Solution of Trefethen’s Problem 1

J. Boersma and J.K.M. Jansen

Department of Mathematics and Computing Science
Eindhoven University of Technology
P.O. Box 513, 5600 MB Eindhoven, The Netherlands

Trefethen’s Problem 1 as proposed in [1] reads:
What is lim._ [ 27" cos(z™" log z) dz ?

Solution. Replace z by 1/z, then the question is to evaluate [{° x~" cos(z log x) dx.
By contour integration in the complex z-plane one has

/ x—leixlogx dr = / Z—leizlogz dz _I_/ Z—leizlogz dZ,
1 c i
where ' is the arc of the circle |z| = 1 from z = 1 to z = ¢. In the two

integrals on the right, parametrize z = i, 0 <t < /2, and z = iy, y > 1.
By taking real parts it follows that

/Oo z™" cos(zlogx) dr = /
1 0

Both integrals on the right have been numerically evaluated by means of
Mathematica, leading to

/2 &0
e—tcost Siﬂ(t Siﬂt) dt‘|‘/ y_le_yk’gy COS(Tf'y/Q) dy
1

/ ¢~V cos(z log ) da = 0.32336743167777876
1

with 17 correct digits.

Reference

[1] L.N. Trefethen, The hundred-dollar, hundred-digit challenge problems,
STAM News, Vol. 35, Number 1, p. 3, January/February 2002.
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m Solution of Trefethen’s Problem 2 by F.H. Simons

The problemis takenfrom L.N. Trefethen'dist in SIAM News35, 1 (2002),problem2.

A photonmovingatspeedl in thex-y planestartsatt = 0 at(x, y) = (0.5 0.1) headingdueeast.Aroundeveryintege
lattice point(i, j) in the plane,a circularmirror of radiusl/3 hasbeenerectedHow far from the origin is the photona
t=1C?

<< Graphi cs' Arrow

p = {0.35, -0.3};

v = {Cos[1.2], Sin[l.2]};

gr = {Table[Line[ {{-1/2, i}, {3/2, i}}1, {i, -1/2, 3/2}],
Table[Line[{{i, -1/2}, {i, 3/2}}1, {i, -1/2, 3/2}1,
Table[Crcle[i, j3y, 1,31, (i, 0, 13}, {j, 0, 131,
{Poi nt Si ze[0. 02], Point [p], Table[Point [{i, j}I1, {i, O, 1}, {, O, 1}13,
Arrow[p, p+V],
Line[{p, p+1.9Vv}]};

Show[G aphi cs[gr], AspectRatio- Autonatic,

Axes » True, AxesOrigin- {-1/2, -1/2}]

1.5

0.5

- Graphics -

Roughlyspeakingwe solvethe problemin the following way. Considerthe half line startingat p in the directionof v.
That half line consistsof intervals,cut off by the unit squareswith centera lattice point, asindicatedin thefigure. For
eachpointon the half line we find the correspondingenterby roundingthe positionto the nearestntegersit is easily
verified thatthe half line doesnot intersecthe correspondingircle whenthe lengthof suchanintervalis lessthan2/3

(actuallyy/2 — 2/3) . Hence

Whenthe half line startingat p in the directionof v doesnot intersectthe circle correspondingo p, thenthefirst circle
thatmightbeintersecteds thecircle correspondingo p + 2v/ 3.

Whenthe circle is intersectedye determineghefirst point of intersectiorandthe new direction.Otherwisewe simply
shifttop+2v/3.

Findingthe newdirectionis doneby a matrix multiplication;(a, b) is theaxis.
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mat [{a_, b_}] = Drop[#, 2] & /@ RowReduce[ {{a, b, -a, -b}, {-b, a, -b, a}}]

-a% +b? 2ab 2ab az - b?
{{ az :bz ' T aZ 1+ p2 } {_a2+b2' aZ + b2 }}

We computethe distanceof the origin to the positionof the pointatt = 1C, usingarbitraryprecisionnumbersjn the
following way.

p = N[{1/2, 1710}, 701];
v = {1, 0};
resttine =10;
While[resttine >0,
m= Round[p +2Vv /3];
0 = Mn[Cases[t /. Solve[(p+tVv -m). (p+tVv -m)=1/9, t], _?Positive]l;
f[tO<resttineg,
p=p+t0Ov; v =mt[p-m].v,
tO=MnJ[resttime, 2/3];
p=p+tOv];
time = resttime-t0];
Sqrt [p. p]

0.99526291944335416089031180942672
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Trefethen’s Problem 3 as proposed in [1] reads:
The infinite matrix A with entries a;y = 1, a;2 = 1/2, a2y = 1/3, a13 =
1/4, azy = 1/5, az; = 1/6, etc., is a bounded operator on /*. What is || A||?

Solution. The elements of the matrix A are generally given by
Amn = 2/[(m +n)> —m —=3n +2], myn=1,2,3,....

The norm || Al| is equal to the largest singular value o, say, of A. Let A(N)
denote the N x N matrix obtained by truncation of A. By a singular value
decomposition we determine the largest singular value o™ of AN) for N =
100, 200, 400, 800, 1600. The differences in the table of ¢™) suggest that
o — o™ = O(1/N?). By an appropriate extrapolation we then find

Al = o = 1.2742241528

to 10 decimal places.

Reference
[1] L.N. Trefethen, The hundred-dollar, hundred-digit challenge problems,
STAM News, Vol. 35, Number 1, p. 3, January/February 2002.
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Trefethen’s Problem 4 as proposed in [1] reads:

What is the global minimum of the function

exp(sin(50x)) + sin(60e¥) 4 sin(70sin(x)) + sin(sin(80y)) — sin(10(x + y))

+ 1@+ )7

Solution. Denote the function by f(z,y). The global minimum of f(x,y)
is determined by means of Mathematica. First, by means of the procedure
DensityPlot it is found that f(x,y) < —3 occurs on the squares Sy =
{(z,y)] — 0.4 <2 < —-0.38, =0.1 <y < —0.08} and Sy = {(a,y)| — 0.04 <
r < —=0.02, 0.2 <y <0.22} only. A 3D-Plot shows that f(x,y) has a single
minimum on 57 and on S3. Finally, by the procedure FindMinimum it is
found that the global minimum is taken on S, and its value is

—3.306868647475237,

to 15 decimal places.

Reference
[1] L.N. Trefethen, The hundred-dollar, hundred-digit challenge problems,
STAM News, Vol. 35, Number 1, p. 3, January/February 2002.
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Trefethen’s Problem 5 as proposed in [1] reads:

Let f(z) = 1/T'(2), where I'(z) is the gamma function, and let p(z) be the cu-
bic polynomial that best approximates f(z) on the unit disk in the supremum
norm || - ||eo. What is || f — plleo?

Solution. By means of the maximum modulus principle it follows that
max, <1 |f(2) — p(z)| is attained on the boundary |z] = 1. Denote the
best cubic polynomial approximation to f(z), by p*(z). Then according
to a theorem of Tonelli [2, pp. 446-448] one has: (i) p*(z) is unique; (ii)
max|, =1 |f(2) —p*(2)| is attained at at least 5 points of the unit circle |z] = 1.
Item (i) implies that p*(z) has real coefficients.

Introduce the notations

plz) =a+bz+c +d=", w(z) = f(2) = p(2),

M = M(a,b,e,d) = 1|E1|a}i<|w(z)|
Our colleague F.H. Simons developed a Mathematica procedure to determine
the (global) maximum M (a, b, ¢, d) for real a, b, ¢, d. Next we searched for the
minimum of M(a,b, ¢, d) by use of the procedure FindMinimum. By a trial-
and-error approach we found a polynomial p(z) for which max. ;= [w(z)| =
M = 0.2148099883 is attained at 5 points z = z;, & = 1,2,...,5, with
lzxl = 1, Imzy > 0, Imz2y > 0, 23 = —1, 24 = Z3, 25 = Z;. Now the
present polynomial is not the best polynomial. This follows from a lemma
of Vidensky [2, pp. 450-452] which in the present case takes the form: For
the polynomial p(z) to be the polynomial of best approximation for f(z) on
|z| = 1, it is necessary and sufficient that (i) |w(z)| = M for k =1,2,...,5;
(i) arg[(—=1)**'w(z)/Ax] = 0 for k = 1,2,...,5, where Ay is the 4 x 4
Vandermonde determinant with rows [1 z; 27 29], j = 1,2,...,5, j # k.
(Notice that we corrected a printing error: w(z;) in the original formulation
of condition (ii) has been corrected into w(zy), as stated in the proof of the



lemma.) Clearly, the previous polynomial p(z) satisfies condition (i), but
condition (ii) turns out to be violated.
To determine the best polynomial we employed the following algorithm based

on the necessary and sufficient conditions mentioned before. Let z;, = €™,

k=1,2,...,5, with 0 < ¢ < 1/2, 0 <ty < 1/2, &3 = 1/2, t4, = 1 — 1y,
ts = 1 — 1. Introduce the system of 7 (nonlinear) equations

lw(zg)| = M, for k=1,2; w(-1)=—-a+b—c+d=—-M;

—Jw(e*™ ) * = —4n Im[e*™ w(e ™) w' (™)) = 0, for t = ty, t = ty;

dt
arg[(— 1)@ (2) /AR = 0 for k = 1,2;

for the 7 unknowns M, a,b,c,d,t1,15. This system is rapidly solved (in 17
seconds with 30 digits” accuracy) by the procedure FindRoot. In this manner
we found the cubic polynomial

p(z) = 0.005541950733 + 1.019761852984 =
+0.625211916433 2% — 0.603343220408 2°

for which max,=1 |f(2) — p(2)| = 0.21433523459 is attained at 5 points on
|z| = 1; also condition (ii) turns out to be satisfied. We conclude that p(z)
is sufficiently close to the best polynomial p*(z) to make sure that

1/ = p*||se = 0.21433523459

to 11 decimal places. Trefethen [3, p. 348] reports the less accurate value

If — p"[lee = 0.217.

References

[1] L.N. Trefethen, The hundred-dollar, hundred-digit challenge problems,
STAM News, Vol. 35, Number 1, p. 3, January/February 2002.

[2] V.I. Smirnov and N.A. Lebedev, Functions of a complex variable, con-
structive theory, Iliffe Books, London, 1968.

[3] L.N. Trefethen, Near-circularity of the error curve in complex Chebyshev
approximation, J. Approx. Theory 31, 344-367 (1981).
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Trefethen’s Problem 6 as proposed in [1] reads:

A flea starts at (0,0) on the infinite 2D integer lattice and executes a biased

random walk: At each step it hops north or south with probability 1/4 , east

with probability 1/4 + e, and west with probability 1/4 —e. The probability

that the flea returns to (0,0) sometime during its wanderings is 1/2. What

is €7

Solution. Let u(m,n), m,n € Z, satisfy the partial difference equation
u(m,n) = Smodno + (1/4+e)u(m+1,n) + (1/4 —e)u(m — 1,n)

—I—iu(m,n +1)+ iu(m,n - 1),

where dgg = 1, dmo = 0 for m # 0. By means of a generating-function
technique it is found that

Z Z u(m,n)eml’emy— 2

- . . b
e 0 e 2 —cosz+ diesinx — cosy

whereupon

1 T dz d
w0.0) =5 [/ ) .
272 JrJ—z 2 — cosx + diesinx — cosy

By carrying out the integration over y one is led to

1/7r dz
mJ—n \/(1 —cosx + diesin x)(3 — cosx + diesin ) '

u(0,0) =

Substitute € = z, then the latter integral transforms into

dz

uo.0) = =
’ i SlA=1 (=1 4 4e)2? + 22 — (14 4e)][(=1 + 4¢)22 + 62 — (1 + 4¢)]

2 / dz
mi(l—4e) Jei= [z — 21)(z — D)z — =)z — 2) |

1



where z; = (14+4¢)/(34++/8 + 1622) (with 0 < 2, < 1), 2y = (14-4¢)/(1—4e),
z5 = (34+ V84 16e2)/(1 — 4e) (with 1 < 23 < z3). Deform the integration

contour |z| = 1 into a loop around the branch cut [z, 1], then

dz

4 1
u(0,0) = .
(0.0) m(1 —4e) / Vi@ —2)(1 = 2)(z2 — 2)(z3 — 2)

The latter integral can be reduced to a complete elliptic integral of the first
kind, K'(k), by means of Byrd and Friedman [2, form. 253.00]:

41

K(k),
(1 + 82 + 4ev/2 + 4e2)1/2 )

u(0,0) =

where
L V1 — 162
1482 4 4ev/2 + de?
Let p(¢) denote the probability that the flea returns to (0,0) sometime. Then
p(e) = [u(0,0) — 1]/u(0,0), according to McCrea and Whipple [3]. The
equation to be solved, i.e. p(e) = 1/2, is equivalent to u(0,0) = 2. By use of
Mathematica the solution is found as

¢ = 0.0619139544739909

in 15 significant digits.
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Solution of Trefethen’s Problem 7
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Trefethen’s Problem 7 as proposed in [1] reads:

Let A be the 20,000 x 20,000 matrix whose entries are zero everywhere except
for the primes 2,3,5,7,...,224737 along the main diagonal and the number
1 in all the positions a;; with |i —j| =1,2,4,8,...,16384. What is the (1,1)
entry of A=1?

Solution. The (1,1) entry of A™" is the first element of the solution vector x
of the system of equations Ax = b, where the vector b has first element 1,
followed by 19,999 zeros. The system has been solved by 5 iterative methods
taken from [2] and implemented in Matlab. As a result it was found that

(1,1) entry of A™' = 0.725078346268,

to 12 decimal places.

References

[1] L.N. Trefethen, The hundred-dollar, hundred-digit challenge problems,
STAM News, Vol. 35, Number 1, p. 3, January/February 2002.
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Blocks for Iterative Methods, STAM, Philadelphia, 1994.
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Trefethen’s Problem 8 as proposed in [1] reads:

A square plate [—1,1] x [—1,1] is at temperature u = 0. At time ¢ = 0 the
temperature is increased to u = 5 along one of the four sides, and heat then
flows into the plate according to uy = Au. When does the temperature reach
u =1 at the center of the plate?

Solution. Introduce the function

T(l‘, yvt) = i [u(:z;, yvt) + u(_yv wvt) + u(_xv —y,t) + u(y, _xvt)]'

Then T'(0,0,t) = u(0,0,¢), and T(xz,y,t) is the solution of the symmetric
heat conduction problem

T, =AT; T=0att=0; T =5/4 along all four sides for ¢ > 0.

Clearly, the stationary temperature is limi_., T'(z,y,t) = 5/4. Next, by use
of the method of separation of variables the solution for T'(z,y,t) is found as

— f: i Apn cos((m + 1/2)ma) cos((n 4+ 1/2)my) -

m=0n=0

T(x,y,t)=

B o

sexp[—{(m +1/2)* + (n + 1/2)*}7?t],

where the coefficients A,,, are determined by the initial condition 7" = 0 at
t =0, leading to
T2 (m A 1/2)(n +1/2)

The temperature at the center of the plate is now given by

u(0,0,t) =T(0,0,¢) = Z = % { f: % exp[—(m + 1/2)27r2t]} .

m=0



The time to at which «(0,0,t9) = 1 is found from the equation

exp[—(m + 1/2)*n%t) = i

mZ:om‘|'1/2 _ﬁ'

The series converges extremely rapidly and a restriction of the summation
to two terms already yields the result

to = 0.42401138703

with 11 correct digits.

Reference
[1] L.N. Trefethen, The hundred-dollar, hundred-digit challenge problems,
STAM News, Vol. 35, Number 1, p. 3, January/February 2002.



Solution of Trefethen’s Problem 9
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Trefethen’s Problem 9 as proposed in [1] reads:

The integral I(a) = [ [2+sin(10a)] 2 sin(a/(2 — x)) dz depends on the pa-
rameter a. What is the value o € [0, 5] at which /(«) achieves its maximum?
Solution. Write (o) = [2 4 sin(10a)] J(«), then the integral J(«) is cal-

culated in the following manner. Substitute z = 2—1/¢, then J(«) transforms

mto J(o) = /100 <2t — 1)“ sin(at) i

/2 t 12

By contour integration in the complex z-plane one has

0o /9t — I\ tovt 9- 1\ Tz ico /9y — I\ Tz
[ S [ (B2 S [T ()
1/2 t 12 c z 22 i/2 z 22

where C' is the arc of the circle |z] = 1/2 from z = 1/2 to z = /2. In
the two integrals on the right, parametrize z = %e”, 0 <t < 7/2 and

z =1y, y > 1/2. By taking imaginary parts it follows that

/2
J(a) = 2%t / (sin(1/2))" exp[—tasint] cos(Sa(m 4 cost —t) — 1) di
0

—ay

-2 /OO (y2 + 1/4)*/? cos(a arctan(1/(2y))) ‘ dy.
1/2 yoz—|—2

Both integrals on the right can be numerically evaluated by means of Mathe-
matica. A plot of I(a) for 0 < o <5 shows that [(«) achieves its maximum
near o = 0.8. Next, determine J'(a) by analytical differentiation of J(«)
with respect to a. Solve the equation I'(a) = 0 numerically by use of Math-
ematica. Thus it is found that [(«) achieves its maximum at

o = 0.78593367435,

correct to 11 decimal places.



Reference
[1] L.N. Trefethen, The hundred-dollar, hundred-digit challenge problems,
STAM News, Vol. 35, Number 1, p. 3, January/February 2002.
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Trefethen’s Problem 10 as proposed in [1] reads:

A particle at the center of a 10 x 1 rectangle undergoes Brownian motion
(i.e., 2D random walk with infinitesimal step lengths) till it hits the boundary.
What is the probability that it hits at one of the ends rather than at one of
the sides?

Solution. The analytical part of the solution is found by an approach taken
from Zauderer [2, Section 1.3]. Generalize the problem as follows: A particle
at (x,y) = (0, K’'/2) undergoes Brownian motion in the rectangular domain
D=A(x,y)] - K <2 < K,0 <y < K'} till it hits the boundary of D;
here, K = K (k) and K’ = K(k') are complete elliptic integrals of the first
kind with modulus k& and k' = /1 — k2. The question is to determine the
probability p, say, that the particle hits at one of the ends * = + K rather
than at one of the sides y =0 or y = K.

Introduce the Green’s function G(x,y) with singularity at (z,y) = (0, K'/2),
specified by

G(x,y) = 0 along the boundary of D.
Then, according to Zauderer [2, Section 1.3] the probability p is given by

K’
:—2/ ]&y

The Green’s function G(x,y) is determmed by use of the conformal mapping
( = sn(z,k) = snz, where z = x 4 1y; for the theory of the Jacobian
elliptic function sn z, see Byrd and Friedman [3, pp. 18-28]. The mapping
¢ = sn z transforms D into the half-plane Im ¢ > 0, and sends z = 1K'/2 to
¢ =sn(iK'/2) = i/Vk by [3, form. 129.50, 122.11]. Then it easily follows
that G(x,y) is given by

snz — z/\/E

G(l‘,y) = __1

5 , 2=+ .




Determine the harmonic conjugate

1 (sn z—i/Vk
—arg | ———=
s sn z + z/\/E

which is related to G(z,y) by the Cauchy-Riemann equations 0G/dx =
OH/0y, 0G0y = —0H/Jx. Then the probability p can be evaluated as

H(z,y)=— ), 2 =x+1y,

K’
_ _2/ O K gy dy = —2H(K, K') + 2H(K,0).

By use of the known values sn K = 1, sn(K +:K') = 1/k, from [3, form.
122.02, 122.07], we find the following expressions for p:

p= %[arctan(l/\/z)—arctan(\/g)] = 1—%arctan(\/z) = %M’Ctaﬂ (1 -_I- g) .

By means of Whittaker and Watson [4, p. 486] the rightmost expression can
be expanded as

T

! 250o(@) N 8 o
= —arctan = sl=—q¢ +0 )

g (1 roy gy ) TR T

where ¢ = e TK/K”,

To solve the original problem, the modulus k is to be chosen such that

2K/K' = 10 or K(k)/K(k') = 5. The latter equation has the solution
k = /1 — k3, where kys is a so-called singular modulus; generally, the sin-

gular modulus ky satisfies K(y/1 — k%)/K(ky) = v/N. It so happens that

the value of kys is explicitly known from Borwein and Borwein [5, p. 162]:
kos = (\/5— 2)(3—2- 51/4)/\/5. Then the probability p for a 10 x 1 rectangle

is found to be

4 ) )
p=1-— - arctan(y/1 — k35) = 3.8375879792512261034 x 1077

5

to 20 significant digits. In the present case ¢’ = e~
approximation

and the corresponding

8
pA —e T = 3.837587979251342 ... x 1077

T



has already 13 correct digits.
Several singular moduli £y are known from [5]. This permits an easy calcu-
lation of the probability p for a 24/ N x 1 rectangle.
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