transformation (z,&) —
(&, —x), up to a normalizing constant. Hence,

14+ _,-1(0 1 + (0 I\ i1, (01 —1 4+
VolgE —v <1 O)thf _<1 O)V Foics _<1 O)CV f

and o
gi—(? é)fi. (59)

On the other hand,

— O
O =
"
il
Rl

S

Il

|

~.
7N
— O
O =
~_
§\

u;f:z(

which together with (59) yields o
ky =—ikt, kT =ik .

Proposition 7.8 yields for the entries of the connection matrices A4;, and Bj,. defined in (52)
l - l -
0421:]??_7 ayy =k, B2 =Ky, Bﬁ:k‘ﬂ'.

Combining these with the knowledge on the vanishing matrix elements (54) and the relations A; = RB,

A, = RB,., one obtains
—lkl“' Ll kit 0
B = ¢ a .,  B,= " . 60
| ( 0k ) (—é’kf ék:> o

7.5 Computation of T5(E, h)

Finally, we prove Proposition 7.1 calculating the asymptotic behavior of ¢(E, h) and s(E,h) as h — 0.
Let E > 0. By (43) and (60),

1k pk
_ q kit q kit
T, =B 'B = P (61)
BT b
q kr q kr

Remark 7.9  The identity (61) is consistent with 75 = ( t _st>, since

(’Cz*>_ k- <’fz+>_ ki <p>_p 1_p-¢
k) kT k) kT ) ¢« T q

which is checked by direct calculation. <
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By Proposition 7.5 and Proposition 7.8, we then get

1k =P+ g5 P Inh
q k! VRT(1 = 5|]?) ein/4

Since v = %E’g’/“h + O(h?) and

; 75 1 2
D1 - g5 P) = ¢2h' (14 §) =10,

sin( g [v/?
we have
t=— %h vE3/%e=™/4 4 O(h|Inhl)
and -
s= 2R i exp(g10P) (1 + O) = —i + O(h).

q kT

Since all the terms involved depend analytically on E for £ € C near Ey > 0, see Remark 7.4, we
have proven Proposition 7.1.

8 Proof of the main results

In this section, we compute the Bohr-Sommerfeld type quantization condition of Theorem 1.4 and derive
the semiclassical distribution of resonances given in Theorem 1.5.

8.1 Quantization condition

Recall that Proposition 4.1 gives the quantization condition of resonances as ¢t (E, h) = 0, where ¢*(E, h)
is the product of three transfer matrices T, 15, T3 and the connection coefficients cg,

+ +
( ° )—T3T2T1 < 0 >,
¢ ¢

see identity (29). On the other hand, we have calculated the following asymptotics:

eSo1/h 0
o= ( 0 e Su/h ) ’
_— t —i+O(h)
2 =\ —ivom) 7
t = _\/7"276-1-#/4@_3/4 +O(h|Inh]),
. SZoo/h _6/h
= —im/4 € (1 + O(h)) O(e )
Ts 2e ( O(e—é/h) e—S2oo/h (1 + O(h)) ’

(+ ) - < 1—z’++0(ol()1> )
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see (30), Proposition 7.1, Proposition 5.3, and Proposition 6.3, respectively. Then,

¢t = 2ae T/ eS2=/" (14 0(h)) x
x (#5014 o(1)) — ¢S/ (1 4+ o(1)) ) + O(e~/").

Hence, ¢*(E, h) = 0 if and only if

Th —in/4 —3/4 2501(E,h)/h

5 ve E e=Pol® +1=0(1) (62)
as h — 0, which, together with (31), proves Theorem 1.4.

8.2 Distribution of resonances

We now study the asymptotic behavior of the function A(E,h) = %5’01(E, h) as h — 0, where

1 \/’I“Z(E—’I“2)2 — h2p2
r

A(E,h) =2 dr.

To

Recall that if £ > 0, then r?(E —r?)2 — h?v% > 0 for r € (ro,71), and that the square root in the formula
for A(E,h) is taken to be positive. Substituting y = 7?/E, one gets

Y1 \/y(l —y)2 — h2v2/E3 J
Yo 2y

A(E,h) = 2E3/? y

with yo = 73/E and y; = r?/E. yo and y; are zeros of the cubic polynomial y(1 — y)? — p? with p =
hvE=3/2, If i > 0 is small and positive, then y(1—y)? —pu? has three zeros 0 < yo(u) < y1(p) < 1 < ya(p)
with yo(p) — 0 and vy 2(p) — 1 as p — 0. We define

vl Syl —y)2 — 2
1= [ v,
y 2y

o(p)

where the square root is taken to be positive for 0 < p < 1. Since

hv

A(E,h) =2E°I(n),  p= ek

we study the asymptotic behavior of the function I(u) as u — 0. For this, we have to understand the
p-dependance of yo(p) and yi(p). When p? turns around 0 once in the positive sense (i.e. p becomes
e™ 1), then yo(u) turns around 0 in the positive sense and y; (i) and y2(p) exchange their position turning
half around 1 in the positive sense. As a consequence, taking the branch into account,

I(e™ ) = I(p) + R(p) + T(p) (63)
with . __./ NQ*y(lfy)Qd - __'/yz(u) szy(lfy)Qd
(1“‘) =1 Ty 2y Y, (M) =1 i () 2y Y,
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where I is a contour around 0. These functions have the following properties:

Lemma 8.1 T(u) is a holomorphic function of u? at u = 0, and

Tip?
R(p) = —mp, T(n) = "2 (14 O(4*)).

In particular, R(e™u) = —R(u) and T(e™u) = T(1).

Proof: By the residue theorem, R(u) = my/u? = —mp. For the study of T'(1), we move by the locally
biholomorphic change of variables v = /y(y — 1) from a neighborhood of y = 1 to a neighborhood of

v =0,
T =i [ V= f(w)de

where f(v) = (2y(v))~'<y(v) is holomorphic in a neighborhood of v = 0 and satisifies f(v) = 1 +

f'(0)v + O(v?). Hence,
1 1
T(p) =w2/ V1= w? f(uw) dw = ip? (5/ mderO(,ﬁ)),
since f_ll V1—w2wdw = 0. -

Proposition 8.2  I(u) is ramified at p = 0 and satisfies

I(p) =24 Zp+ 0@ npl)  (u—0).

Proof: By Lemma 8.1, we have from (63)
(™) = I(e™n)+ R(e™ ) + T (™ p)
= (I(p) + R(p) + T(p) — R(p) + T(p) = I(p) + 2T ().

() = In p + 274, this means that the function

B(p)=1I(p) — % T(p)Inp

is single-valued around p = 0. Moreover, since T'(u) behaves quadratically in p near u = 0, B(u) is
holomorphic near y = 0 with

Since In(e?™

1
B(r) "= B(0) = I1(0) :/ (1—a?)dx = 2.
0
Differentiating equation (63), one gets B’(0) = I'(0) = 5. Hence,

I(p) = BO)+B'0)p+ 5 T(p)lnpu+0(u?)
= 2+ ET(whp+5p+0) =5+ Fp+ 0| np)).
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Proof of Theorem 1.5: The quantization condition (62) is satisfied, if and only if there exists an integer
k € Z such that
{A(E,h) — $ hIn E¥? + L hin (2v°h) = (2k + 2) irh + o(h). (64)

Setting A\ = E3/2, Proposition 8.2 implies
A(E,h) =2XI(vh/)) = § A+ 7vh + O(R*|Inhl),
and the quantization condition (64) becomes
3ix—2hlnA+ 2 hin (302h) = (2k — v + 2) inh + o(h).
Writing A = Ay + iAo with A1, A2 € R, the real and imaginary part of the above condition read as

M —shargh = (2k—v+3)mh+o(h), (65)
—2X— ShIn|A|+ 2hIn(30°h) = o(h). (66)

Now, we assume that a < Ay < b and A2 = o(1) as h — 0. Then,
arg A = arctan(A2/A1) = o(1), In|A| =InA; + 2In(1 4+ A3/A7) =In A +o(1).

Setting Mgy = 27 (8k — 4v 4 5), equations (65) and (66) become

M = 3%(8k—4v+5)h+o(h) = Awh + o(h),
3 1 7TI/2
AQ = -3 hlnﬁ—hlnm +O(h)

A Spectrum of Pt = —h2A + |z

The Schrédinger operator P has a locally bounded positive potential, which increases to infinity as
|z| — oo. Hence, P* is essentially self-adjoint on C§°(R?) and has purely discrete spectrum. We
are looking for eigenvalues F €la,b] in a bounded positive interval |a,b[C RT. In polar coordinates
x =r(cosf,sinf), r > 0, § € T the differential expression —h2A, + |z| reads as

1 1
—h? (83 + =0 + 283) +r.
T T

Hence, E is a formal solution of the eigenvalue problem (P+ — E)y = 0 if and only if there exists | € Ny
such that

2 14 P2
—h? (er + e 7“2> wy(r) + (r — E)w(r) =0.

1/2

Substituting w;(r) = r~/2u;(r), this is equivalent to

42 1_ 52

B2 <dr2 + 4;) w(r) + (r = B)w(r) = 0. (67)
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The ordinary differential equation (67) has r = 0 as a regular singular point with indices % =+ [, while
r = oo is an irregular singular point of rank two. There are two linearly independent solutions, which
behave as /2 and r'/2Inr (for [ = 0) or 7*/2+! and r'/27! (for | # 0) near r = 0.

Looking at the irregular singularity at infinity, there is a fundamental system uZ (r), which behaves
as (r — BE)~Y*exp(£(r — E)3?/h) near r = co. Hence, a necessary and sufficient condition for E being

an eigenvalue of PT reads as follows.

Lemma A.1 E € ogis(PT) if and only if there exists | € Ny such that W(u®,u) = 0, where
W, uy) = u® (uy,) — (u®) ug, is the Wronskian of the two solutions to (67),

uWO(r) ~ /2 r—0,
ug(r) ~ (r—E)~Y4 e*(T*E)g/Z/h, r — 00.

Let us have a closer look at the potential of equation (67)
Q(r)=r—E+h* (1> - 1/4)/r*

for the case [ > 0. If h > 0 is sufficiently small, then the potential ) has three distinct simple turning
points: they are zeros of the cubic polynomial r® — Er? + h2(I1?> — 1/4). Two of them are at a distance
O(h) from r = 0, while the third is at a distance O(h) from r = E. All three turning points are real. The
first one is negative, while the other two are positive. We denote these two by a7, as > 0. The strategy
for characterizing the quantization condition W(u®,u__ ) = 0 is the following. We connect

1. u° with two exact WKB solutions & built with the Langer-modified potential Q(r) = r—E-+h2I2 /r2
defined for r €]ay, as[ with the phase base point at aq, see [12];

2. ut with two exact WKB solutions uli defined for r €]ay, as] with the phase base point at as;
3. uljt with an exact WKB solution . defined for r > ag, which is collinear to uz.

Proceeding along the indicated three steps, one proves the following quantization condition.
Proposition A.2  Assumel > 0. Then,
Wliuyl)=0 = AT EM/h L = o(1), h—0,

with

AY(B,h) = 2/ \/E—r— h2(12 — 1) /r2 dr.

An asymptotic study of the action AT (F,h) analogous to that in §8.2 reveals a parallel structure
between the resonant set of the full operator P and the upper level operator Pt. A resonance E of P is
characterized by a Bohr-Sommerfeld type condition

FAEM/h L] = o(1)  (h—0),
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where 1 is related to non-adiabatic transitions, and A(E, h) is an action integral. An eigenvalue E of Pt
is characterized by a Bohr-Sommerfeld condition

HATEN/M L1 —o(1)  (h—0),

where AT(E,h) is an action integral. The actions can be expressed as
A(E h) =2E%2I(n), p=hvE™®?  veN-1
AY(E ) =1iE*2IY(n), p=h\J2-1E32 €N,

where I(p) and I*(u) share the same p-asymptotics for p — 0.

B Proof of Theorem 7.3

E-3/4

Lemma B.1  Let v € N— 1 y — (y) the function defined in (45) with ¥(0) = 7 £ >0, and
v(y) = v(y, h) a solution of
_ y hvip(y)
w0 = (i ") ot (69

Then, there exists a matrix-valued C*°-symbol M (y, h) = Id + O(h), such that w(y,h) = M (y, h)v(y, h)
satisfies

(hDyw_ ", y) W) = et ) w0

where v = %E*S/‘Lh + O(h?) and r(y, h) = O(h*) uniformly in an interval around y = 0 together with
all its derivatives.
Proof: 'We rewrite equation (68) as hD,v(y, h) = B(y, h)v(y, h) with

B(y,h) = Bo(y) + hBi(y) = <g _Oy) 1+ h (—vg(y) Vw(fw)

and equation (69) as (hD, — G(y,h)) w(y, h) = r(y, h)w(y, h) with
Gt~ Y Gul", Gal) =B, Gul)= (2 ) oz
n=0

We are looking for

My, h) ~ S M ()", Ma(y) = (m”(‘” W)) (n>0)
n=0

7,(y)  Mn(y)

such that
hDyM = GM — MB

or equivalently for all n > 0

DyM,_y =Y (GjMy_; — M;B,_;) (70)
=0
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with convention M_; =0, B,, =0 for n > 2.
Equation (70) is satisfied for n = 0, if we take My(y) =1d, i. e. mo(y) = 1 and ¢o(y) = 0.
Then, we have for n > 1

n—1

Gn = —iMj,_;—> G;jM,_j+ M, 1By + M,By
§=0
n—1 0

= ZMT/l 1 Z GjMn_j + M,_1B1 —2y < 3 q(;L > .
=1 "
Since ¥ (y) € R for y € R, the previous equation is equivalent to
Tn = _iQ;L 1 Z VM — ] V¢( )mn—l(y) - 2an(y)a (71)
0 = —iml,_ Z%qn — () = v (Y)an—1(y)- (72)

Let us start with n = 1. Substituting y = 0 in (71) yields

Y1 = Vw(o)v

and we automatically obtain
1

a(y) = Ty (71 —vy¥(y)),

which is smooth (even analytic) near y = 0. Setting m4(0) = 0, equation (72) gives

y
may) =i [ (0 + ) (y) dy'
0
If v;, m;, ¢; with m;(0) = 0 are determined for 1 < j < n, then (71) yields

Ynt1 = —iq), (0)

and

Inr1(y) = *%(% +iq(y) + VT (y) — v(y)ma(y)),

Jj=1

which is smooth (even analytic) near y = 0. Setting m,,+1(0) = 0, equation (72) then gives

n+1

anrl / Z’Yan+2 ] +V¢( )qn+1(yl))dy/

Since my,(y) and ¢,(y), n > 0, are smooth functions near y = 0, there exists a matrix-valued C*-
symbol M (y, h) with M(y,h) ~ >, - Mns(y)h" such that (69) holds. O

Theorem 2.15 in [10] yields the following result about the F-rotation.
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Lemma B.2 Let m%(y, n) = %(y — 1,y +n) be the T -rotation in phase space T*R. The metaplectic
operator V of the transpose linear canonical transformation H% = K_z satisfies

V(hD, —y) = —V2yV,  V(hD,+y) = V2hD,V.

Moreover, FS(Vu) = k_=FS(u) for u € §'.
Remark B.3 A formula for V in terms of oscillatory integrals is given by

Vg(y) _ 62'71'/8(\@7‘,}1)71/2/ 67ﬁ(y2,2\/§xy+m2)g(z)dx’
R

see Theorem 4.53 in [10] or Proposition 5.3 in [26]. <

C Proof of Lemma 7.7

In this appendix, we prove one of the two formulae of Lemma 7.7, i.e. compute the asymptotic exapnsion
of fT microlocally near o, .
Recall that near y =0

FHe7 ) = M(y, h)"' V= fH(y)
where the inverse of the metaplectic operator is given by
V_1f+(y) _ eiw/8(\/§ﬂ_h)—l/2/ ei(y2+z2—2\/§yz)/(2h)f—&-(z)dz’
R

and that

wv?

v 2
fr=4A 0D, A =—f72y><(o,oo)(y) 21 = X 0,000 (W) 1y

Let us compute the asymptotic expansion of

VS ()

eiw/S(ﬁﬂ,h)fl/Z/ eigp(y,z)/hdz7

0

1
S+ 27 = 2V2yz + 7 In2).

oy, 2)

Since v = O(h), the phase function ¢(y, z) has two real critical points

2Ey) = (= VY -2/ V2,

3—(y, z)=z— V2y + % The phase of the asymptotic expansion will be given

which are the roots of 32
by ¢(y, 25 (y)). Since we are on o, we can assume x > V/E, i.e. y > 0 and independently from h. Then,

2
) =V + O, = () = Z%y o)

and 1
oy, 22 (1) = F5u™ + O(h?).
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This means that the critical points 2] (y) and z; (y) will contribute on o~ and o;", respectively. Hence,

2
we have only to compute the contribution from z! (y). Since g%f(y, zH(y) =1- 2!;(‘?!)2 =1+ 0(h?),
zF (y) is a non-degenerate critical point, and the stationary phase theorem says that

VoL (y) = ei™/8 2 /4 gielw sl )/h L O(h)

microlocally near o, . Comparing ip(¢(z), 2} (¢(z))) = —1¢(x)? + O(h?) with

z2(x5re) = / Vh2v? —12(E — 2)2/t dt,
ro

we observe for x > ro

—%z(m; ro) = —\/h21/2 —22(E — 22)2/x = —i(2* — E) + O(h?)
= 2 (o) + o),

since ¢(z)¢/(z) = 22 — E. Because of z(r;75) = 0, one obtains
—2(w57m9) = —ie(x)? — Lé(rs)® + O(h?).
If ¢(r2)2 = O(h2), then ip((z), 2 (¢(x))) = —z(x;72) + O(h?). Consequently,
VLS (9(a)) = e/ 2/ e e (14 ()

and

f~+(£€) — eiﬂ'/8 21/4 e—z(a:;rz)/h ((1)> (1 + O(h))

microlocally near o, , since M (¢(x),h) =Id + O(h).
It remains to prove ¢(r3)? = O(h?). The turning point ry is a zero of the function z — h?v?/z? —
(E — 2%)2. This is equivalent to det(a(r2,0)) = 0 with

_ 2 _ hv
e = (LT 5 )

x

the symbol of the operator A(x) — hD,. The first step of the normal form transformation of Theorem
7.3 reads on the symbol level as

a(z,§) = ¢ (x)a(d(x), /¢’ (x))

O )

Since ¢'(rg) # 0, one has det(a(rz,0)) = 0 if and only if det(a(¢(r2),0)) = 0. The rest of the normal
form transformation is

with

V2qong =Mipaty M~
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with

Yy .
q(y,n) = (_w ‘_5)
Vol n

the symbol of the normal form operator @), and §; the Moyal product of semiclassical Weyl calculus. The
h-asymptotics of f, together with the linear {-dependance of a(x, ) yield

Mty aty M~ = MaM ™' —ihM'M~' = MaM~" + O(h?).

Hence, @ = vV2M~!(go kz)M + O(h?) and

det(a(r2,0)) =0 « det(gorz(re,0)) = O(h?) & ¢(rs)* = O(h?).
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